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BBEJIEHUE

[pemaraemoe mocobue agpecoBaHO CTapIIEKIACCHUKAM, KOTOpPbIE COOH-
paroTCsl MPOJODKUTH CBOE MaTreMaTrnieckoe oOpa3oBaHWE B BBICIIEH LIKOJIE.
Ero mosiBnenne o0yclOBIEHO TEM, 4TO YK€ Ooiee MOIyBeKa CIenHabHBIC
TEOMETPHYECKHE KypPChl B KIACCHYECKUX M TEAArOTHYECKUX YHUBEPCUTETaX U
TEOMETPUYECKHE Pa3Zeibl KypcoB BBICHICH MAaTEMaTHKH B TEXHUYECKUX U JP.
By3aX CTpOSITCS Ha BEKTOPHOW OCHOBE. BekTop sBisiercss (pyHIaMEHTAIbHBIM
MIOHSITHEM KYPCOB JINHEWHOHN anreOphl, (YHKIIMOHATBHOTO aHAIN3a, INHEWHOTO
MIPOTPaMMHPOBAHNS ¥ MHOTHX JIPYTHX MaTeMaTHUeCKUX AWCIMIUINH; 0e3 Hero
HEBO3MOXHO NPEJICTaBUTh COBPEMEHHOE U3JI0KEHUE MEXaHUKU, TEOPHU OTHO-
CHUTEJILHOCTH, TEOPETHYECKOH (HU3UKH.

B By30BCckHX Kypcax BEKTOpP OOBIYHO BBOJAMTCS aKCHOMAaTHYECKH, Kak
3JIEMEHT BEKTOPHOTO (JIMHEHHOTo) mpocTpaHcTBa. UTOOBI OBITH TOTOBBIM K
U3YUYEHHIO 3THX KYPCOB, BaXKHO €II[€ B IIKOJIE MTOJYyYUTh OMBIT HCIIOJIb30BaHUS
BEKTOPOB Ha (PYHKIIMOHAITLHOM YPOBHE, T. €. HAyYUThCS MPUMEHSATh BEKTOPHI
npu pemeHuy 3a1ad. HIKonbHBIA Kypc F€OMETpUM OTKPBIBAET JUIS ATOTO HIM-
pOKHE BO3MOKHOCTH. BO-NIepBBIX, BEKTOP MOYTH BO BCEX IIKOIBHBIX YueOHH-
Kax OMpENeNseTCs] TEOMETPUIECKH, KaK HaIllPaBJICHHbBIN OTPE30K. ITO MO3BOJIS-
eT JaTh NPOCTHIE W HAIJIIIHBIC WHTEPIPETAMH KaK CaMOMY IOHSTHIO «BEK-
TOp», TaK M OIEpalusAM HaJl BEKTOpaMH; 4TO, KaK MOKa3bIBAET MPAKTHKA, Kpan-
HE BXHO IPH NEPBOM 3HAKOMCTBE C JIFOOBIM MaTeMaTHYECKUM MOHSITHEM. Bo-
BTOPBIX, UMEETCA OTPOMHOE YHCIIO TEOMETPHUYECKUX 3a/1ad (TEOpeM), KOTOpPbIE
C MOMOIIIBIO BEKTOPOB PEIIAFOTCS (IOKA3BIBAIOTCS) OOJIee MPOCTO M KPAachBO,
4yeM JpyruMH MeTogamu. B mocobum OynyT npuBeAeHBI IPUMEPHI TAKMX 3a1ad
U TEOPEM.

Ha ypokax reomerpuy MHOTHE M3 Bac 3aMETWJIH, YTO BEKTOPHBIH METO[
pelIeHusl TEOMETPUUYECKUX 3afad TECHO CBSI3aH ¢ METOAOM KoopauHar. I'eo-
METPUYECKYIO 3a7auy, KOTOPYI0 MOXKHO PEIIUTh C IOMOIIBI0 METOAA KOOPAU-
HaT, MOXXHO PEUINTh BEKTOPHBIM METOJIOM, M, Ha00OpOT, J1I000Ee BEKTOPHOE
pelieHue 3a1a4nu MOXXHO 0(pOpMUTE B KOOPIMHATHOI (hopme.

IlepBoe 3HAKOMCTBO C CHCTEMOW KOOPAMHAT Ha MJIOCKOCTU NPOUCXOAUT
ellle Ha ypoKax MaTeMaTuku B 5-6 kiaccax. B kypce anreOpsl OCHOBHOM KO-
JBl CHCTEMa KOOPAMHAT Ha IUIOCKOCTH CTAHOBHUTCS B)KHEHUIIMM CPEICTBOM
n3ydeHust QYHKIUH U UX CBOMCTB, rpa)uecKoro pelieHus ypaBHeHHid U Hepa-
BEHCTB; B Kypce anreOpbl W Hadall aHajk3a OHa, KPOME TOTro, He3aMEHUMa TIpH
M3Y4YE€HUU TPOU3BOAHOM, MHTErpaja W UX NPWIOKEHUW. B 3THX Kypcax uc-
MOJIb3YETCs MPSMOYTOJIbHAs cucTeMa KoopauHat Oxy ¢ paBHBIMU €TUHHUIIAMU
M3MEpEeHNs JUIMH Ha KOOpAMHATHBIX ocax Ox m Oy. B Takom e BHIE OHa I0-
SABIISETCS M B Kypce TUIAHUMETPHH: KOOPIMHATHBIE BEKTOPHI 1, J OCEH OpTOTO-
HaJIbHBI M MMEIOT €AMHUYHYIO JUIMHY. llpu M3ydeHnu cTepeoMeTpuH Tarke
MIPUMEHSETCS TOJIBKO IMPSMOYTOJIbHAsI CHCTEMa KOOPANHAT.



[pu perieHnU reoMETPHIECKHX 3a7a4 METOJIOM KOOPJHHAT K paccMarpu-
BacMbIM B HHX F€OMETPUYCCKAM (PUTYpaM MPUCOCAUHSIETCS CHCTEMa KOOPIH-
Hat. [loaToMy cHCTeMy KOOpIMHAT 4YacTO CPAaBHHUBAIOT C JIECAMH, KOTOPHIC
MPUMEHSIFOTCS TIPU CTPOUTENBCTBE U PEMOHTE 3/1aHuii. M cTpouTenbHbIe Jieca,
U CHCTEMa KOOPIMHAT BBIMOJHSIOT BCIIOMOTATENbHbIe (DYHKIIMH; OHU JOJIKHBI
B HEKOTOPOM CMBIC/IEe 00eCreYnBaTh ONTHMAIbHBIE YI00CTBA TOMY, KTO HX
UICIIOJIb3YeT.

Pemast 3a1auu METOIOM KOOP/MHAT, BbI, HABEPHSKA, 00PATHIN BHUMAHHE
Ha TO, YTO CJIO)KHOCTb aHAJIUTHYCCKHUX BBIYHMCIIEHUH MOXKET CYHIECTBEHHO 3a-
BHCETh OT Crmoco0a MPUCOCAWHEHHs CHCTEMBI KOOPIMHAT K HCCICIyeMOW B
3aja4ye reoMerpuueckoil purype. Kpome Toro, 4acto mpuxoanTCs, paccMaTpu-
BATh PA3MYHBIC YACTHBIC CIyYad, MOSBICHHE KOTOPBIX OOYCIOBICHO PacIio-
JIO)KECHUEM DJIEMEHTOB (PUTypbl OTHOCHTEIIBHO CHCTEMbI KOOPIHHAT. Y BUICIH
BBl M TO, YTO TPOMO3JIKOCTh KOOPIMHATHBIX PEIICHUI CTEPEOMETPHYCCKHX 3a-
Jla4, KaKk MPaBUIIO, BBIIIC, YEM Yy AHAIIOTWYHBIX IUIAaHUMETpU4eckuX. Hakoner,
HEpEeIKO JOTOJIHHUTEIBHBIE TPYIHOCTH, KOTOPBIX MOXHO H30eXkaTh, 00YyCIOB-
JICHBI TEM, YTO B IIKOJE MPU PEIICHUH JIFOOBIX 3aa4 OOBIYHO MPHUMEHSIIOTCS
TOJNIEKO MPSMOYTOJIBHBIE CHCTEMBI KOOPAUHAT, XOTSI HHTYUTHBHO SICHO, UTO JJIsI
pelIeHHsT HEKOTOPBIX 3aJ1a4 JIydlle Obl «IOIOILIN» KAKHEe-TO IPYTHE CUCTEMBI
KOOD/IMHAT, «00Jiee TECHO» CBsI3aHHBIC ¢ W3ydaeMbIMH B HuUX ¢urypamu. Ta-
KUMH CHCTEMaMH SIBISIOTCS, Hampumep, ahGHHHBIC CHCTEMbI KOOP/MHAT, KO-
TOpBIC B IIKOJIe He paccMmartpuBarorcs. (KoopauHatHeiMu BekTOpamu apduH-
HOI CHCTEMBI KOOPJIMHAT Ha INIOCKOCTH CIY)XHT JIfo0asi YIopsaoYeHHas Iapa
HEKOJUTHHEAPHBIX BEKTOPOB, JISKAIUX B INIOCKOCTH WITH €if mapaiienbHbIX, a
KOOPAWHATHBIMH BeKTOpamMu ap(GUHHON CHCTEMbI KOOPIMHAT B MPOCTPAHCTBE
— nrobast yopsimoYeHHast TPOHKa HEKOTIJIAHAPHBIX BEKTOPOB.)

[TomuepkHeM, 4TO TeOMETpUYECKHe CBOMCTBA (PUTYpBI HE 3aBUCST OT BbI-
Oopa cucTeMbl KOOpAMHAT, KOTOpasi MpUMEHsIeTCs IS ee u3yueHus. [loatomy
IPH HCIOJb30BaHUH METOIa KOOPIMHAT IeOMETPHYECKUE CBOWCTBA (HIYPHI
HAa3BIBAIOT €€ UHEApUAHmMamu. JlaTh IPUTOAHBIC ISl BCEX CIIy4acB PeKOMEHIa-
LM, KaK TPUCOCIUHUTh K U3y4aeMOl (HUIype CHCTEMY KOOpAWHAT, YTOOBI B
MOCIEYIONIEM MHUHUMH3HPOBATh aHAJUTHYCCKHE BBIYHCIICHUS, HE MPEACTaB-
JsIeTC BO3MOXKHBIM. YMEHHE JIeNlaTh ONTHMAIBHBIA BBIOOP CHCTEMBI KOOPAHU-
HAT MPUXOJIHT C OIBITOM.

BekTophl MpU pELICHHH TEOMETPHYESCKHX 3a4ad BEKTOPHBIM METOIOM
TaK)Ke SABIISIOTCS BCIIOMOTATEIBHBIMHU CPENCTBAMHU, 4 MX «IPHKPEIUICHHE» K
paccMarpuBaeMbIM (GHUIypaM MOXKET OCYIIECTBIATHCS Pa3sHBIMH CIIOCOOAMH.
Yem TOra OOBICHUTH BBIOOP 3TOTO METO/Ia B KAUECTBE MPeaAMeTa yriyOIeHHO-
ro u3ydeHus? BeKTOpHBIH METO]] OCHOBaH Ha KCIOJH30BAHUH amapara Bek-
TOPHOH anreOphbl, YTO 00eCHeyrBaeT ero OOJBIIYI0 OOIIHOCTh MU YHHBEPCAIb-
HOCTh. BEKTOpHBIE pellieHrs MHOTHX 33724 HEe 3aBUCST OT TOTO, SIBJISETCS pac-
cMaTpuBaemas (pUrypa rioCcKo! MM MPOCTPAHCTBEHHOM; B MOJOOHBIX CIydasx
B PCHICHUU HCIOJIB3YIOTCSA OAHU U TC XKC anre6pa1/1quKI/Ie BBIKJIAJIKH. JIJ'IH HE-
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KOTOPBIX IUTAHUMETPUYECKHUX 3a/lad M MX CTEPEOMETPUYECKHX aHAJIOTOB Xa-
PaKkTEepHO TO, YTO BEKTOPHOE pEIIEHHE IJIOCKOCTHOHW 3a/adll €CTECTBEHHBIM
00pa3oM KOPPEKTHPYETCs IS COOTBETCTBYIONICH MpocTpaHCcTBeHHOH. Hako-
Hell, TIPH UCIIOJIb30BaHUM 3TOTO METO/A, KaK MpaBHJIO, OTNaAaeT HeoOXOoaH-
MOCTh PacCMaTpHBaTh MHOTOYHCIICHHBIE YACTHBIE CITy4au.

B 3axitoyeHne 0TMETUM HEKOTOpPbIE METOJMYECKUE OCOOEHHOCTH, KOTO-
PBIMH ITOCOOKE MOXKET OTIIMYATHCA OT yueOHHKA T€OMETPHH.

1. B mIKOJBbHBIX y4eOHUKAX BEKTOPBI M3YYarOTCS B JIBa PUEMa: B OCHOB-
HOW IWIKOJNIE PaccMaTpHBAIOTCS JBYMEPHbBIE BEKTOpPBI, B CTapIlel IIKOJIe —
TpexMepHble. K coxxaleHnto, Takoi Moaxo/ He BCeraa Mmo3BOJIsIeT MPOJEMOH-
CTPUPOBATh UCTUHHYIO IIEHHOCTh BEKTOPHOTO METOJIa, KOTOpasi, Kak ObLIO CKa-
3aHO, 3aKJII0YaeTcs B JIETKOHM TpaHC(OpPMaIMK U3BECTHBIX pelleHUIT Ha Jro0ble
pasmepHoctH. [losTomMy B mocoOuy 0ojbpIIOe BHUMAaHHUE YHIENSETCS UMEHHO
MOJOOHBIM TpaHC(OpMALUAM M aHAJIOTHSIM, a 3HAYNT, HET IPUBBIYHOTO pasze-
JICHUS ¥ OT/CJIBHOTO PACCMOTPEHHS TUITAHUMETPHYECKUX U CTEPEOMETPHUYCCKIX
3aj1ad.

2. V3yqaemple B MIKOJE CBOWCTBa I€OMETPUYECKHX (HTYp, a, 3HAUMT,
TEOpEMBI M 331a41, MO’KHO pa3ouTh Ha adUHHBIE U METPUIECKHE.

Apunnvivu Ha3BIBAIOTCS CBONCTBa (PUTYp, KOTOpBIE COXpaHSIOTCS (OcC-
TAIOTCSl MHBAapUAHTHBIMK) TIPH TapaIeIbHOM NPOEKTHPOBAaHWU. B ux ymcio
BXOJISIT: OTHOIIEHHE TPEX TOYEK MPSMOi; MPUHAUICKHOCTh TOYEK HPSIMBIM U
TUIOCKOCTSIM; TIPUHAJIEKHOCTh MPSMOM TUIOCKOCTH; MapayieIbHOCTh MPSMBIX
W IUIOCKOCTEH; OTHOIIEHHE OTPE3KOB, JISKAIINX HA OJHOM MPSMOM WK Tapail-
JIeTbHBIX MPSMBIX; OTHOLIEHUs IuIomiaaeld u o0beMoB. TeopeMbl U 3a1auu, B
KOTOpBIX paccMmarpuBarorcsi aduHHbIE cBOWCTBa (Uryp, TaKk)Ke HaA3bIBAIOT
appunabIMU. [IpuMepamu adhHUHHBIX TEOPEM SIBISIOTCS, HAIPHUMED, TEOPEMBI
0 TIepeceyeHnH AMaroHallel mapaiesorpaMMa 1 napajuieNienuiiesia, o nepece-
Y€HUHN MEHaH TPEYroJbHUKa U T. X.

JTMHBI OTPE3KOB, MEPHI YIVIOB, IJIOMAAN U 0OOBEMBI T€OMETPHYECKHX (u-
Iyp B O0LIeM cllydae He COXPAHSAIOTCSA IPH MapajulebHOM IIPOEKTHPOBAHHH,
HO COXpaHSIOTCS IIpH JIBIKeHMsAX. CBONCTBA QUTYyp, NHBAPHAHTHBIC MIPU JIBH-
JKEHUSIX M TTOJIOOMSX, Ha3BIBAIOTCS Mempuyeckumu. TeopeMsl U 3a1a4dn, B KO-
TOPBIX PACCMATPHBAIOTCS METPUUYECKUE CBOWCTBA (PUI'Yp, HA3BIBAIOTCS METPH-
yeckuMu. [IpuMepamMu MEeTpUYECKHX YTBEpXKIECHHH ciyxkaT: Teopema Ilndaro-
pa u Teopema, oOparHasi eii; TeopeMa O MEPEeceUeHNH MPSMBIX, COJEPIKAIINX
BBICOTBI TPEYrOJIbHUKA, IIPU3HAKK MEPICHANKYISPHOCTH MPSIMOH U TIJIOCKOCTH
(IBYX IUTOCKOCTE) U T. TI.

[IporpaMMa MIKOJIFHOTO Kypca T€OMETpPHU HE IpelyCMaTpuBaeT 3HAKOM-
CTBO ¢ MoHATUAMH «adduHHAsS 3amada» M «MeTpuyeckas 3agada». OIHAKO ¢
TaKUM pa3JeJICHUeM 33/1a4 BBl IOUYTH OOS3aTeNIbHO CTOJKHETECh B JIOIOJHH-
TENFHOM JINTEpaType, MOCBSIEHHOW KOOPAWHATHOMY U BEKTOPHOMY METOIY.
[lpy MCHONB30BaHUM 3THX METOJOB TaKoe pas3jielieHHe, Kak Bbl YBUJIUTE Ha
NpuMEPE BECKTOPHOI'0 ME€TOJA, CTAHOBUTCA OYCBHUIHBIM U ]_IeJ'IeCOO6pa3HbIM.

7



IlosTOMy BMECTO NPUBBIYHOIO JAENEHUS 33/7ad Ha IUIAHUMETPUYECKUE U CTe-
peoMeTpruYecKie B 1MOCOOMH Ha TEPBBI IUIaH BBIXOIUT pa3OueHne 3agad Ha
apUHHBIC 1 METPHUYCCKUE.

3. B OoipmMHCTBE CiiydaeB X0Jl PEHICHUs] MaTeMaTHYECKOH 3a1a4u Ipe-
craByisieT coOOH pelIeHre HEKOTOPOH MOCIIeN0BaTeIbHOCTH 110/133a4, CIOCO-
OBl perieHust KOTOpBIX U3BecTHHI. [IoaToMy BO MHOXKECTBE 331a4 OOBIYHO IbI-
TArOTCS BBIJIETIUTH 3aJa4H, KOTOpble HanboJiee YacTo BCTPEYaroTCsi B Ipolecce
pemieHus Apyrux 3anad. Takue 3agaud MPHUHATO HA3bIBaTh KIIOYeSbIMU WIIN
ONOPHBIMU.

[Ipu MCMONIL30BaHUH TE€OMETPHUUECKOTO U OOBIYHBIX aNre0pandecKux Me-
TOJIOB BBIJCTUTH ONOPHBIEC 33/1a4d U COCTABUTH ONTHUMAIBHBIM CIIMCOK TaKHUX
3a7a4 JI0CTaTOYHO TpyAHO. Ilo3TOMy CIMCKM ONOPHBIX 3ajad, MpeisiaracMble
aBTOPAMU PA3JIUYHBIX JAONOJHUTEIBHBIX PYKOBOJCTB MO PEILICHUIO IIKOJIBHBIX
TFEOMETPUUECKUX 33/1a4 dTUMH METOAAMHU, HEPEIKO CYLIECTBEHHO OTIMYAIOTCA
JpyT OT Apyra.

KoopavHaTHbIT M BEKTOPHBIH METOABI NENAIOT MPOLENYPY BBIICICHUS
OTIOPHBIX 3a/a4y U (opMyI ecTecTBeHHOH U mpo3paunoil. [Ipu ncnonb3oBaHuN
BEKTOPHOTO METOJIa B YKCJIO ONOPHBIX apUHHBIX 3a1a4 BOWAYT 3ajadu, Mo-
3BOJISIIONINE C TIOMOIIBIO BEKTOPOB BBIpAXKaTh INEpEUUCICHHBIE BhIIEe aQuH-
HBIE CBOMCTBA OCHOBHBIX T€OMETPUYECKUX (QUTYp (TOYEK, NPSMBIX U IUIOCKO-
creif). JI7si BEKTOPHOTO OMHCAHMUS 3THX CBOMCTB, KaK BbI YBHIHTE, JOCTATOYHO
oTepaluil CIOKEHHs M BBIYUTAHUSI BEKTOPOB U OTEpallii YMHOXKEHHS BEKTOpa
Ha 4YMci0. B 4ncio omopHBIX METpUYECKUX 3a7ad BOMAYT Mpex/e BCEro 3aja-
YH, B KOTOPHIX Ha BEKTOPHOW OCHOBE CTPOSATCS aJITOPUTMBI BHIYUCIECHUS JUINH,
YIJIOB U IPYTUX METPUYECKUX BEeNWYHH. [ pelIeHns 3TUX ONOPHBIX 3a]au U
3aIiCy TIOJYYEHHBIX TPH 3TOM OMOPHBIX (pOpMYJST KpOMe Ha3BaHHBIX OTEPAIHid
UCTIONB3YyeTCs CKAIIpHOE NMpou3BeeHrne BeKTopoB. (Crienyer 3aMeTuTh, 4yTo B
BY30BCKHX Kypcax JUIsd U3y4EeHUsI METPHUECKUX CBOWCTB HapSAAY CO CKAIAPHBIM
MPOU3BEACHHEM BBOJSTCS ONEPallMd BEKTOPHOTO M CMEIIAHHOTO YMHOXKECHUS
BeKTOpOB. [lockonbKy B 6a30BOM IIKOIBHOM Kypce TE€OMETPHUH 3TH ONEpaluu
HE paccMaTpUBAIOTCS, TO B IOCOOMM ISl BHIYMCICHUSI BCEX METPHUYECKHUX Be-
JIMYUH UCTIONIB3YETCS TOJIBKO CKaISPHOE IPOU3BENICHNE. )

Briienenne omopHeIX 3amad M (GopMyN MO3BOJSET CBOIUTH pEIICHHE
MHOTHX IIKOJBHBIX TEOMETPHUECKUX 331a4 K IPUMEHEHHIO H3BECTHBIX (POPMYIT
U CTaHJAPTHBIX NPHUEMOB, BEIYIIUX OT YCIOBHSA 3aJaudl K HICKOMOMY pe3yJbTa-
Ty, U TEM CaMbIM AJITOPUTMU3ZHPOBATh NMPOLIECC UX PELLICHMUS.

JanHoe mocoOue OyZeT MOJIe3HO U T€M BBITYCKHHKAaM IIKOJBI, KOTOpPbIE
IpocTo XOTAT yenemHo caark EI'D no maremaruke. B gactu 2 nefictByromiero
cerosiHs popmara sK3aMeHa COAEPIKUTCS CTEepeoOMEeTpHUEecKast 33/1a4a, KoTopas
4acTo JIETKO PelIaeTcsi ¢ MOMOIIbI0 KOOPIAUHATHOTO WM BEKTOPHOTO METOJIOB.
Kpowme toro, oTnenbHble MIaHUMETPUYECKUE 334a4H 3TOM YacTH TaKk)Ke UMEIOT
MPOCTBIE U KPACHUBbIE BEKTOPHBIE PEILICHUS.



T'aasa |

BEKTOPbBI B LIKOJIBHOM KYPCE 'EOMETPUUA

B nHacrosiee Bpems B IIKOJIE UCIIOJIB3YETCS HECKOJIBKO Pa3IMUHbBIX
y4eOHIMKOB T€OMETPHH, B KAKIOM U3 KOTOPBIX M3IIOKEHHE TeMbl «Bek-
TOpPBI» UMEET CBOM METONHYECKHEe 0COOeHHOCTH. Llens JaHHOI TTaBhI —
JIaTh 0030p OCHOBHBIX MOHATHH TEMBI M YCIIOBUTHCS 00 MCITOJIb3YEMBIX
B IMOCOOMH 00O3HAYCHHSIX W TEPMUHOJOTHH. Bce TeopeMbl u CBOHCTBA
MOHATHH TIPUBOAATCS B TJlaBe 0€3 JO0Ka3aTelbCTB; B Cliyyae HEOOXO M-
MOCTH OTCYTCTBYIOIIIME JOKa3aTeIhCTBA MOXXHO HAWTH B JIFOOOM W3
MIKOJIBHBIX Y1€OHUKOB TEOMETPHH.

[Ipexne yeM mepeTH K M3YYEHUIO OCHOBHOI'O MaTepuana Mmoco-
Ousl, peKOMEHIYETCsI PEIIHUTD 3a/1a49H JIJISl TOBTOPEHHUSI, KOTOPBIC ITPHB €-
JIEHBI B KOHIIE I'JIaBbI.

§ 1. Bexrop. PaBeHcTBO BeKTOpOB

1.1. MoHssmue sekmopa. B MIKOIBHBIX yIeOHO-METOAMIECKUX
KOMILIEKTaX 10 T€OMETPUU BEKTOpP OIpeJieNisieTcs KaK HarpaBJICHHBIN
OTpPE30K.

Hanpaenennwviii ompe3ox UM 6ekmop — 3TO OTPE30K, Y KOTOPOTO
OJIMH M3 €ro KOHIIOB CUMTAETCS MEPBBIM U HA3BIBACTCS HAYALOM, & IPY-
TOW KOHEIl — BTOPBIM M Ha3bIBAaeTCs KoHyoM. HalpaBiIeHHBI OTPE30K €
HauaoM A ¥ KoHIOM B 0603Hauator AB 1 M300paXkaroT B BUJE OTpe3Ka
CO CTPENKOM Ha KOHILIE B.

Ecnu 3amucun AB, BA 0003Ha4aloT OJWH U TOT K€ OOBIYHBIN (He-
HAaIpaBJICHHBI) OTPE30K ¢ KOHIamMu A U B, To 3amucu AB, BA 06o3Ha-
YaloT pa3Hble HallpaBJIeHHbIE OTPEe3KH. /711 HampaBIeHHOTO OTpe3Ka BA
HAYyaJIOM CIIy’KHT Touka B, a koHIIoM — Touka A. [TosToMy HampaBiieH-
HBIE OTPE3KH (BEKTOPHI) AB u BA HasbiBator NPOMUBONONIONHCHOIMU.

BekTopbl 0003HAYAIOT TaKKe CTPOYHBIMH MOTYKUPHBIMUA OYKBaMHU
JaTHHCKOTO andaeura: a, b, ¢, ... U CTPpOYHBIMU OYKBaMHU CO CTpEJI-
xoit: @, b, , ...

—

Jnunoii éexmopa AB Ha3pIBalOT JJIMHY COOTBETCTBYIOIIETO €My

orpe3ka AB, nnmHy BekTopa AB 0603Ha4a10T |A—§ | U3 storo ompene-

JICHUA CJICAYET, YTO |ﬁ| = |A_B)|



Bekrop, qymmHa KOTOPOTro paBHA €IUHMIIC, HA3BIBACTCA COUHUUHBIM
6EKMOPOM VI OPMOM.

Bekrop, KOHEIl KOTOPOTO COBMAAaeT C €ro HavajoM, T. €. TOYKY,
Ha3bIBAIOT H)Ie6blM WM Hylb-6ekmopom. Ecin Touka, cCOOTBETCTBYIO-
iast HyJIeBOMY BEKTOpY, 0003HaueHa OykBOW A, TO caM BEKTOp 0003Hava-
o1 A4. JlmiHa HyJIeBOro BEKTOpa paBHA HYIIO: |ﬂ| = 0. Jlns o6o3Haue-
HUSI HyJIEBOI'O BEKTOPa UCIIONB3YIOT, KPOME TOr0, 3aIMCH 0 U 0.

Bekrop AB:

— nexcum na npsmoti a (8 niockocmu @), €Cav Ha TpsMol a (B
IIJIOCKOCTH &) JIEKHUT OTpe30K AB;

— napannenen npsamotl a (niockocmu @), €Cau MpsMol a (TUTOCKO-
CTH @) IapaJliesiecH OTpe30K AB;

— nepneHOUKynsper npsmot a (niockocmu @), €ClM MPIMON a
(MI0CKOCTH @) IEPIEHANKYIISPEH 0TPe30K AB.

JlBa HeHyNEeBBIX BEKTOpa AB u CD HasbIBaIOTCS 00UHAKOGO HA-
npasienHvimu (CoHanpagiennviMuL), €I COHarpasieHbl Tyun AB u CD
(puc. 1.1). Ilpu 3TOM MUIITYT AB 11 CD. HyrneBoii Bekrop cumrtaercs
COHANPAaBJICHHBIM C JIOOBIM BEKTOPOM.

Puc. 1.1 Puc. 1.2

JIBa HEHYIIEBBIX BEKTOpa AB u CD HasbiBatorcst NPOMUBONONONCHO
HanpaeieHHviMy, CIii TPOTHUBOIIOJIOKHO HamnpasieHbl nyun AB u CD
(puc. 1.2). ITpu 3ToM mutiryT AB 11 CD.

Besikuii Henynesoti 6ekmop 3a0aem nanpaeienue Ha TpAMon (Ha
IIJIOCKOCTH, B IPOCTPAHCTBE).

1.2. PagseHcmeo eekmopoe. JIpa BeKTOpa Ha3BIBAIOTCS pAs-
HbLMU, €CIT OHU COHAIPABJICHBI M UMEIOT OJHY M Ty ke JUmHYy. Ecin

BEKTOP AB pasen Bextopy CD, To mumyt AB = CD. Takum 0Gpasom,
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AB = CD torma u Tonbko torga, korna AB 1T CD u |AB| = |CD|. B
YaCTHOCTH, BCE HYJIEBBIE BEKTOPBI PABHBI MEKTY COOOIA.
OTHoOIIIEHHE PaBEHCTBA BEKTOPOB 00J1a/1aeT CBOMCTBAMH:

1) pednekcuBHOCTH: AB = 4B,

2) CUMMETPUYHOCTH: €CJIN AB = CD, 10 CD = AB;

3) TPaH3UTHUBHOCTHU: €CIIN AB=CDucCD = EF, 10 AB =EF.

Nmeer mecto Teopema 1 (06 oTknagblBaHUM BeEKTOpa): oOis
n106020 éekmopa AB u mo6oti mouxu C cywecmeyem 6eKmop CD, pas-
HbLU 6EKMOPY AB, u NpUMOM MOILKO OOUH.

D
C

A Puc. 1.3

—_— —_—
U3 Teopemsr 1 BeITEKaeT, uto pagencmeo AB = CD umeem mecmo

mo2da u movko mo2oa, ko20a AC = BD (puc. 1.3).

Ha ocHoBaHMu TeopeMbl 00 OTKJIaIbIBAHUH BEKTOPA MOXKHO BBECTH
MOHATHE CB0000HO20 6eKmMoOpa, TIOHUMas TOJ, HUM MHOXECTBO BCEX
PaBHBIX MEXAy cOOOH HampaBICHHBIX OTPE3KOB. [Ipu 3TOM Kaxabli U3
PaBHBIX MEXIY cOOOW HalpaBICHHBIX OTPE3KOB CUMTAETCS MPEACTABH-
TeJaeM cBOOOMHOTO BEKTOpa M OJHO3HAYHO ero ompenessier. VHbpmMH
cioBam, npeiokerne «OT ToYkd M OTI0kKEH CBOOOIHBINA BEKTOP d»
O3HAyaeT, YTO IMOCTPOCH HAIpPaBJICHHBI OTPE30K MN, MPEACTABIIAIO-
LI 3TOT BEKTOP; IIPU 3TOM IUIIYT MN =d.

[NapamnensHpM TepeHocoM Tz Tpo-
CTPaHCTBAa Ha BEKTOP @ HAa3bIBAETCS OTO-
OpakeHHe MpOCTpaHCTBa Ha cels, MpH KO-
TOpPOM IIPOU3BOJIbHASA TOUKa M mepexoauTr B M

—
Takyto Touky M', uro MM’ = d (puc. 1.4) Puc. 1.4
AHAJOTHYHO OMpeAeNsieTcs MapajuleIbHbIA
IEPEHOC MIIOCKOCTH (IPAMOIA), TIpU 3TOM TpebyeTcst, 4ToObI BEKTOp d
OBLJT MapaieNieH 3TON MIIOCKOCTH (MPSIMOI) WITH Jiexan B Hell. [Toatomy
CcBOOONHBIN BEKTOP YacTO OMpECISIFOT KaK IMapajuleNIbHbIA TepeHoc
MPOCTPAHCTBA (TIIOCKOCTH, TIPSIMON ).

M!

d
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§ 2. Ci10:xeHMe BEKTOPOB

2.1. OnpedeneHue cyMMbl 86eKMOPO8. I1ycTh 1aHbI 1B BEK-

Topa d u B; WX MOXHO 33JaTh IPHU MOMOIIM HaNpPaBIEHHBIX OTPE3KOB,
MPEICTABISIIOMIUX 3TU BEKTOphl. CIIOKEHHE BEKTOPOB OIPEAEISIETCS
KaK I0CJIEJOBATEIIbHOE BBIIOIHEHHUE IBYX NapajUlebHBIX IEPEHOCOB.
OT mpou3BONBHON TOYKM A OTKIIAABIBAETCSl HANpaBJICHHBIM OTPE30K

ﬁ, paBHBIA BEKTOPY d. 3aTeM OT KOHLA B HampaBiIeHHOTO OTpe3Ka
AB=d OTKJIQJIbIBAE€TCS] HAIIPABJICHHBIA OTPE30K B_C), paBHBIA BEKTOPY
b.B pe3yJIbTaTe MapasulelIbHOro MEPEHOCa, CHAaYasa Ha BEKTOp d, a 3a-
TEM Ha BEKTOp l_;, Touka A mepeiizer B TOuky C. DTOT e pe3yibTar
MOYHO MOJIYYHTh B PE3YJILTATE TIEPEHOCA TOYKH A HAa BEKTOP C, Tpe-
CTaBJICHHBI HaNpPaBJICHHBIM OTPE3KOM AC (puc. 1.5). Iloaromy BekTOp
¢ IPUHMMAIOT 3 CyMMy BEKTOpOB @ 1 b; pn sToM mamyT: é = d + b.
g mpencraBuTenell CKIaAbIBaEMBIX BEKTOPOB 3TO PaBEHCTBO 3aIHCHI-
BaeTCs TakK:

AB + BC = AC. (1.1)
> B \b‘
a
i i b ¢
A
A
C D
Puc. 1.5 Puc. 1.6

B yueOHMKax reoMeTprH JOKa3bIBACTCsl, UTO MPHUBEACHHOE OMpEIETiCHUE
CYMMBI BEKTOPOB KOPPEKTHO, T. €. HE 3aBUCUT OT BbiOOpa Touku A. Onmcan-
HBII CMOCO0 OMpeeNieHus] U MMOCTPOSHHUS CyMMBI JIBYX BEKTOPOB Ha3bl-
BACTCS NPAGUNLOM MPEY20NbHUKA.

Bropoii criocod HaxoKIEHHs CyMMBI JBYX BEKTOPOB — APABUNO
napannenozpamma — B (pU3NKe CBA3BIBAIOT C HAXOXKIEHUEM PaBHOJIEH-
CTBYIOIIEH IBYX CHJI, OHOBPEMEHHO MPUIIOKEHHBIX K HEKOTOPOMY Te-
ay (puc. 1.6). Ero maremarnyeckoe 000OCHOBaHUE ONMUPACTCS HA CJIEA-
CTBHE U3 TeOpeMbl | 00 OTKIIaJIbIBAHUH BEKTOpA.

12



2.2. Ceolicmea crioxeHuUsi eekmopos8. Onepaius CI0KEHUS
BEKTOPOB yJIOBJIETBOPSIET CIIEAYIOIIMM CBOMCTBAM:
1. Crio>xxeHre BEKTOPOB KOMMYTaTHBHO, T. €.
i+b=b+d (1.2)
JUIs1 THOGBIX BeKTOPOB d 1 b (puc. 1.7).

-

b b
q a ) I ¢
a
Puc. 1.7 Puc. 1.8
2. ClI0)KeHHE BEKTOPOB aCCOLMATHBHO , T. €.
(@+b)+c¢=d+(b+7) (1.3)

1S IFOOBIX BEKTOPOB d, bué (puc. 1.8).
3. HyneBoli BEKTOp SIBIIIETCS HEUTPAILHBIM OTHOCHUTENBHO OIepa-
LIMU CIIOKEHUS, T. €.
i+0=0+d=4d (1.4)
171 Mo60oro BekTopa d. JIyisi KOHKPETHBIX MPEACTABUTENEN 3TH paBeH-
CTBa 3aIIUCBIBAETCS TaK:
AB + BB = AA + AB = AB.
4. CymMa NpOTHBOIOJIOKHBIX BEKTOPOB €CTh HYJIb-BEKTOP, T. €.
AB+BA=44=0

WM
N — -

a+(—a)=0. (1.5)

Ha ocHOBaHMH CBOMCTBA 2 CyMMY 1. BEKTOPOB (1, Oz, ..., An—1, A,

(n > 2) MOXXHO 3aIMCHIBaTh OIyCKasi CKOOKU W BBIYUCIATH €€ 10 npa-
BUTTY MHO20)20IbHUKA.

G+ G+t T Gy = (@ TG+ Ty + Gy
B cuiy ke cBoiictBa 1 B 3TOH CyMMe MOYKHO ITPOM3BOJILHBIM 00pa3zoM
MEHSATD OPSIOK ClIaracMbIX.

* B IIKOJNBbHBIX y4eOHMKaX KOMMYTATHBHOCTb OTIEPAIWH CIIOKEHHS BEKTOPOB
OOBIYHO HA3bIBACTCS TIEPEMECTHTEILHBIM 3aKOHOM, & aCCOLIMAaTUBHOCTh — COYe-
TaTeIbHBIM.
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QA

y

Puc. 1.9

HpI/I BBIUUCJICHUU CYMMBI TpPEX

BEKTOpOB @, b U ¢, He MapaiulelbHbIX
OJIHOM IUIOCKOCTH, HUCHONB3YEeTCs npa-
6UN0 napanneienunedd, aHaJOTUYHOE
npaBuIy mapamienorpamma. Hampas-
JIEHHBIE OTPE3KH, IIPEICTABIISIONINE
CKJIa/IbIBAEMBIE BEKTOPBI, OTKJIA/bIBa-
foTcs  Oor omHoi Toukm: OA = @,
OB = B, OC = & ma »THX OTpe3KaXx,
KaK Ha pebpax, CTPOMTCS Mapajuiene-
-

nuren (puc. 1.9). Bekrop-cymma d sB-

nsercss BekTopoM OD, nexaunmM Ha
JUaroHAJIX 3TOT0 NapaUleenunesna.

2.3. BblvumaHue eekmopoes. Pasrnocmuio 6éekmopos d U b Ha-
3BIBAETCS TAKON BEKTOP X, 4T0 b + X = d. DTOT BEKTOp BCEria CylIeCT-

BYET M ONpeeNiercs oaHo3HaqHo. Ox 0003HayaeTcst d — b ¥ BBIUMCIIA-

CTCA 110 MMpaBUITy

- T - 7
a—b=a+ (—b), (1.6)
T. €. JIA1 TOI'O yTOOBI HAHTH Pa3HOCTb BEKTOPOB C_i u b, HCO6XOI{I/IMO K BCK-

o
TOpY d NPUOABUTEH BEKTOP, TIPOTHBOIOJIOXKHBIN BekTopy b (puc. 1.10).
[Ipu pewieHUN TeOMETPUUIECKUX 3a/1a4 BEKTOPHBIM METOOM O0BIY-

-

b

B —b
A
a—b i A B
0

Puc. 1.10 Puc. 1.11

HO MIPUXOAUTCS BHIpaXKaTh PacCMaTpPUBaEMbIE BEKTOPBI YePe3 BEKTOPHI,
OTJIOXKEHHBIE OT HEKOTOpOW BBIOpaHHO# Touku. M3 pasencra (1.1)
CIIEJyeT, 4To JUIsl MOOBIX TpeX Touek A, B u C

—

_—  ——

BC = AC — AB (1.7)

(cm. puc. 1.11).
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§ 3. YMHoOKeHHEe BEKTOPa HA Y CJIO

3.1. OnpedeneHue npou3eedeHuUsl eeKmMopa Ha 4YUCJIO.
IIpoussedenuem éexmopa G Ha OelicMEUMeNbHOE YUCIO Of HA3bIBAETCS
BEKTOP b, KOTOPBI YIOBJIETBOPSIET YCIOBHSIM:

(1) [b] = lalldl;

(2)b1Md ecma>0ubmd ema<O0.

Jlyis 0003HAUCHHS TPOM3BEICHUS b BEKTOpa d HA YKMCJIO @ UCIIOJB3YIOT
samuch ad: b = ad.

W3 3toro omnpejeseHus ClEAyeT, YTO MPOM3BEICHHE BEKTOpa Ha
BEIICCTBEHHOE YHMCJIO SIBJISICTCS HYJICBBIM BEKTOPOM B TOM U TOJBKO B
ToM city4ae, korga @ = 0 wm d = O:

0d =0, a0 = 0.

3.2. Ceolicmea yMHO)XeHUs1 eekmopa Ha 4ucso. Onepanus
YMHOYKEHHS BEKTOpA Ha YKMCJIO 00J1a/1aeT CIICTYIONIMMH CBOHCTBAMHU:

1. TIpousBeneHue BEKTOpa HA YHCIIO TUCTPUOYTUBHO OTHOCHTENb-
HO CJIOXKEHHSI BEKTOPOB, T. €.

a(&+5) =ad + ab
IS TFOOBIX BEKTOPOB d U b u mo6oro uncia a € R.

2. IlpousBeneHne BEKTOpa HA YKMCIIO TUCTPUOYTUBHO OTHOCHTEIb-

HO CIIOKEHHSI YUCeI, T. €.
(a+pB)da=ad+pd
11 moObIX &, B € R v moGoro BexkTopa d.””

3. a(Bad) = (aB)d, nns moboro BekTopa @ M IHOOBIX YHCEI
a,f €ER.

4.1-d = d nns moboro BeKTopa d.

" B NpUBENEHHOM OINpEETIEHNH HCTIONb3YETCs TIOHATUE [UTMHBI BeKTopa. Ta-
KOI1 IT0/IX0/1 B IIKOJIFHOM Y4eOHHMKE METOANYECKH OMNpaB/aH, T. K. BEIET K 3Ha-
YUTENBHOMY YNPOLICHUIO U3JI0KEeHHUs. MOXKHO, OHaKO, KaK 3TO JeaeTcs Mpu
MOCTPOCHHUHU EHCTBUTENBHBIX YHCEN, OCIEI0BATENBHO ONPEAETIUTh IPOU3BeE-

nenns nd (n € N), ma (m € Z), gc_i (§ € @Q), a 3areM, BOCIOJIb30BABIINCH
TIpeIeTbHBIM MepPex0I0M, — IIPOU3BEICHNE (X, TIe (O — IIPOU3BONBHOE JIeHCT-
BHUTEJILHOE YKCIIO.

" CpoiicTBa 1 ¥ 2 B MIKONBHBIX Y4eOHMKAX Ha3BaHbl PacTPeETUTENbHBIMA
3aKOHAMHU.
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§ 4. KoopauHaTbl BeKTOpa

4.1. KonnuHeapHble u KOMrsiaHapHbIe 8 eKMOpPbI. JIBa Bek-

Topa @ M b HA3BLIBAIOTCS KOMIUMEGpHbIMU, €CTU CYLIECTBYET MpsMas,
KOTOPOH OHU OJHOBPEMEHHO NapaienbHbl. HyneBoil BEKTOp cuuTaercs
KOJUIMHEApHBIM JIFOOOMY BeKTOpy. JlBa BEKTOpa, HE SBISIOIMECS KOJI-
JIMHEAPHBIMHU, HA3BIBAIOTCH HeKoLuHeaphbimu. JIjis 0003HaUEHHs KO-
JIMHEAPHOCTH BEKTOPOB @ 1 b uctonb3yeres saruch d|b.

Tpu BekTOpa @, b 1 ¢ HA3BIBAIOTCS KOMIIAHAPHBIMU, ECIH CYLLECT-
BYeT ILUIOCKOCTh, KOTOPO OHM OJHOBPEMEHHO NapajuielbHbl. B mmpo-
THBHOM CJIy4ae TPY BEKTOPA HA3BIBAIOTCS HEKOMNIAHAPHBIMIL.

Ecim, 110 KpaiiHeil Mepe, /Ba 13 BEKTOPOB @, b 1 ¢ KOJUIMHEApHBL,
TO 5TH TPU BEKTOPA KOMILIAHAPHEL.

Iycts @y, Ay, ..., Gy — JAHHBIE BEKTOPHI. EciM BEKTOp d IpeacTaB-
J€H B BHAE d = X105 + X,d; + *** + X0y, TO TOBOPAT, YTO BEKTOP d
paziodicen no 6eKmopam Ay, Qs,..., Qp; YACIHA X1, X3,..., Xy IPH OTOM
HA3BIBAIOT KOI(P@uyuenmamu 310ro pasznodicenis. BeKTop d Ha3bIBAIOT
TAKKe JUHELHOU KOMOUHAyUell 6eKmopoé Ay, Qz,..., O, a YACIA Xq,
X3,..., X — KO3 PUIIEHTAMHU 3TOM JTMHEHHON KOMOUHAITUY.

U3 ycnosus (2) B ompeeneHHy NPOU3BEIEHUs] BEKTOpA Ha YUCIIO

-

CIEIY€ET, 9TO JHOOO0N BEKTOp d M BEKTOP b = ad KouMHeapHbl. Mmeer
MECTO 0OpaTHOE yTBEPIKIEHHUE.

Teopema 2. Ecu sexmop b u nenyneeoti éexmop @ KonnuHe-
apHbl, Mo cywecmeyem eOuHCMEEHHOE YUCIO X MaKoe, Ymo

—

b = xd. (1.8)

U3 TeopeMbl 2 CIIEAYET, YTO €CIIM 3a/aH HEHYJIEBOM BEKTOD d, Ia-
paJUIEIBHBINA MIPSIMOM UK JISKAIIME Ha STOH MPSIMOH, TO 000K BEKTOp
B, napajuieNIbHbIA 3TOH MPSAMOW WM JISKAIUi HA HEW, MOXET OBITh
Npe/icTaBeH B Buze b = xd.

JUJ1st IIOCKOCTH U MPOCTPAHCTBA CHPABEIJIMBEI YTBEPKACHH, aHA-
JIOTUYHBIE TeopeMe 2.

Teopema 3. ITycme danvt 06a HekoLUHEAPHBIX 6eKMOPA O U b,
Jedcawue 8 niockocmu T U napaiienvhvle ei. Toeoa aobou eexmop
C, makoice napaiienbublll Mot NA0CKOCM Wil eHCauull Ha Hell, Mo-
Jicem Ovimb npedcmaeiel 8 guoe

¢ = xd + yb, 2.9)
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U NPUMOM eOUHCIBEHHBIM 00PA30M.
7 -
U3 TeopeMbl 3 CleyeT, uTO €ClM BEKTOPBI d, b ¥ C KOMILIaHap-
> -
HbI, 8 BEKTOPHI d, b 1IpK 5TOM He KOJUIMHEAPHBI, TO BEKTOP C €IMHCT-
S -
BEHHBIM 00pa30M pasiaraercs 1o BeKTopam d u b.
-
Teopema 4. Eciu sexmopul d, b u C nexomnianapmsi, mo nio-
-
6ot eexmop d modicem Ovimb npedcmasien 6 8uoe
3 = > =3
d =xa+yb + zc, (1.10)
U NPUMOM eOUHCINEEHHBIM 00PA30M.

4.2. OnpedeneHue KoopOuHam eeKmopa. B IKoibHBIX
y4eOHMKaxX TeOMETPUH NIPY BBEJICHUM KOOPJHMHAT BEKTOPA MCIONB3YyeT-
Csl M3BECTHAS U3 Kypca aareOpsl MPSMOYTOJIbHAS JICKapToBasi CHCTeMa
KOOp/AMHAT. B Kypce miaHuMeTprH BBOISTCS KOOPIMHATHI BEKTOpa Ha
MJIOCKOCTH, & B Kypce CTEePEOMETPHH — KOOPIMHATHI BEKTOpa B IPO-
CTpaHCTBE.

UroObl 3a1aTh NPSMOYTOJBHYIO JIEKapTOBYIO cucreMy Oxy Ha
MJIOCKOCTH BBIOMPAIOT JIBE B3aUMHO NEPHEHAVKYJSPHBIC TpsAMbIC, Ha
Ka)XXJIOM M3 KOTOPBIX YKa3bIBAIOT MOJIOKUTEIBHOE HAIPaBJICHUE U €IIH-

HUITY U3MEpPEHUs OTpe3KoB. B reomert-

y M pUM HampaBlICHUS W CIAMHUYHBIC OT-

PE3KH KOOPAMHATHBIX OCEH 3aaroT C
N MOMOIIBIO SIMHUYHBIX BEKTOPOB, KO-
TOpbIE HA3bIBAIOT  KOOPOUHAMHbLIMU

A
J sexmopamu. KoOpaIWHATHBII BEKTOP
1 X ocu abcrmce Ox 0603HAYAIOT 7, a KO-
0 OpAMHATHBIM BekTOp ocu opauHar Oy

~J 1t =11 =1,7 L] (puc. 1.12).

Bekropbl T ¥ ] He KOJUIMHEAPHBI,
M03TOMY Ha OCHOBAHHH TEOPEMBI 3 JIHOOOM BEKTOp 711 MOXET OBITH
€IMHCTBEHHBIM 00pa30M Ppa3lokKeH IO KOOPAMHATHBIM BEKTOPAM:
m = xU + yJ. KosppuuueHTst x, y 5T0ro pasiokeHus Ha3bBAOT KOOPD-
Ounamamu éexmopa M B cucteMe KoopauHar OXYy; IPHU 3TOM TOBOPST
«BEKTOP 171 UMEET KOOPAMHATHI X, Y B CUCTEME KoopauHat OXy» U IH-
wmyt: m(x, y) mbo m = (x,y).

Puc. 1.12

Bekrop OM, rne O — Ha4ano CUCTeMbl KOOPJIMHAT, HAa3bIBAETCA pa-
ouycom-gexkmopom Touku M otHocuTensHO Touku 0. Eciu B cucreme
koopauHaT Oxy Touka M HMMeEeT KOOPIWHATHI X1, Vq, TO ITH K& KOOP-

JIUHATBI UMEET BEKTOP OM: OM = (x1,¥1)-
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B mpocrpaHcTBe KOOpAMHATHBIN BEKTOp OCH ammuikkat Oz mpsaMo-
YIOJIBHOM cucTeMbl Koopaunar Oxyz obosHadarorT k; 3mecwh |i] =1,
- i - > o 7 3 i 5> > 7
lj] = 1, |k| =1,7L1j, ULk, jLlk Bekropsl i, J, kK He KOMIUIAHAPHBI,
M0ITOMY B CHIJIy T€OpeMbl 4 J1000H BEKTOp 771 MPOCTPAHCTBA MOKET
OBITh €JIMHCTBEHHBIM 00pa30M Pa3JIOKeH 10 KOOPAWHATHBIM BEKTOpaM:
—> - -> 1
m = xt + yj + zk. Koadpdutmentsr x, y, z 3TOro pasioxeHus Ha3bl-
BAKOT KOOpOuHamamu eexkmopa M B cucreMe Koopaunat OXyz; Tpu
stoMm numyT: mM(x,y, z) mdo m = (x,V, z).

4.3. Ceolicmea koopOuHam 8eKkmopoe. Jlis BEKTOpOB, 3a-
JaHHBIX CBOMMH KOOpP/IMHATaMU B HEKOTOPOW cucTeme KoopauHat Oxy
Ha IUIOCKOCTH, CIIPaBE/JINBbI CICAYIOLINE YTBEPIKICHUSL:

1. PaBHbBIC BEKTOPHI IMEIOT PaBHBIC KOOPAWHATHI.

2. Koopaunatel cymmbl (pasHocTH) BekTOopoB d = (a;,d;) u
5
b = (b1, b;) paBHBI cymMMe (Pa3HOCTH) COOTBETCTBYIOIIMX KOOPAHMHAT

N -
craraeMbIx (BBIUMTAaEMbIX) BEKTOpoB: d + b = (a; * by, a, + by).

3. IIpu ymuHOXeHuu BekTopa d = (a4, ;) HA 9UCIIO A KaXkaas ero
KOOpIIMHATA YMHOKAETCS Ha 9T0 uucio: ad = (aa,, aay).

Iyctes Touku M(xq,V;1), N (x5, y,) 3a1aHbl CBOUMH KOOpPJAHHATAMHU
B cucreme koopauHaT Oxy. Ilo ompejeneHHIO pa3HOCTH BEKTOPOB
g —_— —_— o
MN = ON — OM (puc. 1.12). IloaTroMy U3 cBOicTBa 2 KOOPJUHAT BEK-

—_—
TOpoB cieayer, uto MN = (X, — X1, V5 — V1).

Koopannatsl BEeKTOpOB, 33JaHHBIX B cHUCTeMe koopauHat OXxyz B
MIPOCTPAHCTBE 00JIaA0T aHAJIOTMYHBIMU CBOHCTBAMH.

§ 5. CkansipHoe npou3Be/ieHNe BEKTOPOB

5.1. Yeon mexdy eekmopamu. Ilycts d u b HEHYJIeBbIEe BEK-
Topbl. OT mpou3BodbHOW TOUYKH O OTJIOKHMM HAIlpaBJICHHBIE OTPE3KH
0OA=d n OB =b, npexcrapisiomme
3TH BEKTOpHIL. B TOM cityuae, koraa iayuu

b B OA u OB He COBNAJIAIOT, 32 Y20/l MeHCOY
sexkmopamu 4 W b MPUHUMAIOT YTOJ

P 2AOB (puc. 1.13). B Tom cny4ae, korna

0 > nyan OA u OB COBMAJAIOT, YO MEKIY
a BEKTOpaMU d U b CUMTAIOT PaBHBIM HY-

Puc. 113 O JT0 ompeneneHne KOPPEKTHO, T. €.
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HC 3aBHCHUT OT BI)I60pa Touku O (er'II)I C COHAIpaBJICHHBIMU CTOPOHAMU

paBHBI). YToN MeskiIy BeKTopamu d u b GyieM 0603Hauats d, b.

JIBa HeHyNEBBIX BEKTOpa HA3BIBAIOTCS OPMOLOHATbHLIMU, €CIIN
yTOJI MEXIY HUIMHU paBeH g; manryT d L b.

HyneBoii BeKTOp cunTaeTcsi OpTOroHaIbHBIM JF000MY BEKTODY.

5.2. OnpedeneHue ckanspHo20 npou3eedeHusi. Ckansp-
HbIM npousgedeHuem 08YX 6eKmopo8 Ha3bIBACTCs IPOU3BENECHHE HX
JUIMH Ha KOCHHYC yria Mexny HuMHu. CKaJsipHOE IPOU3BEICHUE BEKTO-

poB @ u b 06o3Hauator d - b m6o db. Takum oGpasom,
db = |dl|b|cos (@,b). (1.11)

OuesmyHo, uto @b = 0 Torna u TOABKO TOTMA, Korna d L b; T. k.
HyJEBOH BEKTOp OPTOTOHANIEH J00OMY BEKTOPY 3TO YTBEP/KICHHUE
CHIPaBE/UBO U B TOM CJIydae, KOrjia XOTs Obl OfI4H U3 BEKTOPOB @ 1 b
HYJIEBOIA.

[TocKONbKY (d/,\&) =0",acos0 =1, T0dd = |d|? Yucno dd Ha-
3BIBAIOT CKAMAPHBIM Kéaopamom éexmopa d u obozHauaror d?. Cieno-
BaTEeJBHO,

la| = Vaz. (1.12)
3Hast JUIMHBI HEHYJIEBBIX BEKTOPOB U UX CKAJISIPHOE TIPOU3BEICHUE,
KOCHHYC yIJIa MEKIy STUMM BEKTOPAMH MOKHO HaliTH 1o opmyJie
cos (&, B) = %. (1.13)
|al|b]
5.3. Ceolicmea cKaJisipHO20 Mpou3eedeHUs] 8EeKMOpPOos.

CkasnsipHOe IPOW3BEACHUE BEKTOPOB 00JIaaeT CICAYIOUMMHU CBOMCT-
BaMH:

1. CkansipHOE IPOU3BEICHUE BEKTOPOB KOMMYTAaTHUBHO, T. €.
db = ba (1.14)
17151 OOBIX BEKTOPOB d U b.
2. YnucnoBoit MHOXXHUTENb MOXKHO BBIHOCHTH 3a 3HAK CKAJSIPHOTO
MPOU3BE/ICHHUS, T. €.
(ad)b = &(ag) = a(&B), (1.15)
JUIsL TFOOBIX BEKTOPOB d U b 1 m06oro uncna a.
3. CxanspHOe NPOMU3BEIECHHE IUCTPUOYTUBHO OTHOCHUTEIIBHO CIIO-
JKEHHS BEKTOPOB, T. €.

(b +¢&) = db + ac (1.16)
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151 THOOBIX BEKTOPOB d, but.
4. CxayspHBIM KBagpaT BEKTOpa HEOTPUIIATENIEH, T. €.
az=0 (1.17)
1711 MO6Oro BeKTopa d; npu 3ToM d2 = 0 Torja U ToIbKO TOrJa, KOraa
d=0.
5.4. CKa.ﬂﬂpHDe npouseedeHue 8€eKmopoes, 3a0aHHbIX
KoopOuHamamu. Ilyctb BEKTOpLI d U B 3a/laHbl CBOMMH KOOpJWHAa-
TaMH B HEKOTOPOM MPsAMOYTOJBHOW AECKapTOBOM CHUCTEME KOOpIUHAT

Oxy: d = (aq,ay), b = (by, b,). Torma

C_il_; = a1b1 + azbz, (118)
ld| =/ a? + aZ. (1.19)
COS( ) —abitdshy (1.20)

a1 +a2 b1 +b2

B3sB B dpopmynie (1.20) B kauecTBe BEeKTOpa b KOOPJIUHATHBIC BEK-
topel L = (1,0) uj = (0,1), monyunm
a; = |d|cos(d,7), a, = |d|cos(a,)). (1.21)
BosBenem 3Tu /1Ba paBeHCTBA B KBAJIPaT U CJIIOKHUM T10 YacCTsIM MOTy4YECH-
HBIE COOTHOIIEHUS, Torna ¢ yueroMm (1.19) Gynem umers:
cosz(é,\?) + cosz(g,\f) =1 (1.22)
Ecmu Bekropel d = (aq, a,, as), b= (by, by, b3) 3amaHbl CBOMMH
KOOpAWHATAMH B HEKOTOpOW IMPOCTPAHCTBEHHOW NPSIMOYTOJIBHON [e-
KapTOBOM cuUCTeMe KoopauHaT OxXyZ, TO COOTBETCTBYIOIIUE (HOPMYJIbI
UMEIOT aHAJIOTUYHBIA BUT:

aB = albl + azbz + a3b3, (1.23)
ld| = a? + a5 + a3, (1.24)

a,by+a,b,+azbz

(1.25)

cos (c'i, 5) = \/

[Hoouepenno B3aB B Gopmyie (1.25) B kauecTBe BeKTOpa b KOOp-

af+ag+ad [vf+03+b

nuHatHele Bexkropsl L= (1,0,0), 7 = (0,1,0), k= (0,0,1), Haitmem:
a, = |&|cos(g,\?), a, = |&|cos(3,\f), as = |d|cos (&, E) (1.26)

Ecnm Bo3BecTH B KBaJpar 3TH TPU PaBEHCTBA, a 3aTE€M CIIOXKHUTH I10 Jac-
TsIM, TO ¢ yaeToM (1.24) momyyum:

cosz(g,\?) + cosz(g,\f) + cos? (&’,75) =1. (1.27)
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§ 6. B3auMocCBsI3M BEKTOPHOI0 U KOOPAUHATHOT0 METO/10B

6.1. Kpamkass ucmopu4yeckasi cripagka. Bo3HHUKHYB Ha OCHO-
B€ JKM3HEHHBIX MOTPEOHOCTEN YeI0BEKa, FEOMETPUSI U3 Pa3pO3HEHHOI0
cOOpaHusl KOHKPETHBIX MPAKTHYECKUX PEIENTOB MOCTETIEHHO OQOpMHU-
Jlach B HAYYHYIO ACITYKTUBHYIO CHUCTEMY. JTa CUCTeMa, C OHOH CTOpO-
HBI, XOPOIIIO OTPaXKaeT U OMUCHIBAET MPOCTPAHCTBEHHBIE ()OPMBI peab-
HBIX [IPEJMETOB U OTHOLICHHS MEXIY HUMH, C Ipyroil — obnamaer 6o-
raTblM MPEAMETHBIM SI3BIKOM M BHYTPEHHEH JIOTMYeCKOH CTPYKTYPOM.
NMenHO B TakoM HarisiIHO-I0Ka3aTebHOM BHJIE OHA MpEACTaBleHa B
LIKOJILHOM Kypce T€OMETPHH.

[IIkonpHas TeoMeTpusi, XOTS U OIMHMPAETCS Ha HArJsIHBIE cooOpa-
JKeHHS, CTPOUTCA Kak JIeNyKTUBHAs (HoKa3arenbHas) Teopus. Crpasen-
JUBOCTh €€ YTBEP)KICHUH (TeopeM) yCTaHAaBJIMBAETCS IIyTEM JIOrHUde-
CKHMX pacCyXJIECHHWI, OMUPAIOLINXCA Ha MOJI0KEHUS, UCTHHHOCTh KOTO-
PBIX yke ycTaHoBisieHa. [IoHATHO, 4TO Takast peyKIHs YTBEPKACHUN HE
MOXET ObITh OECKOHEYHOM, HEKOTOPbIE NCXOIHBIE MOJOKEHUS TMPUXO-
JIUTCSI IPUHUAMATH O€3 JI0Ka3aTeNbCTBa. DTHMH HCXOJHBIMH IOJIOXKe-
HUSIMU SIBJISIFOTCSI aKCHMOMBI. B akcromax packpbIBaeTcsi CMBICI OCHOB-
HBIX TEOMETPUIECKUX OOBEKTOB M OTHOIICHHUI MEXIy HUMHU. B kauect-
BE OCHOBHBIX OOBEKTOB ILIKOJBHOI'O Kypca I€OMETPUH BBIOpaHBI TOUKA,
npsiMas ¥ MIOCKOCTh, @ B KAUE€CTBE OCHOBHBIX OTHOIIEHUHA — «IIpUHA/JIe-
KATh», «IEKaTb MEKIY», «ObITh paBHBIMU». Bce ocTanbHble reoMeTpu-
YeCcKUe IMOHATHS, BBOIATCS (Pa3bsCHSIOTCS) Y€pe3 OCHOBHBIC U JIPYrHe
TIOHSITHS, 0 3TOTO YK€ PaCCMOTpPEHHBIE.

Honroe Bpemsl pa3BUTHE T€OMETPHH IIJIO 33 CUET 2e0MEMPULeCcKo-
20 Memooa, T. €. ICTUHHOCTb T€OMETPUUYECKUX (PAaKTOB U YTBEPXKICHUH
YCTaHABJIMBAJIACh HA OCHOBE aKCHOM M YK€ JIOKa3aHHBIX TEOpPEM C TO-
MOIIBIO JIOTHYECKUX paccyxkieHuil. bomee Toro, mepeeie anredpande-
CKHME TOHSTHS TaKKe HCTOJIKOBBIBAINCH reoMeTpuuecku. Hampumep,
pelIeHre KBaJApaTHOIO YpPaBHEHHUS CBOAWJIOCH K OTHICKAHHIO CTOPOH
NPSMOYTOJIBHUKA € 3aJaHHBIMU [IEPUMETPOM U IIJIOIAAbI0. belio yera-
HOBJICHO, YTO PEIICHHE CAMbIX Pa3HOOOPA3HBIX MPAKTHUECKUX TeOMET-
pPUYECKUX 3a7a4 CBOJUTCS K PEHICHHIO anreOpandecKuX YpaBHEHHH H
ux cucreM. OnmHaKko B anreOpe J0iroe BpeMsi OTCYTCTBOBaia yAoOHas,
MPUBBIYHAS AJIs1 HAC CUMBOJIMKA, TIOTOMY Bce anredpandeckue Gopmy-
JIBl U3Jarajrch B CIOXKHOH AJI1 BOCHPUSTUSA U NMOHUMAHHUS CJIOBECHOU

dhopme.
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B xonmne XVI Beka ¢paniry3ckuii matemaruk @. Buer BBoguT aiist
0003Ha4YeHNsI TPOU3BOJIBHBIX MTOCTOSHHBIX U MEPEMEHHBIX OYKBEHHBIC
obo3HaveHus, a B Havane XVl Beka ero 0003HaueHUsT yCOBEPIICHCTBY-
eT apyroi ¢paHiy3ckuii MaTematk U ¢unocod, P. exapr. [losBienue
OYKBEHHOW CHMBOJIMKH CIIOCOOCTBOBAJIO CTAHOBJIEHHUIO TPUTOHOMETPHH
1 00111eli Teopuu anredpanyecKux YpaBHEHUH U MX CHCTEM.

[Momyuennsle anredpandeckue pe3ysbTaThl OTKPBUIN ITyTH JUTS HC-
MOJIb30BaHUSI B T€OMETPUH PA3UYHBIX BAPHAHTOB GbIYUCIUMENLHO2O
memooa. CyIHOCTb 3TOr0 METOJa COCTOMT B TOM, YTO JOKA3aTEIbCTBO
yTBep)KlleHI/Iﬁ N BBIYUCIICHUE HEU3BCCTHBIX I'€COMCTPUUYCCKUX BCJINYUH
WM OTHOIIEHHUH CBOAWTCS K PEILICHUIO YPaBHEHUH, HEPAaBEHCTB MM MX
CHCTEM, CBS3BIBAIOLINX MEXIy COOOW 3alaHHbIC (M3BECTHBIC) U HEH3-
BECTHBIC BEIMYMHBI. UTOOBI COCTaBUTH ITH YpaBHEHHs (HEPaBEHCTBA,
CHCTEMBI) HCIOJIB3YIOTCSl U3BECTHBIE TeOMeTpuiecKre (akTel U Teope-
MBI, COJIep)KaHie KOTOPBIX BBIPaXKaeTCsl Ha anredpandeckoM si3bIke. OTOo
OJTHO W3 HAIPaBJICHUH IIMPOKOr0 BHEAPEHHUSI B TEOMETPHUIO aHAIUTHY e-
CKUX METOJIOB.

JlpyruMm HampaBIeHHEM TECHON MHTETPAIlMU TEOMETPUH H areOpbl
CTaJI MemooO KOOpOUHam, OCHOBBI KOTOPOTO OBLIM 3aJI0KEHBI B paboTax
P. Jekapra. BBeneHue nexkapToBOi CUCTEMBI KOOPIMHAT HA IJIOCKOCTH
YCTaHABJIMBACT B3aMMHO OJJHO3HAYHOE COOTBETCTBHUE MEXAY TOUKAMH
9TOHM TUTOCKOCTH ¥ YTIOPSIOYEHHBIMU Tapamu (X,y) JNeHCTBUTEIBHBIX
yucen. Tak ke TOYHO BBEIEHHE IEKAPTOBOH CHUCTEMBI KOOPAWHAT B
IIPOCTPAHCTBE YCTAaHABIMBAET B3aMMHO OJHO3HAYHOE COOTBETCTBUE
MEXIy TOYKaMH IPOCTPAHCTBA U YIIOPSAAOUYCHHBIMH TpOHKaMu (X, Y, Z)
JecTBUTENBHBIX Yucel. CyHIHOCTh METOJa KOOPAHUHAT COCTOUT B TOM,
YTO IOCPEACTBOM KOOPAMHAT TOUEK M3ydaeMble TeoMeTpuieckie pury-
PBI 331210TCS] AHAIMTUYECKU C TIOMOLIbIO YPaBHEHUM, HEPABEHCTB U MX
CHCTEM.

[Mycth, Hanpumep, gurypa F pacronioxkeHa B IJIOCKOCTH C 3aJIaH-
HOHl Ha HeW cuctemMoll koopauHat Oxy. YpaBHEHHE, HEPABEHCTBO I
UX CHUCTEMa, KOTOPHIM YIOBJIETBOPSIOT KOOPAUHATHI JTIO00W TOUKU (-
rypsl F 1 He yJIOBIETBOPSIOT KOOPAWHATHI TOYEK, HE TPHHAIJIEKAIINX
¢urype F, Ha3bIBAlOTCA YCIOBHSMH, ONpeAensionmMu ¢urypy F B
JaHHOW cucreMe KoopauHaT Oxy. AHAIOTUYHO OMPEAETISIIOTCS YCIIO-
BHsI, ompejenstonme ¢urypy F B JeKapTOBOM CHCTEME KOOpJHWHAT
Oxyz B mpocTpaHCcTBE. MeTO1 KOOPAWHAT MO3BOJISIET IO YCIOBHSM, OII-
penensiroiM purypy F B TaHHOM cMCTeMe KOOpIWHAT, aHAJMTUYECKU
U3yyaThb €€ TeOMETPHUUYECKHE CBOWCTBA. DTO 3a4acTyl0 CYIIECTBEHHO
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YIPOILAET pacCyXICHUS U MO3BOJIAET JOKa3bIBaThb TEOPEMBI M BBIUH C-
JSITh HEU3BECTHBIE BEJIMUMHBL, UCIIONIB3YsI ONPEACICHHbIE aJITOPUTMBL.

ITo mepe cTanoBieHHsI aareOpbl U HAYA aHAIIM3A JajbHEeHIIee pas-
BUTHE T€OMETPUU HAET MPEUMYIIECTBEHHO aHAIUTUYECKUMHU METOJa-
MH. MeToa KOOpIWHAT HAXOAWUT CBOE OKOHYATENIbHOE O(OpPMIICHHE B
paszzene reoMeTpur, KOTOPBINA Ha3bIBA€TCS AaHATTMTUYECKONU TeOMETpHEH.

Merox KOOpAMHAT, HECOMHEHHBIM JOCTOMHCTBOM KOTOPOI'O SIBJISIET-
Cs aNrOPUTMHU3AIIMS TIpoLIecca PelIeHUs] MHOTUX T€OMETPUYECKUX 3a71ad,
UMEET M CBOM cliadble cTOpOHBL. OHHM MPOSIBIISIIOTCS, HAIPUMED, B TOM,
YTO B XOJ€ MPOMEXKYTOUHBIX AHATUTUYECKUX BBIKIIAJOK TEpsSeTcs reo-
METPHUECKOE COJep)KaHHUe 3a/laul, BhIpaKCHHE B KOOPAWHATHOW (opme
MPOCTBIX TEOMETPUYECKUX (PaKTOB 3a4acTyI0 MMEET CIOKHYIO Ui BOC-
npusTist GOpMY, peanm3aliysl alrOpUTMOB CBsI3aHA TOPOH € TPOMO3AKH-
MU BBIYHUCIICHHSIMHU, KOTOpPBIE MOTYT MPUBECTH K OImMOKe u T. 1. [Tosromy
ellle Ha 3ape CTaHOBJEHMs aHAJMTHUYECKOH IeOMETpUM MAaTeMaTHKH BbI-
CKa3bIBAJM MBICIM O HEOOXOAMMOCTH CO3JaHHSI T€OMETPHYECKOrO HC-
YHCJICHUS, TIO3BOJISIONIETO OIEPUPOBATH C TEOMETPUIECKUMH O0BEKTaMHU
TaK ke, KaK C YUCJICHHBIMU BEJTMUYMHAMU.

BexkropHas anreOpa, sleMEHTaMH KOTOPOH SIBIISIIOTCS HAIPaBJICH-
HBIE OTPE3KH, CTajla OJHUM U3 BOIUIOLICHUN 3TON uaeu. Bnepseie Tep-
MUH «BeKTOp» mosiBisiercs B cepearne XIX Beke B paboTax HEMELKOro
Maremaruka I'. I'paccmana 1 npranackoro mareMaruka . ['aMHIIBTOHA.
CoBpeMeHHbIN BUJ BEKTOPHOMY McUUcieHH0 K koHIy XIX Beka mpu-
JaroT  amepukaHckuil  ¢usuk  J.B.[u06c wu aHrmmickuili  ¢usmux
O. Xepucaiin. Yxe B Hauaje XX Beka BEKTOPbI CTAHOBATCS HE3aMEHH-
MBIM CPEICTBOM HCCIICIOBAaHHUI B PAa3IMUYHBIX 00JACTSIX MAaTeMaTHUKH U
¢usuku. B obmacth reomMerpun 3TOMY BO MHOTOM CIIOCOOCTBOBAsa
kHura «IIpoctpaHcTBO, BpeMs, MaTepusd» BBIIAIOILETOCS HEMELIKOIO
Maremaruka ['. Beins, Beimemmas B 1918 romy. Bo BBoaHOl riiaBe
9TOM KHUI'M NpHUBEICHAa aKCHOMAaTHKa €BKJIMIOBOM T€OMETPUH, B OCHOBE
KOTOpOH JIE)KaT TMOHATHS «TOYKa» M «BEKTOpP», a CBA3b MEXKIYy HUMH
YCTaHOBJIEHA C IIOMOLIbIO ONEPALUH OTKJIA/BIBAHUS BEKTOPA OT TOUKH.
ITopxon I'. Beiing oka3aicsi yAUBUTENBHO IIOAOTBOPHBIM U MO3BOJIHII
3a CUeT HE3HAUYUTEIbHBIX MOAU(UKAIMI CTPOUTH AKCHOMATHKH pa3-
JIMYHBIX HESBKIIMIOBBIX T€OMETPHI M ©X MHOTOMEPHbIE 0000IIECHHS.

B 40-x rogax mponuioro Beka BeKTopHas aaredpa CTaHOBUTCS 00 5-
3aTENbHBIM JJIEMEHTOM OTEYECTBEHHOTO BBICLIET0 MaTeMaTH4yecKOro
obpazoBanus, a 60-e ToAbl BEKTOPHI MOSIBISIIOTCS B Kypcax TeOMETPHH
JUISl CpEHEN IIKOJIBL.
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Tak ke kak Juis yucell W OyKBEHHBIX BBIPQKCHUH IJISI BEKTOPOB
ompezesieHbl anreOpandeckue ONepalin: CI0KEHHE M BBIYMTAHHE, YM-
HOXXCHHE BEKTOpa Ha YHCJIO, CKAIIPHOE YMHOXXCHHE BEKTOPOB, T. €.
MHOKECTBO BEKTOPOB BMECTE C OIpPECICHHBIMUA Ha HEM OIepalvsMu
TOXKE SIBIISIETCS are0poi, 9Ta anrebpa Ha3bIBACTCS 8eKkmopHoll. B HeKo-
TOPOM CMBICJIE BEKTOpHasi anredpa MO CBOEMY COJIEp)KaHUI0 Oolee
OnM3Ka K TeOMETPHH, YeM TPUBBIYHAS IIIKOJIbHAS anreOpa; U BEKTOPBI, H
Olepalvy HaJ HUMHU OIpe/eieHbl Ha 0a3e TeOMETPHUCCKUX TOHSTH.
[TosTOMy €cTeCTBEHHO OXHAATh, YTO HCHOIB30BAHUE BEKTOPHOU alI-
reOpbl AacT HOBBIA JTOCTATOYHO YHHBEPCAJBbHBI METOJ PElIeHHs Teo-
METPHYECKUX 3a/ad.

CyTb 6exkmopHO20, KaK 1 J0O0Tr0 aaredpandyeckoro mMemood, co-
CTOHMT B TOM, YTO IE€PBOHAYAJIBHO YCJIOBUS I'€OMETPUUYECKON 3a7aud U
TpeOyeMbIil pe3ysbTaT OIKMCHIBAIOTCS HAa alreOpandeckoM s3bIKe (B
JTAHHOM CITy4ae, Ha s3bIKe BEKTOPHOM anreOpsbl), T. €. CTPOUTCS BEKTOP-
Has MOAeNb 3a1au. [jisi TOro ymoOsl MPOOYKTUBHO peuams 2eomem-
puyeckue 3a0a4u 8eKMOPHbIM MEMOOOM, HeOOX0OUMO HAYIUTHCS 3a0d-
6amv C NOMOWBIO BEKMOPO8 OCHOBHble 2eomMempuyeckue 00beKmovl |
ONUCHIBAMb OCHOBHbIE OMHOULEHUS MEHCOY HUMU HA A3bIKE GeKMOPHOU
ancedpvl. He MeHee BaKHO BHAETH BO3MOYKHOCTH OOpAaTHOTO Mepexoia
OT BEKTOPHOH MOJIEJIN K OIMUCHIBAEMBIM €0 TEOMETPUYECKHM 00bEKTaM
W OTHOIICHUSM MEXIy HUMH, T. €. YMemb CHMpOUms 2eomempuieckue
unmepnpemayuy aneeopauyeckux eKMopPHbIX COOMHOUEHUI.

6.2. basuc. KoopduHambl eekmopa 8 6a3uce. Baxueiimu-
MU TIOHSTHSIMH BEKTOPHOH anreOpbl SBIISIOTCS MOHSTHS BEKTOpA, BEK-
TOPHOT'O TIPOCTPAHCTBA, JIMHEHHOH 3aBUCHMOCTH BEKTOPOB M 0Oa3uca
BEKTOPHOT'O MMPOCTPAHCTBA.

Hemycroe MHOecTBO V' Ha3bIBaeTcs 6eKmopHuiM NpoCMpancm-
80M, a €TO0 BIEMEHTHI — 86eKMopamu, €CIi Ha MHOXKecTBe V' ompereneHsl
OIIEpaLNH CIOKEHNS BEKTOPOB U YMHO)KEHHS BEKTOpA Ha JICHCTBUTEIb-
HBIC YHCIIA, YIAOBICTBOPSIOUINE CIICIYIONMM YCIOBHIM (AKCUOMbL 6EK-
MOPHO20 NPOCMPAHCEA).

1. st mo6bIX BEKTOPOB d, buc
(G+b)+é=d+(b+2).
2. Jlist 06bIX BEKTOPOB @ 1 b
d+b=>b+ad.
3. CymecTByeT BEKTOp 0 (HyJIBb-BEKTOp) TaKOW, YTO I JII0OOOro
BeKTOpa d
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id+0=0+d=ad.

4. Jlns KaKmoro BEKTOpa d CYIIECTBYET BEKTOP —d (IPOTHBOIIO-
JIOXKHBIA BEKTOP) TAKOH, YTO

d+(—a)=(-d)+d=0.

5. Jlns moObIX JEMCTBUTENBHBIX YUCEN &, 5 1 IH000ro BEKTOpa d

a(Ba) = (ap)a.

6. s mro0bIX IeHCTBUTENLHBIX YMCEN &, B 1 IF0O0ro BEKTOpa d

(e +B)a =aa+pa.
7. st 1060ro vrcia @ u IF0OBIX BEKTOPOB d U b
a(d + B) = ad + ab.
8. Jlust iro6oro BekTOpa d
1-d=ad.

CBolicTBa Omepanyii CI0KEHHS BEKTOPOB M YMHO)XEHHS BEKTOPa
Ha YHCJI0, PACCMOTPEHHBIE B IIKOJIBHOM Kypce T€OMETPHUH, TO3BOJISIOT
3aKJIIOYMTh, YTO MHOXKECTBO BCEX BEKTOPOB IPOCTPAHCTBA SIBISCTCS
BEKTOPHBIM IPOCTPaHCTBOM. HeTpyHO m0Ka3ark, YTO BEKTOPHBIM IIPO-
CTPaHCTBOM OY/ZIET MHOXXECTBO BEKTOPOB, OOpa30BaHHOE BEKTOPAMH,
JIeKANMMH B HEKOTOPO# IJIOCKOCTHU 7T, ¥ BEKTOPAMH, €i MapajuiebHbI-
MH. Tak k€ TOUHO, BEKTOPHBIM ITPOCTPAHCTBOM SIBIISIETCS © MHOXKECTBO
BEKTOPOB, JISKAIIMX Ha MPSIMOH [, 1 BEKTOPOB, i mapajuieIbHBIX.

CucreMa BEKTOpPOB

ai, g, ..., Ay (1.28)
Ha3bIBACTCS JIUHEIHO 3A6UCUMOL, €CITH CYIIECTBYIOT YHCIA Qq, Xy, ...,
Qp, CPEIU KOTOPBIX XOTSI ObI OJTHO OTIMYHO OT HYJISI, TAKUE, YTO
@, + ay @ + -+ ana, = 0. (1.29)
Eciu ke BekropHoe paBeHCTBO (1.29) BBIOMHSETCS TOTJAa U TOJBKO
TOI'/Ia, KOTJa BCE YHCHA Ay, Xy, ..., Oy, PABHBI HYIIO, TO CUCTEMa BEKTO-
poB (1.28) Ha3bIBACTCSI IUHEUHO HE3ABUCUMOTL.

OueBHUIHO, YTO CUCTEMA, COCTOSIIAs U3 OJHOTO BEKTOpa d, OyIeT
JMHEHHO 3aBUCHMOMN TOTJa U TOJIBKO TOIZA, KOTZA 3TOT BEKTOp HyJle-
BoOii. Mcmonb3yst TeopeMbl 2-4, caMOCTOSITEIIBHO JOKAKUTE CIICAYIOIIHE
YTBEPIK/ICHUS:

1) cucrema BEKTOPOB @, b nuHeiiHO 3aBUCHMA TOTJ@ U TOIBKO TO-
I/1a, KOT/1a 3TH BEKTOPBI KOJJTMHEAPHBI,

5
2) cucTeMa BEKTOPOB d, b, ¢ NMHEHHO 3aBHCHMA TOTJA U TOIBKO
TOI/Ia, KOTJJa 5TH BEKTOPHI KOMILIAHAPHEL
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3) mrobast cuctema, cocrosias Oonee 4eM U3 TpeX BEKTOpPOB, JH-
HEWHO 3aBHCHMA.

Cucrema BEKTOPOB, B3ATHIX B OIPEICIICHHOM MOPSJIKE, HA3bIBACTCS
Oa3ucom BEKTOPHOTO MIPOCTPAHCTBA, CCIIH:

(a) oTa cucTema JIMHEHHO HE3aBHCHMA;

(0) ;m000¥ BEKTOP MPOCTPAHCTBA MOYKHO MPEJCTABUTH B BHUJIC JIH-
HEWHOW KOMOWHAITNN BEKTOPOB JAHHON CHCTEMBI.

Yuciio BEKTOPOB, BXOIAIIMX B 0a3UC, HA3BIBACTCS PA3MEPHOCHIbIO
BEKTOPHOTO ITPOCTPAHCTBA.

ITycTh V' — BeKTOpHOE MPOCTPAHCTBO, COCTOSAIIIEE U3 BCEX BEKTOPOB

> 7T o
npoctpancTBa. Ecim @, b, ¢ — HeKOMIUIaHAPHBIC BEKTOPBI, TO OHH JIH-
-
HEHO HE3aBHCUMBI, a 1Mo TeopeMe 4 000l BeKTop d MpOoCTpaHCTBa
> 7T S
MOXeT OBITh €IMHCTBEHHBIM 00pa3oM pa3JIoXkKeH 0 BeKTopam d, b, C.
[TosTOoMy cHcTEMa BEKTOPOB d, b, C, B3ATBIX B YKA3aHHOM HOPSIKE, AB-
nsieTcst 6a3ucoM BEKTOPHOrO MPOCTPaHCTBA V' M 9TO MPOCTPAHCTBO SIB-
JSIeTCS TPEXMEPHBIM. B kauecTBe Ga3uca BEKTOPOB MPOCTPAHCTBA MOXK-
HO B3SITh JIFOOYIO YIOPSI0YEHHYIO TPOHKY HEKOMILIIAHAPHBIX BEKTOPOB.
-
Basuc, oOpasoBaHHbli BekTOopamu d, b, C, OymeM 0003Ha4aTh

(&,EE), caMH BEKTOpHI d, b, ¢ HasbBATH GUZUCHLIMIL sexmopamu, a
pasnoxkeHue
d=xd+yb+zé
— paznoocenuem Bektopa d no 6azucneiv eexmopam. Uncna x, y, z npu
TOM Ha3bIBAIOT KoOpOUHamamu eexmopa d 6 6asuce (&,EE) U, Kak
OOBIYHO, THUIIYT: d (x, v, z) nubo d= (x,y,2).
Bekrops! @, b, ¢ MOXKHO YIOPSIOYUTH LECTBIO PA3IHIHBIMH CIIO-
co06amu, T. €. C HOMOIIBIO OJHON TPOMKA HEKOMILIAHAPHBIX BEKTOPOB
MOYHO 3aJaTh LIECTh PA3IMYHBIX 0A3MCOB MHOMKECTBA BEKTOPOB IIPO-

7= > 5 77
cTpaHncTBa. Hampumep, 6asuc (b, c, a) oTiM4eH or Oasuca (a,b,c), B
Hem d(y, z, x).
Basuc (1,7, k), 06pa3oBaHHbIil eTMHUYHBIMH TIOMAPHO OPTOTOHATH-

HBIMU BEKTOPaMHU 1, ], K, HA3BIBAETCS OPMOHOPMUP OBAHHBIM.
U3 Teopemsr 4 ciemyeT, 9YTO €C B BEKTOPHOM IPOCTpPaHCTBE V

5 70 o 3
3a1aH 0a3uc (a, b, c), TO JI000M BEeKTOp d MMEET B 3TOM Oa3uce ompe-
JICJIEHHbIE KOOpAWHATHI X,Y,Z € R. OOpaTHO, BCsKas yMopsaodYeHHas
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TpoliKa JeHCTBUTENLHBIX Yuceln (X,Y,Z) ONpelensieT B Gasuce (c'i, b, E)

3 - > -

€JIMHCTBEHHBIN BekTop d = xd + yb + zC.
Takum 00pazom, BEIOpaB B MPOCTPAHCTBE MPOU3BOIBHYIO TOUKY O
¥ HEKOTOpBIN Gasuc (e, €3, €3), Mobyr TouKy M mpoCTpaHCTBa MOXKHO

OTHO3HAYHO 33/1aTh KOOPAMHATAMH €€ PaJHyC-BeKTOpa OM B BbIOpaH-
HOM Oaszmce. OTO TO3BOJSET C IOMO-
b0 BEKTOPOB pEILIaTh [E€OMETpUYE-
CKHE 3aJaud «B KOOpPAHMHATAX», T. €.
MOYTH TaK € TOYHO, KaK KOOPIUHAT-
HBIM METOAOM. MOKHO MOHTH elle
Jlajbllle, BBECTH CHUCTEMY KOOpPIMHAT
Oxyz. 114 3T0Or0 nNpoBeAEeM Yepe3 TOU-
Ky O Tpu npsiMble, napajuiebHbIE BEK-

TOpaMm ey, €, u e;. [Ipumem Touky O 3a y
Hayano koopauHar. C MOMOIUBIO BEK- Puc. 1.14

—
Topa OFE; = e; 3agamuM MOIOKUTEIh-
HOE HaIpaBJIeHHE Ha MEePBOM MPSMON M MPUMeEM ee 3a ock abcuucc Ox;
¢ momouisio Bekropa OE, = e, 3a1a/iuM MOJIOKHUTEIHLHOE HAlPABJIEHUE
Ha BTOPOW TPSIMOM, TpUMeM ee 3a och opauHaT Oy; HaKOHEIl, C TIOMO-
R ——

mpio Bektopa OF; = €5 3a7aauM TOJIOKUTEBLHOE HAIMpPABJIEHUE Ha
TpeThel NpsAMOoH, ee mpumeM 3a ochk anmurkar Oz (puc. 1.14). TToctpo-
€HHAas CHUCTeMa KOOPJMHAT Ha3bIBACTCS a@@uHHOI.

Amnanornuno, mycts II — BEeKTOpHOE MPOCTPaHCTBO, 0OPA30BAHHOE
BEKTOPAMH, JEKAIMMU B HEKOTOPOW IIOCKOCTH T W BEKTOpaMH, €l
napajuiesbHbIMe; d, b — HekouMHeapHbie BekTopsl u3 I1. Torma BekTo-

pul d, b SBIAIOTCS JMHEHHO HE3aBUCHMBIMH, U TI0 TEOpEMe 3 JIHo0O0i
BekTOp C € I MOXKeET ObITh €IMHCTBEHHBIM 00PAa30M Pa3JIOKEH IO BEK-
-

Topam d, b. [losTomy ynopsgoueHHas mapa (c'i,b) SIBIISIETCS] 0A3UCOM
BEKTOPHOIO IpocTpaHcTBa 1, a camMo 3TO MpOCTPAaHCTBO SBISETCS IBY-
MepHbIM. B kauectBe Gasuca mpoctpancTBa [1 MOXHO B3ATH JHOOYIO

YIOPSAIOYEHHYIO T1apy HEKOJUIMHEAPHBIX BEKTOPOB M3 3TOrO MPOCTPaH-
cTtBa. bazucer (&, E) u (l_;, &) IIPH STOM SIBJISFOTCS PA3IHYHBIMA.

Yucna x, y B pasioskenun ¢ = xd + yb sexropa ¢ € I1 no 6asuc-
HBIM BEKTOpaM @ M b HasblBAIOT Koopduramamu éekmopa ¢ 6 basuce
(@, B), mumyT: ¢(x,y) mbo ¢ = (x,y).
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Basuc (1,]), 06pa3oBaHHbI €MHUYHBIME OPTOrOHAJIBHBIMH BEK-
TOPaMH L, ], Ha3BIBAETCS OPMOHOPMUPOBAHHBIM.

Ecau B BexTOopHOM mipocTpancte Il 3agan 6a3uc (&, B), TO 000
Bektop C €Il mMeer B oTOM 0asuce ONpeeIeHHBIE KOOPIUHATHI
X,y € R. O0OpaTHO, Becsikas yrmopsiioueHHas napa (x,y) JNeHCTBHTEIb-
HBIX 4YHCeNl omperenser B 0asuce (&, B) €JMHCTBEHHBIH BEKTOP
¢ = xd + yb npoctpancrsa I1.

BriOupas Ha TMJIOCKOCTH TMPOU3BOIb-

y HyI0 Touky O ¥ HekoTophi 6asuc (eq, e;),

E. MOJKHO 33/1aTh HAa 3TOW IUIOCKOCTH aduH-

= HYI0 cucteMy KoopauHat Oxy (puc. 1.15).
X Haxonern, myctb L — BEKTOpHOE IIpoO-
o/ & "E. CTPaHCTBO, COCTOSIIEE W3 BEKTOPOB, Jie-
Puc. 1.15 JKaIlMX Ha HEKOTOpOU HHHMOfI I, u Bekro-
pOB, el mapajuieNbHBIX; d — JII00O0H HEeHy-
JIEBOW BEKTOp ATOTO MpocTpaHcTBa. Torna cucremMa, cCocTosiasi U3 BEK-

Q
N

S
TOpa d, ABJIAETCS JIMHENHO HE3aBUCUMOIA, a 000K BekTop b € L MoxeT

S
OBITh €IMHCTBEHHBIM 00pa3oM IpeAcTaBieH B Buae b = xd. Cuemosa-
TENBHO, L — OJHOMEPHOE BEKTOPHOE MPOCTpaHCTBO U (@) — ero Gasuc.
-
Yucno x Ha3BIBAETCS KoopouHamoti éekmopa b B Gasuce (a).
Ecnu 3a1aH HEHyJIEBOW BEKTOP d, TO JIHOOOH KOJUIMHEAPHBIA €My

7 =3
BekTop b, uMeer B 6asuce (d) onpeaeneHnyro koopauHary x € R. O6-
PaTHO, BCAKOE JEHCTBUTENBHOE YMCIO X ompenenser B Oasuce ()

€IMHCTBEHHBIN BEKTOP b = Xd, KOJUIMHEAPHBIA BEKTOPY d.

3apayu AnAa noBTOpPEHUA

1. JlokaxkuTe, 4TO PaBEHCTBO AB = CD umeer MecTo Toraa
TOJIBKO TOT/Aa, KOoTaa AC = BD. Kak pacnosiokeHsl Touku B u D, eciu
touku A 1 C coBmagaroT?

2. Kak pacnonoxxensl Touku 4, B u C, ecim AC = —AB?

3. Touka B cummerpuuHa Touke A oTHOCHTENHHO ToukH 0. Todku
C v D nony4eHsl B pe3yybTaTe OTK/IaAbIBAHUSA BEKTOpa P OT Todek O u

B. JTokaxxute, 4TO AC = 0D.
4. lano: A,B, = AB, A,C, = AC. Hoxaxkure, 4T0 E = BB, = C—Cl)
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5. Jlan mpaBuibHbIM mectuyronbHUK ABCDEF, touka O — ero
uentp. Cpenu BEKTOPOB CF, BA, DA, 0D, FE, DE, AD, BC, CB, FO,
CF, AF, 0A, ED, 0C, CD YKa)KUTE BEKTOPBI: a) paBHbIE BEKTOPY AB;
0) IPOTHUBOIOIOKHBIE BEKTOPY EF; B) COHAIPaBJICHHbIE C BEKTOPOM
EF; T') IPOTHUBOIIOJIOKHO HAIIPABJICHHBIE C BEKTOPOM AB.

6. lokaxwure, uro: a) — (—ad) = d, 6) - (B —d)=d- b.

7. YpocTuTe BBIpaKESHUSI:

a)AB + CD + DE + BC;

6)AB — CB — DC + DE;

») (OL — OK) + (0M — 0L) + (ON — 0M).

8. Jlokaskute, 4TO CyMMa BEKTOPOB, OOIIMM Ha4ajoM KOTOPBIX SIB-

JsieTcsl LeHTP MPaBUIIbHOTO N-YIOJIBHUKA, & KOHLAMHU — €0 BEPILUHBI,
paBHa HYJIb-BEKTOPY.

9. Kak pacronoxenst Touku A, B u C, ecm: a) AC = ZE,
6) 2AC = AB?

10. lano: p=m+n, 4 =
7. BEKTOPBL: a)%ﬁ + %(7, 0) %ﬁ —

3

— —
—n. BBIpa3I/IT€ YE€pE3 BECKTOPLI M U

1 = l I l -
AL

11. Jlan terpasnp ABCD, AB = d, AC = b u AD = C. Bripasure
yepe3 BEKTOPHI d, b 1 € BEKTOPHI: a) %171—5 + %?5 + %A—i 6) AB — gfﬁ,
B) %D_C) + iB_C) - %H))

Pewenue. B) B cuny (1.7) umeem:

BC + 1BC — 1BD = L (4C - 4D) + 1 (4C — 4B) - 1 (4D - 4B) =
2 oo 210 N 1. 4 1, 3n 2

=E(b_ )+Z(b—a)—5(c—a) =Za+zb—C.

12. Touka O sBIsieTCS TOUKOW TEpECEUCHUs qraroHaleil napauie-
nermniena ABCDA,B,C;D,, Touxu K, L, M, N npunaanexar pedpam
AA;, BBy, CC;, DD; cootBerctBenHo; mnpuuem AK:KA; =1:3,
BL=LB;, CM:MC; =3:1, DN = ND,;. Paznoxutre 1m0 BEKTOpaMm

G =AB, b = AD, ¢ = AA, sextopsi: a) AC, 6) AC,, B) BD, 1) 4,C;,
) m, e) KL, m)m, 3) O—Cf, I/I)D—O), K) OK, n)m, M)A—>C+ﬁ,
H) 1_4_6_': - m Briscuaure, nexar s Touku K, L, M, N B ogHO# 1j10c-
KOCTH.

-
13. Jlokaxute, 4TO BEKTOPHI d U b KOIUIMHEAPHBI TOTA M TOJIBKO
TOrJa, KOT/Ia CYIIeCTBYET JIMHEHHasi KOMOMHAIINSI 3THX BEKTOPOB, paB-
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Hasl HyJIEBOMY BEKTOpPY, B KOTOPOH XOTs Obl OAMH U3 KO3(PPUIINEHTOB
OTJIMYEH OT HYJIA.

14. JlokaskuTe, 4TO BEKTOPI @, b 1 ¢ KOMILIAHAPHBI TOIA  TOIb-
KO TOTJa, KOTJa CYIIECTBYET JIMHEWHAss KOMOMHAIMS 3TUX BEKTODPOB,
paBHasi HyJIEBOMY BEKTOPY, B KOTOPOI XOTs Obl OMMH M3 KO3 UIIHEH-
TOB OTJIMYEH OT HYJISL.

15. Bekropsl d = (aq,a;), b= (by,b,) 3amaHbl CBOMMH KOOP/IH-

HaTamMu B cucreMe KoopauHaT Oxy. JIoOKaskuTe, 4TO BEKTOPHI d U b
KOJUTMHEApHBI TOTAa M TOJNBKO TOTJa, KOrZla UX COOTBETCTBYIOLIME KO-
OpPAMHATHI TPOMTOPLIUOHAIBHBIL.

16. Jlokaxxute, 4TO:

. AB
17. Haligute mmHy BeKTOpa —:

|4B]
4B | AC
18. JTan tpeyromsauk ABC. JIokaxxute, 4TO BEKTOP 5| + Tad| ne-
AB  AC
KHUT Ha OWccekTpuce yria A, a BEKTOp 5 Tad Ha OWccekTpuce

BHEIIHETO yTria TPEYTroJIbHUKA MPH BepIIiHE 4.
19. Jlan tpexrpanssiii yron ABCD c BepmnHol A. Boisicaure, rae
4B | AC , AD
pAacIoIOKEH BEKTOD ——= + == + ==-
|aB| * |ac| = |aD|
N -
20. Bekropsl d = (aq,a,) u b = (b1, b,) 3a1aHBI CBOUMH KOODP/IH-
HaTaMu B IPAMOYTOJBHON JIEeKapToBOM cucteMe koopauHar Oxy. [Jo-
Ka)KUTE, YTO

_laiby—azby|
sin = (1.30)
( ) a1+a2 b1+b2
21. Bexrops! @ = (a;,ay, as), b = (by, by, bs) 3a/1aHBI CBONMH KO-

OpJMHATaMU B MPSIMOYTOJILHOM IEKapTOBOM cucteMe koopauHar Oxyz.
Hoxaxwute, 4To

. - a,bs—asb,)2+(aszb;—a,b3)%+(aby,—a,b;)>?
Snl(a b) _ /(azbs=asby)®+(asby ~asb3)*+(asby~azby)®

Jat+azrat [op+n3+vd

(1.31)
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T'aasa Il
AD®DPUHHBIE 3AJIAUYHA

§ 2.1. Onopusble appunHbIe 32124U U GOPMYJIbI

st Toro 4To0bI HAYYHUTHCS peIIaTh TeOMETPUUECKUE 3a/laui BEK-
TOPHBIM METOZIOM, Ha10 YMETh OIUCHIBAThH (337aBaTh) C MOMOLIBIO BEK-
TOPOB T€OMETpUUYECKHE (UTYphl U OTHOIIEHHS MEXAY HUMH. B 3TOM
naparpade MPUBOANUTCS «TEXHUYECKOE OCHAIICHUEY, HEOOX0IUMOE ISt
pewennst adpduHHBIX 3a7a4. [Ipr 3TOM BBIOENSAIOTCA 3a0audl U QOpMYy-
JIbI, KOTOpbIe HanboJiee 4acTo CIy’KaT OCHOBOH JUIA pELICHHs IPYTrHX,
Oonee cnoXHBIX, 3a7a4. Takue 3amaun U QopMyJibl, KAK OTMEUYEHO BO
BBEJICHUH, HA3bIBAOT KIIIOUEBBIMU UM ONOPHBIMU.

Touku ¢uryp, paccmMarpuBaeMbIX B 3a1adax, OyJeM 3aJaBaTh C
MIOMOIIBIO BEKTOPOB, OTJIOKEHHBIX OT HEKOTOPOH (PUKCUPOBAHHON TOY-
ku, Harpumep, 0. MubiMu croBamu, Touka M urypsl ompenensiercs

paanyc-BEKTOPOM OM Touku M oTHOCHTENBHO TOUKN O.

[Ipsimas vame Bcero 3agaeTcsl AByMs €€ TOYKaMH, a IJIOCKOCTh —
TpeMsl TOYKaMH, He JeXaluMu Ha ofgHou mpsimoi. [lostromy orpanu-
YUMCS TOJBKO 3TUMH CIIOCOO0aMH 3aJaHus MPSIMOM M TIOCKOCTH (JTIO-
Oble Apyrue CrocoObl UX 3aJaHus JIETKO CBOIATCS K YKA3aHHBIM).

2.1.1. MNMpuHadnexHocmb MOYKU npsiMmol (nMockocmu).
[Tycts npsimas 3agana Toukamu A u B. W3 onpenenenys KOITHHEapHBIX
BEKTOpPOB CllelyeT, uTo Touka C mpuHauIexuT npamod AB torma u

TOJIBKO TOTJa, KOT1a BEKTOP AC KOJJIMHEAPEH HEHYJIEBOMY BEKTOPY AB
(puc. 2.1). D10 yClOBHE MOXHO 3aIlv-
carb TakK: A
AC = BAB. (2.1) B

ITycts Touku A, B u C 3amaHbl ux C
pannyc-BeKTOpaMH, OTHOCHUTEIBHO TOY-
ku 0. Toraa mo onpeneneHuio pasHOCTH
BEKTOPOB PaBEHCTBO (2.1) MOXHO mepe-
nucarb B BUJE:

0C — 04 = B(0B - 04). (22)

OmnopHoii 3aaueii, ONUCHIBAIOLIEH YCIOBUS MPUHAIIEKHOCTH TOY-
KM NPSIMOM, SIBIISIETCS

Puc. 2.1
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3apgava 2.1. Joxaoscume, umo mouka C npunaonedxcum npsmoul
AB mozoa u monvko mozoa, ko2oa ons aobou mouxu O evinoansomcs
pasencmea:

0C = aOA + BOB, (2.3)
a+pf=1. (2.4)

Pewenue. Tlycts Touka C npunagiexuT npsmoit AB. Toraga Bek-
TOPBI AC u 4B KoyrHeapHsbl. [lockonbky AB # 0, uMeeT MecTO pa-
BeHCTBO (2.1), B KOTOPOM [§ — OJHO3HAYHO ONpEACICHHOE JCHCTBU-
TEJIBHOE YMCIIO, a 3HAUUT, AJISl IPOU3BOJBHOW TOUkH O CrpaBeqIuBO
paBeHctBo (2.2). U3 (2.2) crenyer, uro OC = (1 — B)0A + BOB. Bge-
nst obosHauenue 1 — f = a, nomyyaem paBeHctsa (2.3), (2.4), KoTopbie
TpeOyeTcs J0Ka3aTh.

O6patHo, mycTh 11 Touek A, B, C u npou3BonbHON TOUKH O BBI-
MONHSIOTCA paBeHcTBa (2.3) u (2.4). Jokaxkem, yTo Touka C mpuHaIe-
KUT npsMoid AB. JIng ocyliecTBIEHHUS 3TOr0 JOKa3aTeNIbCTBA BCE pac-
CYXIEHUSI HEOOXOTUMO MPOBECTH B OOPATHOM MOPSIZIKE.

N3 paBencrBa (2.4) 1 —f = @, mMo3TOMYy BEKTOPHOE PaBEHCTBO
(2.3) MOXXHO TepenucaTh B BHIE: 0C=(1- ,8)52+ ﬂﬁ. Orcrona
CIIelyeT, 4To 0C - 04 = B (Fé - 52), U TIO0 OMpENeeHUIO Pa3HOCTH
BEKTOPOB MMEEM: AC = BZE [TosTOMYy BEKTOpHI AC, AB KOJUTMHEeap-
HBI, ¥ 3HaunT, C € AB. O
0 W3 onpenenenust komisaHap-

HBIX BEKTOPOB CIIEAYET, YTO TOUKA
D mnpunagnexur miockoctu ABC
TOTJIa U TOJBKO TOT/A, KOTJla BEK-

Top AD xoMmaHapeH HEKOJUIMHE-

J C apHBIM BEKTOpaM AB u AC (puc.
AVA 2.2). VYcnoBue KOMIUIAHAPHOCTH
A

ﬁ?D 3TUX BEKTOPOB MOXHO 3aIluCcarh

Puc.2.2 Tak

AD = BAB +yAC. (25)

Ecmu touku A, B, C u D 3amaHbl BEKTOpaMH, OTIOXKEHHBIMH OT
Touku O, TO paBeHCTBO (2.5) MOXKHO TIepenucaTh B BUJE:

0D — 04 = (0B — 04) +y(0C — 04). (2.6)

OnopHoii 3aaueli, ONUCHIBAIOLIEH YCIIOBUS IPUHAJIEKHOCTH TOY-

ku D mockoctu ABC, Oyner 3amada 2.2, pelieHUue KOTOPOH SBISACTCS
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JIOCTATOYHO MPOCTOM (MIPU 3TOM THITUYHOW B YCIIOBHUSX MPHUMEHCHHS
BEKTOPHOT'O MeToJ1a) TpaHcopMarmelt perenns 3agadu 2.1.

3apgava 2.2. Joxasicume, umo mouxka D npunaonesxcum niocko-
cmu ABC mozoa u moavko mozoa, ko2oa oas nobou mouku O ewbinoJ-
HAIOMCS PABEHCMEBA.!

0D = a0A4 + Bﬁ + yO—C), 2.7)
a+pB+y=1 2.8)

Pewenue. Tlycts Touka D npunamiexut miaockoctu ABC. Toraa
BekTtopsl AB, AC u AD xommnanapusl. Touku A, B, C He nexaT Ha o1-
HOW MpsMOi (337a10T TIOCKOCTh), TO3TOMY BekTopbl AB n AC He Kou-
nuHeapHbl. ClienoBaTeIbHO, HIMEET MECTO PaBeHCTBO (2.5), B KoTopoMm f3
U Y — OOHO3HAYHO OIpeJeJICHHbIC ACHCTBUTENIbHBIE uuciia. BeiOpaB
MPOU3BOJIBHYIO TOUKY O, OT paBeHCTBa (2.5) MOXKHO MEPEeHTH K paBeH-
cTBY (2.6). PaBenctBo (2.6), B CBOIO OY€pe/h, IEPETUILIEM B BUIE:

OD=(1-p—-y)OA+ OB +yOC.
Brenst oboznauenne 1—f —y =, nmomyyum cooTHomeHus (2.7),
(2.8), koropsie TpeOyeTcs ToKa3arhb.

s mokasarenbcTBa 0OpaTHOTO YTBEPKAEHUSI BHOBB BCE PACCYIXK-
JIEHHsI HEOOXOAMMO MTPOBECTH B 0OPaTHOM HOPSIKE. O

2.1.2. B3aumMHoe pacnoJsioxeHue d8yx npsiMbix. Ilycrs na-
HBI IpsiMbie AB 1 CD. OueBUIHO, 4TO 3TU MpsIMbIe OYAyT MapauiebHbI
TOT/Ia U TOJILKO TOTJIa, Koraa BeKTopbl AB um CD KoJUIlMHEeapHBI, a BEK-
Top AC M He koyumHeapeH (puc. 2.3); npsimbie AB u CD OynyT coBmna-

JaTh TOT/IAa U TOJBKO TOr1a, Koraa Bce Tpu Bektopa AB, CD u AC no-
MapHO KOJUTMHEapHBI (puc. 2.4).

D

C Puc. 2.3 Puc. 2.4

Ecmu Bextopsl AB u CD He komuHeapHble, To Tipsimble AB u CD nubo
CKpelMBaroTcs, 100 nepecekarorcs. B mepBoM cityuae Tpoiika BEKTO-

poB AB, CD u AC HeKkoMmIUTaHapHa (puc. 2.5). Bo BTopoM cirydae Bek-
TOp AC KOMILIaHAPEH BEKTOpam ABucCD (puc. 2.6).
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C D

/j/ ==

Puc. 2.5. Puc. 2.6.

2.1.3. B3auMmHoe pacnosnoxeHue nNpsiMol u nJaocKocmu.
[Mycte nanwl npsmast MN u uiockocts ABC. [psimast OyieT nepecekaTh

—_— — ——
IIJIOCKOCTH, eciii BeKTOpbl AB, AC MN He sBISIOTCS KOMITJIAHAPHBIMHU
(puc. 2.7).

—_—
Ecmu Bexktop MN xommuiaHapeH

BEKTOpaM AB u R, TO mpamass MN

M B
A 00 mapamienbHa iockoctd ABC,
c 00 JIEKUT B ITOH IIIOCKOCTH. B miep-

BOM cilyyae BekTop AM He KoMIIaHa-

pEH BEKTOpaM AB u AC (puc. 2.8), BO
BTOPOM — KOMILIaHapeH (puc. 2.9).

/N
=4 /

Puc. 2.8 Puc. 2.9

2.1.4. B3aumMHOe pacrnosioxeHue 08yx M/0cCKocmeu.
[Mycts ganbl mnockoctt LMN u ABC. Tlnockocts LMN Oyner mapai-
JenbHa IockocTd ABC Tornma u TONBKO TOT/a, KOrja Kaxablid U3 BEK-

TOPOB LM, LN OyaeT KOMIUTaHApeH BEKTOpaM AB, AC, a BEKTOP AL -
Het (puc. 2.10). Eciam Bexrop AL Taxxe KOMILTaHAPEH BEKTOpaM AB,
AC, nockoctd LMN w ABC coBnajaror (puc. 2.11).
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P
N7

Puc. 2.10
L=
N C 74
Puc. 2.11 Puc. 2.12

B Tom citydae, korja XoTst Obl OIMH M3 BEKTOPOB LM, LN ne xommaHa-
peH BEKTOpaM AB, AC unockocru LMN, ABC IIEPECEKAOTCS
(puc. 2.12).
2.1.5. QeneHue ompe3ka 8 0aHHOM omHoweHuu. Ilycts A
u B — nBe pasznuuHble TOUKH NpsiMOi B C — Takas TOYKa 3TOM MPSAMOH,
97O
AC = ACB. (2.10)
Toraa roBopsaT, uro mouka C Oderum ompezox AB 6 omuoweHuu A,
cuumas om mouky A; 4Mcio A Py 3TOM HA3BIBAIOT OMHOWEHUEM MPeX
mouex A, B u C. B mutepaType 110 TeOMETpHH JIi 0003HAUCHHUS OTHO-

—

. Ac
HIeHHust A TpeX TOYEeK MPSAMOI OOBIYHO YIOTPEOISIOTCS 3anuc: A = —
A = (AB, C). M»l OyzieM UCIIOIB30BaTh BTOPOE M3 3THX 0003HAYCHHUIA.

Ecau Touka C nexut Mexny Toukamu A U B, To BEKTOPBI ACuCB
coHanpasJieHsl, ipu 3roM A > 0. B 3rom ciydae Touka C JenUT OTpe-
30k AB enympennum odpazom (puc. 2.13 a).

a)A>0 6)A <0
B C

A A

Puc. 2.13
Eciu € = A, 01 = 0.
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Ecmu Touka C nexut BHE oTpe3ka AB, TO BEKTOpHI AC u CB ua-
MpaBJICHbI MMPOTUBOMNOIOKHO, a A < 0 (puc. 2.13 6). B manHOM ciyuae
TOBOPAT, 4TO Touka C jenuT otpe3ok AB euewnum odpazoM. ITockois-
Ky 1ipu 3toM 6o |AC| > |CB|, mu6o |AC| < |CB|, To A # —1.

O4eBUAHO TAKXKE, YTO

1

(BA,C) = G50
B camom nene, ycts (AB,C) = A, torma AC = ACB u BC = %CA.

ITycts Touku A, B u C 3amaHbl BEKTOpaMH, OTJIOKEHHBIMU OT He-
KoTopoi Touku O, Torna paBeHCTBO (2.10) MOXXHO mepenucath B BUIE:
0C— 04 = A(ﬁ) - O—C)) Orcroma (1 + A)W = OA + A0B, u suauur,

— 1 — A —

oC = mOA +m03. (2.11)
Ecnu teneps mpoBecTH Bce paccy:KAeHHS B 00PaTHOM HOPSIIKE, TO MBI
BepHeMcs K ¢opmyne (2.10). CnenoBaTtensHo, Touka C JEIUT OTPE30K
AB B nanHom orHorreHnd A (A # —1) Torja u TOJIBKO TOra, KOTa JIJIst
mo0oit Touku O umeeT Mecto cooTHomeHnue (2.11).

®Dopmyny (2.11) Ha3BIBAIOT Ghopmynoll OeneHuss Ompe3Ka 8 OAHHOM
omuowenuu. 3ta GopMyaa MPH HUCIOIB30BAHUN BEKTOPHOT'O METOAA
ynotpebisieTcst 0cOOEHHO YacTo, TOITOMY €€ CIIEAYeT BKIIOYUTH B YK C-
JIO OTIOPHBIX.

He menee gacto mpumeHsieTcst popmyna OeneHus ompeska nono-
nam, Kortopas momydaercs u3 (2.11) mpu A =1. B srom ciyyae
AC = C_B), u, cienosarenbHo, AC = CB. Takum ob6pazom, mouxa C s6-
aslemcest cepeounou ompeska AB moeda u monvko mozoa, kozoa 0
060t mouxu O

0C =~ (04 +0B). (2.12)
Bo muorux 3agadax BHyTpeHHssl Touka C orpe3ka AB 3amaetcs ¢

MOMOIIBI0 OTHOWICHUsS AynuH orpe3koB AC u CB. Ecnm AC =m,
m

CB=n,101= ot ¢dopmymna (2.11) mpuHUMAET BT
0C=—-04+-"-0B. (2.13)
m+n m+n

Ipumeuanue. JInsg moboro aeiictButensHoOro uncina A # —1 Ha npsmoi
AB cymiecTByeT oiHa M TONBKO OfHA Touka C, KOTOpas NeNuT oTpe3ok AB
(cumrast OT TOYKH A) B JAHHOM OTHOIIEHUH A.

B camom gene, u3 dopmynst (2.10) nmeem: AC + 2AC = A(A—)C+C—B))
wmm (1 + A)R = AAB. Tak kak 1 + 1 # 0, To oTCIO/1a TTOJTyYaeM:
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Taxum 00pa3oMm, 171t TOro, 4TOOBI HOCTPOUTH Ha NpsiMOi AB Touky C, KOoTopast
JICTIAT 3aJaHHbIA OTpe30K AB B OTHOIICHHH A, CUMTas OT TOYKU A, TOCTATOYHO

—_—
BEIOpaTh BeKTOp AB B KaduecTBe eAMHUYHOTO BEKTOpa 3TOH mpsimoii. B cucreme

2
KOOpJIUHAT (A AB) Touka C MMeeT KOOpAUHATY —— L

3apgadva 2.3. Ha npsmeix CA u CB, codepoicawux cmoponsi mpe-
veonvnuxka ABC, e3amwi coomeemcmeenno mouku By u Ay, komopvie
0ensim CMopoHbl MPEY20NbHUKA 8 OMHOUEHUSIX
(CA, Bl) = l, (CB'Al) =u
Hoxaswcume, umo npu nodoom evibope mouku O paouyc-eekmop oD
mouku nepeceuerus npsamvix AA1 u BB, umeem 6uo:

——  104+uOB+0C
oD = 224TROE Ot
A+u+1

Pewenue. Cormacno onopHoii 3aiaue 2.1 npu 1r060M BEIOOpE TOU-
ku O nMmeeMm:

0D = aOA1 + (1 - a)OA 0D = [)’0B1 + (1 B)OB
BrIpasum BEKTOpPBI 0A1, 0B1 4yepes BEKTOPBI 04, 0B, 0C u noxcrasum

B 3TH cooTHouleHus. [1o Q)opMyJIe JeJIeHNs OTPe3Ka B JaHHOM OTHOLIE-
OC+A04 - _ OC+u0B

HUAU 031 = , 044 = . IToaTomy, ¢ OMHOM CTOPOHEI,
0D = a0A1+(1—a)571)—w+(1—a)0A—

=(1-a)0A+20B+-20C.
1+u 1+u
C nmpyroii CTOpOHBI,
0D = BOB, + (1— B)OB = +(1—-pB)OB =
IHOA +(1- ﬁ)OB +—oc

Ecimm Touka O He NeXUT B MIIOCKOCTH TpeyFOHBHI/IKa ABC, T0O BEKTOpHI

ﬁoc+ﬁAOA

m, O—B), 0C ne KOMIUTAHAPHBI; TOTA U3 Pa3IoKeHUH BEKTOpa 0D 1io-
JTy4UM
y)
1—a=ﬁ— a1 1- 8, @ _ B

1+A" 1+u 1+p  1+A°
Ortcrona
{(1+A)a+/1[3 =1+
ue+A+wWp=1+pu
Pemmast 3Ty cUCTEMY OTHOCUTEIIBHO @ U [5, HAXOIHMM:
1+u _ 1+2
T A+pu+1’ b= A+p+1’
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OcTaercst HOACTaBUTH JI000€ U3 HAMJEHHBIX 3HAYEHUH B COOTBET-
CTBYIOLLEE PA3IIOKEHNE BEKTOPA ( OD. HaanMep,
0D-(1—a)0A+ OB+—0C—

:(1_“—”)E4’+ il OB + g 0C =

A+u+1 A+u+1 A+u+1
__ A0A+p0B+0C
A+p+1
Korpma touka O nexuT B 1iiockocTu TpeyroiabHuka ABC, Bo3pMeM TOU-
o —=  AQA+uQB+QC
Ky (0, He Jexantyro B 3Toi ockocTd. Torma QD = %
u
AR _ AR L AT _ Atutl o= AQA+uQB+QC
0D =0Q+QD = 0 —_— =
Q+Q A+u+1 Q+ A+p+1

_ A(@+ﬁ)+u(@+Q3)+(OQ+Qc) __ X0A+u0B+0C
- A+u+1 T Atu+t
3apava 2.4. [lpsmvie | u l; nepeceuenvt mpems napauienvHuimu
npamsimu 6 mouxkax A, B, C u A,, By, C; coomsemcmeenno. /lokadxcu-
me, umo (AB, C) = (4,B4,Cy).

Pewenue. VI3 ycnoBus 3amauu cie-
nyer, uto BB, = BAA;, CC, =yAA;.
Iycth AC = ACB, E = /11m,
A # —1, 4, # —1. TpeOyercs nokazats,
yTo A = 4.

Ecnu Toukn A u A; HEe COBNAJAIOT,

TO BekTOpbl AB 1 AA, He KOJUTMHEeapHEL.
Puc. 2.14 Pa3noxuM 1o 3TUM BEKTOpaM BEKTOPHI

AC, CB u A,Cy, CyB,. TlpubaBum k 00e-
MM YacTsIM PaBEHCTBA AC = ACB BEKTOp CB, torna AB = (1 + 1)CB.
Otcroma

CB=--14B,AC = -~ 14B.
1+ 1+
IIo mpaBuiy TpeyrojbHHKa € Y4E€TOM YCJIOBUM 3aJa4d IOIYYUM:
AB, = AB + BB, = AB + BAA,, AC, =AC+CC, = AC + yA4, =
A = _—
= mAB +yAA,. lloatomy )
A,C = AC] — AA, = Z=AB + (y - A4,
C,B; = AB, — AC, = (1 - L)ZE + (8 —y)AA, =

= mAB + (ﬂ ]/)AAl
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—_— —_—
PapencrBo A;C; = A, C; B, nepenuiercs Teneps ClieIyOIIM 00pa3om

A —_ —_ —_— —_—
—— _AB+ (y—1)A4, =——AB + 4, (B — y)44,.

1+4 1+4
Otciona o TeopeMe O €IMHCTBEHHOCTH Pa3IOKEHHS BEKTOpa MO JBYM
1 A
HEKOJUTMHEAPHBIM BEKTOpaM —— = =, } — 1= 1,(8 —v). U3 nepso-

ro paBeHcTBa A = A; u, cnenosarensho, (AB,C) = (A1B;, Cy).
3aMeTuM, 49TO MOMYTHO U3 BTOPOTO PaBEHCTBA MOKHO HAWTH COOT-

. 1+AB
HOIIICHUE, CBs3bIBaroiee A, S uy:y = PR
Ecnmu Toukn A u A, coBnaaaror, To Tpeyroiasuuku ACC; u ABB,
AC _ AC
noJIo0HBI ¢ KO3 dunreHToM mnoxodust k = T A—Bl. B asrom ciyuae
1

AC = kAB, A—Cl) = kTBb OTKy/1a
AC = k(AC + CB), AC, = k(AC, + C,B,)
nAC = j—kﬁe’, AC, = j—kﬁ, Te. (AB,C) = (4,B,,C,). O
Ipumeuanue. CrnencTBueM IOKa3aHHOTO YTBEPXKIEHHS SIBIISIETCS meope-
ma Daneca: ecnv Ha OJHOU CTOPOHE YIJIa OTJIOKEHBI PaBHBIE OTPE3KH U Uepes3

WX KOHIIbI TPOBEICHBI MapaljiesibHbIE MPSIMbIE, TIEpeceKarolue JPyTryro cTOpo-
HY yIJia, TO BbICEKaeMble Ha Hel OTPE3KH TaK)Ke PaBHBI.

2.1.6. OmHoweHue ompe3Ko8 napasisiesibHbIX MPSMbIX.
[Tycts orpe3ku AB u CD nexat mmb0 Ha MapajuIeIbHBIX MPSMBIX, OO
Ha ofHOM mpsamoil. PaccMoTpuM KonmMHeapHbIE BEKTOPHI Iﬁ, u CD.
Cy1miecTByeT €IUHCTBEHHOE JCHCTBUTEIBHOE YHCIO A Takoe, 4TO
C_D) = /1A_B) OTO YKCIIO0 HA3BIBAIOT OMHOUICHUEM KOJUIUHEAPHbIX 6€EKMO-
pos (ommuowenuem napanienvhvix ompeskos). V3 onpeneneHus mpous3-

CD R e —
BEJACHUs BEKTOpa Ha YHCIO CIEAYET: /1=%, ecru CD 17 AB;

—

A= —@, ecu CD 1 AB.
|4B|

3apava 2.5. Iapannenvuvie npsmovie | u l; nepeceuenvt mpems
NPAMBIMU, NPOXOOAWUMU Yepe3 00HY mouky, 6 moukax A, B, C u Aq,
B, C; coomsemcmeenno. Joxaxcume, umo (AB,C) = (A1B4, Cy).

Pewenue. Tlyctp S — obmias Touka ceKyImux npsiMeix. Paccmorpum
TOMOTETHIO C LIEHTPOM S, KOTOpas MepeBOIUT TOUKy A B TOuky A,. B
3TOW rOMOTETHH ToUKa B mepeiineT B Touky B;, Touka C — B Touky Cj.
Ecnu BexTops! SA, S_'Zl—; coHarnpasiieHs! (puc. 2.15, a), To koadhdument

SA _—
romoreti k > 0 U paBeH S—Al; ecnu BekTopbl SA, SA; HampaBieHbI
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MIPOTUBONOJIOXKHEI (puc. 2.15, 6), To K03pdunneHt romoretunt k < 0 u

paBeH — %. B obounx ciydasx
SA, = kSA, SB, = kSB, SC, = kSC.

4 \C B/A/ |
a) 0)
A /B c |
Alﬁ’l/ \Cl Iy Ar/ [Bi \Ci I
7 7 X 77 AN

Puc. 2.15

_— = — =y ——  —— —_— =
Ortctona SC; — SA; = k(SC — SA), SB; — SC, = k(SB — SC) nm
— -5 —
A1C1 = kAC, C]_Bl = kCB
— — — . —_—

Ilycte AC = ACB, torna kAC = kACB u A,C; = AC{B;. Cneno-
BarenbHO, (AB,C) = (A1B1,Cy). O

PaccMmoTpeHHbBIE BEKTOpHBIE YCIOBHS U (POPMYJIBI JAIOT BO3MOXK-
HOCTb, UCTIOJIB3YS anmapaT BEeKTOPHON anreOpsr:

1) ycTaHOBHUTH MPHHAIJICKHOCTh TPEX TOUEK OJHON MpSMOH (de-
TBIPEX TOYEK OHON TIOCKOCTH);

2) BBISCHATH B3aMMHOE PACIIOIOKEHHUE TPSMBIX, OTPE3KOB, IJIOC-
KOCTEH, B YACTHOCTH, JI0KA3bIBaTh WX MAPaJUICIbHOCTh, YCTAHABIUBATD,
YTO TP IPsIMBIE TTPOXOAT Yepe3 OAHY TOUKY U T. 11.;

3) BBIYUCIATH OTHOIIEHUE TPEX TOUYEK MPSMOIL;

4) HaxOJWTh OTHOIICHUE JIJTMH IMapaJUICIbHBIX OTPE3KOB U T. .

Ilpumeuanue. Tlpu pelIeHUH T'€OMETPUYECKHX 3a1ad BEKTOPHBIM METO-
ZIOM TIPSMYIO 4acTo yZOOHO 337aBaTh TOYKOW M IMapauIelbHBIM €if BEKTOPOM.
JlelicTBUTENBHO, €CIH 3a]1aH HEHYIIEBOM BEKTOP 1M 1 Touka M, TO uepe3 TouKy
M NpOXOJMT eNMHCTBEHHAs Npsmas [, mapauienbHas BekTopy m. [IpaMyio B
5ToM ciy4dae obosHagaror | = (M,71), a BEKTOp 71 Ha3BIBAIOT €€ HANPAGIAIO-
WUM BEKIMOPOM.

Tak e TOYHO IUVIOCKOCTh & 33JAI0T €€ TOUKOW M U mapoil HeKoJUIMHeap-
HBIX BEKTOPOB 17 M 71, MapaIUIENbHBIX 3TOM IUIOCKOCTH; IUIOCKOCTH MPU 3TOM
o6osmauaror a = (M, M, 1), a BeKTOPHI 7, 7l HA3BLIBAIOT €€ HANPAGIIOUWUMU
BEKMOPAMU.
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§ 2.2. [IpumeHeHune OMOPHBIX 3a1a4 U hopmya

2.2.1. ®@opmyna OdeneHusi ompe3ka rnonosiaMm. Haubonee
MPOCTBIMH M YaCTO BCTPEUAOIMMUCS ah(PHHHBIMU 3a/1a49aMU SBIIIOTCS
3a]auM, B KOTOPBIX (UTYPHPYIOT CEpEIMHBI OTPE3KOB, JeJIeHUE OTpe3Ka
MIOTI0JIaM, CUMMETPUYHBIE TOUKH. [Ipy pemennn 3Tux 3a1a4 BEKTOPHBIM
METOZIOM HCIIONb3yeTcsl (hopMyIia JeeHHs OTpe3Ka Mmomonam. 310 00b-
SCHSICTCSA T€M, YTO B OCHOBE CJIO)KEHHsI BEKTOPOB JICXKHT «IIPABUJIO Ta-
pajuiesorpaMMa», a IMaroHaIM MapajuiesiorpaMMa, Kak H3BECTHO, B
TOUKE MX TepeceveHus JeNITCS TOMoIaM.

[losToMy ¢opmyna meneHus: OTpe3Ka IOMOJIAM HE3aMEHHMa IpH
pellleHUH 3aJla4, B KOTOPBIX PacCMAaTPUBAOTCS IapajliesorpaMMbl,
CpeIHHE JIMHWH, CHMMETPUYHBIE TOYKU. PaccMOTpUM mpHMephl TakuX
3ajay.

Mpumep 2.2.1. Touku M u N ABNISAIOTCS COOTBETCTBEHHO CEpEIu-
Hamu cTopoH AB u CD uetsipexyronsauka ABCD. Jlokaxure, 4TO ce-
peauHbl auaroHanei uerbipexyrolfbHukoB AMND u BMNC sBasiotcs
BEPILIMHAMH MapajuiesiorpaMmma 0o JIexKaT Ha OJTHON MPSIMOA.

Pewenue. Ilycts P, Q — cepeaunnl auaronaneit AN, DM gersipex-
yromeauka AMND, a R, S — cepeaunbl auaronaneir BN, CM deTsipex-
yronmeauka BMNC (puc. 2.14).

B cuny dopmynsl nenenus ot-
pe3Kka moroiaam

—_— 1 ,— —_—
OM =_(0A + 0B),

ON =1(0¢ +0D), N
2
rae O — mpou3BoIbHAs TOYKA.
[Mpumensist oty ke Gopmyny K
toukaM P, Q, R, S u yuuThIBas 3a- D
MUCAHHBIE COOTHOIICHUS, TTOCHEeI0- A
Puc. 2.14

BAaTCJIbHO MMOJIydacM:
OF = 1 (07 + ON) = (04 + 1 (OC + 0D) ) = 104 + +0C + 10D,
2 2 2 2 4 4

O—Q)=§0—A)+i0_8)+§0—l)),

0_R’=§5Z"+§0—B’+ib'ﬁ,

0S=204+10B+10C.
4 4 2

Ortkyna
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PG = 00 — 0P = 1 (~04 + 0B — 0C + 0D),
SR = OF - 03 = - (~04 + 0B — OC + 0D),

Urax, @ = SR. Orciona CJIeNTyeT, UYTO JJIMHBI oTpe3koB PQ u SR
PaBHBL, a CaMH OTPE3KH JIeXKaT JIMOO0 Ha MapaJUielbHBIX MPSMBIX, MO0 Ha
ofHoW mpsmoil. B mepBom ciyuyae uerbipexyromsHuk PQRS sBnsieTcs mna-
paenorpaMMoM (€ro MpOTHBOIONOXKHBIE CTOPOHBI PaBHBI U Mapajliesib-
HBI), BO BTOPOM — TOUKH P, @, R, S npuHaiekat OMHOM psMOoi. O

Mpumep 2.2.2. JIokaxxuTe, YTO OTPE3KH, COCTHMHSIONINE CEPEIMHbBI
MPOTHUBOIMOJIOXKHBIX pedep TeTpad/pa, MepeceKaroTcss B OHOW TOYKE U Jie-
JIATCSL 3TOM TOYKOM MOTONam .

Pewenue. Paccmorpum tetpasap ABCD. CepeanHsl ero mpoTuBo-
nonoxHbIX pedep AB, CD o6o3Hauum OykBamu K, L COOTBETCTBEHHO,
CEepeMHBI MTPOTUBONOJIOKHBIX pedep BC, AD — 6ykBamu M, N, a cepe-
JUHBI IPOTHBONOIOXKHBIX pedbep AC, BD — O0ykBamu P, Q. Ilycts O —
pou3BosibHasA Touka. ITo Gpopmyrne nenenus orpeska momnonam:

OF = 1 (04 + 0F), 0M = 1 (0B + 0C), 0P = »(04 + 00),
—_— % —_ P — —_ ]? —_— P — —_ 12 —_— P —
OL=-(0C +0D), 0N = (04 +0D), 0Q = (0B + 0D).
Herpyano 3amerurs, uto
OK + 0L = OM +ON = 0P + 0 = (04 + 0B + 0C + 0D).
Ortcrona crnenyert, 4to cepeaunsl orpe3koB KL, MN, PQ, onpenensemble
BEKTOpaMU %(W + 07), %(W + W), %(ﬁ + O—Q)), COBIIAJAIOT, T. €.

OTPE3KH MEPECEKAIOTCs B OJIHON TOUKE U JICTISITCS €10 MOIoJiaM. 0

Ipumeuanue. OTpe30K, COCTUHSAIOUINNA CEPEIUHBI TPOTUBOIMOJIOX-
HBIX pebep TeTpadapa, Ha3bIBACTCS OUMEOUAHOU.

Mpumep 2.2.3. lansl
TpeyroibHUK ABC u TOuka
M, nexamas B IUTOCKOCTH
3TOr0 TpeyroyibHuka. [Joka-
JKUTE, YTO TOYKU, CHUMMET-
pUYHBIE TaHHOM Touke M
OTHOCHUTENIBHO CEpelMH CTO-
por TtpeyrompHuka ABC,
SBIISFOTCSI BEPIIMHAMHU Tpe-

* Tlox TeTpaspoM OyeM MOHUMATH JTIO0YIO TPEYTObHYIO THPAMUTY.
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YIOJIbHUKA, IEHTPATbHO-CUMMETPUIHOT O TAHHOMY.
Pewenue. Touky, CAMMETPUYHBIE TOUKE M OTHOCUTEIBHO CEPENUH
Ci, A4, B; cropon AB, BC, AC, o6o3nauum OykBamu M;, M,, M5 coot-
BeTCTBeHHO (puc. 2.15).
Touka C; sBIsIETCA CEpeNMHON OoTpe3ka AB U cepequHoi oTpe3ka
MM, , noaromy
0C; = (04 + 0B), 0C; = > (0M + OM,).
Orcrona cinenyer, 4To
OM; =20C, — OM = OA + OB — OM.
AHaJIOrM4HO HaXOIATCSI BEKTOPbI
OM, = 0B + 0C — OM, OM; = OC + OA — OM.
Tenepb HETPYIHO 3aMETUTh, YTO BEKTOPbI
~(0A +0M,) = 0A+0B +0C — OM,
~(0B + 0M5) = 04+ 0B + 0C — OM,
~(0C +0M;) = 04 + 0B + 0C — OM,
OIpeeNAIoNIe cepeauHbl 0Tpe3koB AM,, BM3, CM; cCOOTBETCTBEHHO,
PaBHBI MEXKAy coO0W. ITO 03HAYAET, YTO CEPETUHBI ITUX TPEX OTPE3KOB
COBMAIAIOT, a Tpeyronbanku ABC nu M, M;M, sBIArOTCS IEHTPaIbHO-
CUMMETPUYHBIMA. O
B 3akitouenune paccMOTpUM JI0Ka3aTeIbCTBO NPUSHAKA TMPpaneyu.
Mpumep 2.2.4. Touku M, N sB-
JSIFOTCSI  COOTBETCTBEHHO CEPEAMHAMHU
ctopoH AD, BC BBINIYKJIOTO YEThIpeX-
yronbHuka ABCD. Tlpogomkenus cro-
poH AB u CD nepecekarorcs B ToUuke P. c B
Jokaxure, YTO  YETBHIPEXYTOJILHUK
ABCD sBnsercs Tpamenued Torma u
TONLKO Torja, korma Touku M, N u P
JIe)KaT Ha OJHOM MPAMOM. D Y A
Pewenue. Ilycts ABCD — Tpane- Puc. 2.16
usa ¢ ocHosanusmMu AD u BC, N — ce-
penuna BC, M — cepenuna AD (puc. 2.16). Tpeyronsauk CPB nmogoben

P

TpeyronsHUKy DPA, mosromy PA = APB, PD = APC. Cnoxum 5TH 1182
paBeHcTBa:

PA +PD = A(PB + PC).
ITo hopmyste meneH st OTpe3Ka Mmomoaam
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PN = (P4 + PD), PN = 1 (PB + PC).
2 2
CnenoBarensno, PM = APN, u, 3HauuT, Touku M, N u P nexar Ha of-
HOH IPSIMOU.
O0paTHO, TIYCTh AJII HEKOTOPOrO BBIMTYKJIOTO YETHIPEXYrOJIbHUKA
ABCD, onwicanHbie B yCI0BUM 3a1a4u Touku M, N u P nexxatr Ha ofHON

npssMoi. JIoKa)keM, 4TO 3TOT YEThIPEXYT OJIbHUK SIBIISIETCS TPANIELUEH.
NmMeem Tpu mapbl KOJUIMHEAPHBIX BEKTOPOB PA u P_B), PD un ﬁ,
PM u PN. CrenoBatensHo, CYIIECTBYIOT YHCIa @, [3, ¥ TakKue, 4ro
PA = aﬁ, PD = Bﬁ, PM = yW. VYyureBas ke, yTo Touku M, N
ABIISAIOTCS cepeauHaMu cTOpoH AD, BC dYeThIpexyroibHHKa, UMEEM:
PN =~ (PB + PC), PM =~ (PA +PD) = 5 (aPB + BPC). C apyroii
CTOPOHBI, PM = yW = g(P—B) + ﬁ) [lockonbKy pa3nokeHHe BEKTO-

pa PM 1o HEKOJUIMHEapHbIM BEKTOpaM PB u PC siBisieTcs e/MHCTBeH-
HBIM, IPUXOJMM K COOTHOILLIEHUSIM: @ = [§ = .

Urak, PA = yﬁ, PD = yﬁ. Orctona PA — PD = y(ﬁ - P—C)),
T.e. AD = y?d. CrnenoBarensHo, cTOpoHBl AD, BC 4eThIpexyroibHUKa
ABCD mnapannensssl, a cTopoHsl AB, CD He mapauieibHbl, U OH SBJIS-
eTcs Tpanenuel ¢ ocHoBanusmMu AD, BC. O

2.2.2. Ucnonb3oeaHue oropHbIX 3ada4 u ¢hopmysibl Oesie-
Hus1 ompe3Kka 8 GaHHOM OMHOWEeHUU. PaccMOTPUM PasInYHbIE THITbI
auHHBIX 3a/1a4, IPU PEILIEHNH KOTOPBIX MPUMEHSIOTCS ONIOPHBIC 33/1a41
2.1, 2.2 1 popmyna neneHns OTpe3Ka B JaHHOM OTHOILICHHH.

Mpumep 2.2.5. OcHOBaHHEM YETHIPEXYTOJBHOH MHPAMHIBI
SABCD cayxwur napamuienorpamm ABCD. Touku K, L, M npunaiexar
pebpam SA, SB, SC COOTBETCTBEHHO U JEHST 3TH pedpa B OTHOIICHUSX
2:1, 1:2, 3:1, cuuras OT Bep-
mvHbl S nupamuisl. Ilepecexa-
eT nu 1iockocth KLM pebpo
SD? Eciu pga, TO B KaKOM OT-
HOIIIEHUH OHA JIEJIUT 3TO pedpo?

Pewenue. Tlockonpky TOU-
ku S, A, B, C He nexar B OQHOH
MJIOCKOCTH, BEKTOPHI SA,SB SC
He KOMIUTaHapHbl (puc. 2.17).
Puc. 2.17 BrIpazum depe3 HUX BEKTOPHI
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SK,SL,SM uSD. U3 YCIJIOBHH 3a/1a4H CIEYET, 4TO
5K = 254,51 = 158, 5% = 35¢.
Ilo ompeneneHUIO CyMMBI U Pa3HOCTH BEKTOPOB
SD =SB +BD =SB + (BA+BC) =
5B + (SA— SB) + (SC—SB) = SA — SB + 5C.

ITycts mnockocte KLM mepecekaet npsimyro SD B Touke N, Torma
SN = ASD. HOBTOMym = A(ﬂ —SB + ﬁ’))

C npyroli CTOPOHBI, COTTIACHO OMOPHOM 3amave 2.2

SN = aSK + ﬁS_L) + ym,

rae a + [+ y = 1. 3aMeHsist BEKTOpBI SK , ﬁ, SM KOJUTHHEAPHBIMU UM
BEKTOpaMH, TOIy4YUM

—_— 20 == —_— 3]/ —_
SN =225K +£3SL + 2 5M.
3 3 4
Ha ocHoBanMM eIMHCTBEHHOCTH pasioxeHus Bekropa SN mo He-

—_— — —
KOMIIJIaHapHBIM BekTopam SK, SL, SM 3axmouaem, 4To
2a B _ 3y _ 1

3 3 4
Otciona a = ;A, p==-3Ly= %A. Tak kak cymma a + f§ + y pasHa 1,

TO gl — 31+ g/l = 1, u 3HaunT, 1 = —6. [lockoibky -6 < 0, TOUKa

N nemut orpe3ok SD BHemmHUM obOpa3zoM. CrenoBaTeiabHO, MIIOCKOCTh
KLM pebpo SD e nepecekaer. O

Mpumep 2.2.6. Jlausl nBa mapaienorpamma ABCD u AMKN,
npudeM BepimHbEl M i N BTOpOTo mapajuresorpaMma JiexkaT Ha CTOPO-
Hax AB u AD cootBercTBeHHO niepBoro. [Ipsmeie BN u DM nepeceka-
1oTcs B Touke E. Jlokaxkute, 4yTo
Touku E, K, C mexaTr Ha OgHOMU
NpsAMOM U HAWJIUTE OTHOLICHHE, B
KOTOpOM TOYKa K JeIHT OTpe30K
CE, cumras ot touku C. Korma
Touka K Oymer cepemuHON OT-
peska CE? A

Pewenue. IHockombky
ABCD u AMKN — mapanneno- Puc. 2.18
TPaMMBI, TO

D C

M B

AC = AB + AD, AK = AM + AN.
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Kpome Toro, U3 ycnoBus 3agauu CIeIyeT, 4TO AM = 1AB , AN = uﬁ,
Y 3HAYUT,
AK = 1AB + uAD.
B cuny omopnoit 3agaun 2.1 Touka E mpuHaanexut npsmoit DM

TOT/Ia ¥ TOJILKO TOT/Ia, KOrJa

ﬁzaﬁ+ﬁm,a+ﬂ=1.
[Ipsimotii e BN 3Ta TOUYKa NPUHAIJIEKUT MPH BHITOTHEHUH YCIOBHUM

AE =yAB + AN,y +6 = 1.
3aMeHsisi BEKTOPHI AM, AN KOJUIMHEAPHBIMU UM BEKTOpaMH AB, AD,
OyIieM UMETh: AE = ﬁ)hﬁ +aAD = yﬁ + 6#@. Orcrona crenyer,
yto BA =Yy, 6u = a. [loaToMy @, [ MOXHO BBIpa3uTh depe3 A, U U3
CJIEAYIOLIEH CUCTEMBIL:

at+f =1,
Ly AB=1
—a =1.
u
Pemast cucreMy, HAXOIUM, YTO & = (i j)” B = 11 ; CretoBaTeInsHo,
AF = 4owiqg | A-heyns
1-Au 1-Au

Brruucaum tenepb BEKTOPHI CKuKE:
CK = AK — AC = (A4B + uAD) — (AB + AD) =

= (- 1)AB + (u— 1AD,
KE = 4E — 4K = (5248 + S 4D’) - (A4B + uAD) =

1-Au
=2 (1= DAB + (u— 1)AD).

—_ 1_2#—>
Ortcroga cnenyer, uro CK = TK E. Takum obpaszom, Touku C, K, E
nieKaT Ha OfHOM mpsmoi U Touka K nemut orpe3ok CE B OTHOIIEHHH

1-1 o
7”. Touka K Oynmet cepemuHoi orpe3ka CE Toria W TONBKO TOIJa,

1
Koraa 3TO OTHOLICHHUE PABHO 1, T.C. IIpU YCJIOBUU /'l,u S E O

Mpumep 2.2.7. Tlpsimas, mpoxomsimas 4yepe3 BepmmHy A Tpe-
yroneuuka ABC, nepecekaer menuany BB, B Touke E, a cropony BC —
B Touke D. Haitnure otnomenuss AE: ED w BD:DC, ecom BE:EB, =
=m:n.

Pewenue. HyCTB D_C == B cuity dopmyisl (2.13)
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AE = ——AB + - 4B,

m+

AD =L 4B + -2 AC.
p+q p+q

Tak kxak B; — cepeauHa cToponsl AC, TO mepBoe PaBEHCTBO MOXKHO I1e-
pemnucarh TaK:
= n a4 m
AE =—AB + ——
m+n 2(m+n)
g
ITockoneky BekTop AD KonnmuHeapeH
BeKTopy AE,

AD = )AE = —/ﬁ 4 Am A D

Z(m n)
CpaBHI/IBa}I JIBA  Pa3NIOKEHHS

AC.

BekTOpa AD 1O ByM HEKOJUIMHEAp-

HbIM BekTopaM AB u AC, nomydum: A B, C
q _ An p _ Am

p+q  m+n’ p+q  2(min)’ Puc. 2.19
Pa3,[[eJ‘lI/IB BTOpPOC U3 TMOJYYCHHBIX

2p  m D m
PaBEHCTB Ha TMEPBOE, HAXOJIUM, UTO " = Orcrona . = > ¥ 3HAYNT,

BD:DC = m: 2n.

Tenepp pa3menuMm Ha g 4YWCIUTENb M 3HAMEHATENb JIEBOM 4yacTu

P
aq Am

BTOPOTO U3 PaCCMaTPUBAEMBIX PABEHCTB: 7— = ——. [lojcTaBuB B
=+1 2(m+n)

am__ Am OTKyIa
mizn  min’ YA

9TO PaBCHCTBO HaﬁHGHHOG 3HA4YCHUC 2, IoJIy9YumM

= 204 e o0pazom, AD =2t AR [TpeacraBuB BeKTOp AD
m+2n m+2n

B BH]IE AD = AE + ﬁ HMEEM: 2(T:LL—Jrn)AE = AE + ED. OrTcrona Haxo-

m+2n =3

e
M, uto AE =
AE m+2n

YUCJIO —— =
ED

Mpumep 2 2.8. Ilpsivbie | u l; mepecedeHbl YeTHIPbMS IPSIMBIMH,
MPOXOAIIUMHU Yepe3 OAHY TOUKyY, B Toukax A, B, C, D u A4, By, C;, D;
(AB,C) _ (A1By,Cq)

(4B.D) ~ (A1ByDy)

Pewenue. Tlyctb S — o0mias Touka ceKyImux npsaMbix. Uepes Touku
B u B; mipoBenem mnpsiMble, apaimiensabie mpsmoid SA. Touku mepece-
YEHUS ITUX MPAMBIX ¢ npsamMbiMu SC, SD o6o3naunm P, Q u Py, Q; co-
OTBETCTBEHHO.

Cornacuo onopuoii 3amaue 5 (QP,B) = (Q1 Py, By).

ED. Tlo ompenesnenuto Mpou3BeIEeHNS BEKTOpa Ha

cooTBeTCTBeHHO (pHc. 2.20). Jlokakure, 4TO
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U3 nonobubix TpeyronsaukoB CAS u CBP, DAS w DBP cootser-
CTBEHHO UMEEM:
AC _AS AD _ AS
CB BP'DB QB
[louneHHsIM JeneHWEM 3THX pa-
BEHCTB MOJY4YHM:
AC AD _ QB
CB DB BP
WIIH, YYUTHIBAS TTOPSIOK TOUEK,
(4B,0)
——— = —(QP,B).
U3 1nomoOHBIX  TpPEyroibHUKOB
ClA]_S u ClBlpll D1A15 u D1B1P1

Puc. 2.20 AHAJIOTHYHO HaXOIUM:
(41B4,C1)
L= —(Q.P;,B,).
(A1B1,Dq) (Q1 1 1)

(AB,C) — (A1B1,C1)
(AB,D)  (A1B1.Dq)

Taxum 00pazom,

3apaum Ansa caMoCcToAITeNbHOro peleHus

22. JlokaxkuTe, 4TO CpemHHE JIMHWUU JF00OT0 YeTHIPEXyrolbHUKA
TOYKOW MX NIEPECEUECHUSI IEIISTCS MOMOIaM.

23. Jlokaxkute, YTO JBE MPOTHUBOIOJIOKHBIE CTOPOHBI YETHIPEX-
YToJIbHUKA NapaijieNbHbl TOTJa U TOJIBKO TOT/a, KOrja OTpe3oK, Coenu-
HSAIOIIMKA UX CEPEIUHBI, IIPOXOAUT Yepe3 TOUKY IEPECEUEHUs] JUaroH a-
Jen.

24. JlokaxxuTe, YTO YETHIPEXYTOJbHUK SBIISIETCS Mapaiiesiorpam-
MOM TOTJa M TOJBKO TOT/a, KOrJa OTPE3KH, COSAUHSIONINE CEPEANHBI
€ro MPOTUBOIOJIOKHBIX CTOPOH, IPOXOIAT 4Yepe3 TOUKY IepecedeHUs
JuaroHaei.

25. Yepes aBe MpPOTUBOIOJOKHBIE BEPIIMHBI NapajuiejorpamMMa
[IPOBENEHBI MIPsSIMblE, NIEPECEKAOLME €0 CTOPOHBI MM UX IPOAOIIKE-
Hus. JloKakuTe, YTO MOyYEHHBIE MPH 3TOM YETHIPE TOUKU SIBIISIOTCS
BEpILMHAMU TpareLyy Wik apauiesorpaMma.

26. JlokaxxuTe, 4TO 4eThlpeXyroibHuK ABCD sBisercs napaieno-
rpaMMOM TOT/a U TOJILKO TOT/Ia, KOTJa

— T2
0OA+ 0C = 0B+ 0D,
rae O — Ipou3BONbHAS TOYKA.
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27. JlokaxkuTe, 4T0, Kak Obl HU OBLTH PACIIONIOKEHBI B TPOCTPAHCT-
Be mapasenorpammbel ABCD n A,B,C;D;, cepenuHbl OTpPe3KOB, CO-
EJIMHSIOMNX UX COOTBETCTBEHHBIC BEPIIMHBI, TAKXKE SBIIIOTCS BEPIIH-
HaMH NapajuiesorpaMma Uity JIesKaT Ha OJHOU MPSMOM.

28. Jlansr vetsipe Touku A, B, C u D. Touku K, L, M, N, P, Q sB-
nstoTes cepenmHamu orpeskoB AB, CD, AD, BC, AC, BD cootBerct-
BeHHO. [lokaxwuTte, 4o oTpe3ku KL, MN, PQ uMeroT o0IIyI0 CEpEequHy.

29. JlaHbl Y4eTHIPEXyTrOJbHUK U ToUKa. JloKaXuTe, 4TO TOUKU, CUM-
MCTPUYHBIC JIaHHOI>'I TOYKE OTHOCHUTCJIBHO CEPEAHNH CTOPOH UYCTBIPCX-
YTOJIEHUKA, SBISIOTCS BEPIIMHAMH TIapajuieiorpaMma.

30. [Jokaxute, 4TO CepeauHBI TUAroHajeil YeThIpexXyroJibHUKa
CUMMETPUYHBI OTHOCUTENIFHO TOUKH IIEPECEUECHUS €TO CPEIHUX JIMHHM.

31. Ha ognoil mpsimoii B3sThl TOuku Aq, A, ..., A, Tak, 4yTO

_— —_— —_— o o
A1A; = AyA3 == A, _14,, a HA BTOpPOIl mpsiMol — Touku By, B,
—_— —_— —_—
..., By Tak, uro B{B, = B,B3 = -+ = B,,_1 B,,. Jlokaxxure, 4TO cEepenu-
HBI 0Tpe3koB A1 B, A,B,, ..., AyB,, pacnonoxeHsl Ha OTHON TPSIMOM.
32. Jana nomanast A;A,Asz ... Azp_14,,. Jokaxute, 4To eciu ce-
peauHbl OTPEe3KOB A1 A,, AyAs, ..., Ayp_142, NEXaT Ha OAHON MPSAMOH,
TO TOUKH A, Az, ..., Ayp_q JI€KAT HA OJHON MPSAMOHN U TOUKHU A,, Ay,
..., Apy TAKKE JIEKAT HA OTHOU TIPSIMOH.

33. Ha croponax AB, AC tpeyronsauka ABC B3atel Touku M, N
AM AN
Takue, 410 — = A, —
MB NC
E. B xakoM OTHOIIIEHNH TOYKA E MEMUT KaXIbId U3 3THX OTPE3KOB?
34, lar mapamnenorpamm ABCD. Touku M, N gensar orpe3ku AD,
DC tak, uro (AD,M) = A, (DC,N) = u. Ilpsmeie BM u AN niepeceka-
forcst B Touke E. Haiimure otnomenust (AN, E) u (BM, E).

35. Han mapamnenorpamm ABCD wu Touku K, M, N Takue, 4To
CK = aCD,CN = BCB, BM = yAB. Ilpu kakoM COOTHOIIIEHUH MEXTY
a, 8,y Touku K, M, N nexxar Ha o{HOU TpsMO¥i?

36. OcnoBanust AB u CD tpaneunn ABCD paBuel a u b. Ha Goko-
BBIX cTopoHax AD u BC B35ThI COOTBETCTBEHHO TOukH E W F Tak, 4TO
AE _BF m
e Hoxaxute, uro orpe3ok EF mapaieneH OCHOBaHUSM
Tpanelnuy U HalJUTe ero JUTHHY.

37. UYepes Bepmmay A mapamienorpamma ABCD mpoBeneHa mps-

Mas, Tiepecekaromas auaronans BD B Touke P, mpsimyto CD B Touke M

1 1 1
u npamyto BC B Touke N. Jlokaxure, yTo — + — = —.
AM AN AP

= p. Orpesku BN u CM nepecekaroTcsi B TOUKE
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38. Touku A,, By, C; nenst ctopoHsl TpeyronsHuka ABC B OTHO-
menusx (CB,A;) = a, (AC,B;) =B, (BA,C;) =vy; aBy # —1. Haii-
JUTE OTHOIICHWE IJIOMIaau TpeyroispHuka A.B;C; K mjomagu Tpe-
yronbHuka ABC.

39. Toukmu M, N wu K pemsar pebpa AB, AD, AA; xyba
ABCDA{B,C;D; B otHOmennn 1: 3, cunras or Bepumnbl A. Halmure
OTHOIIICHUE, B KOTOpOM TiockocTh MNK nenmut auaronans AC; ky0Oa.

40. Jlan napamrenermmnen ABCDA;B,C,D;. Touka M nemut pedpo
AA, B otHOwmeHuH 1:4, cuurast or BepmmHbl A, a Touka N — pedpo BB,
B orHOwEeHHH 3:1, cunras ot BepmmHbl B, O — Touka nepeceueHus 1ua-
ronaneit rpaun DCC;D;. [loctpoiiTe ceueHne napaenenumnena mioc-
kocThto OMN. B KakuX OTHOIIEHHSX 3Ta IJIOCKOCTh Jienut pedpa CC;,
DD; v anaronanu napasuienenuresna?

41. Jlar Tterpasap ABCD. Touku M, N u K npuHamiexar pedpam
AB, BC, AD coorBerctBenHo; mnpuueM AK:KB = BN:NC = 2:1,
AM:MD = 3:1. Haiiqutre oTHOIIEHHE, B KOTOpOM IIIOCKOCTh MNK
nemut pedpo CD.

42. Cexymmas IIOCKOCTh mepecekaet peopa AB, AC, AD tpeyroib-
Hoi mupamuasl ABCD B Toukax M, N u K COOTBETCTBEHHO; MpHUYEM
AM:MB = 4:1, AN:NC = 3:1. B xakoM OTHOIIEHHU JTOJHKHA JEIUTh
pebpo AD Touka K, 94T00bI 00beMBI MHOTOTPAaHHUKOB, HA KOTOpBIE pa3-
Oura mipaMuza cCeKymen IIOCKOCTEI0, OBLTA PaBHBI?

43. OcHoBanueM yceueHHor mupamunsl ABCDA, B, CyD; sBnseTcs
napaienorpamm ABCD, cTOpoHa BEpXHETO OCHOBAHUSI IMHUPaMHUIBI
BJIBO€ MEHBIIIE CTOPOHBI HUXKHETO OCHOBaHus. YUepes Bepmuny B;, ce-
penuny pebpa AA; u Touky M pebpa DD; mpoBeaeHa cekylnas rmioc-
KocTb. Haiigure oTHOIIEHHE, B KOTOPOM 3Ta IUIOCKOCTh AEIUT pedpo

DM
CCy, ecu = 2.

44. Cexymas miockocTs nepecekaer pedbpa BC, CD, AD tpeyroins-
Hoi nupamuasl ABCD B Toukax M, N u K COOTBETCTBEHHO; MpUUEM
BM:MC =2:3, CN:ND =1:2, AK: KD = 3:1. B KakOM OTHOIIIEHUHA
9Ta MIOCKOCTH ST 00hEM MHUPaAMHIBI?
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§ 2.3. MeauaHnsbl TPeyroJbHUKA U TeTpasapa

TpaauIMOHHO NP W3YYEHHUH BEKTOPHOI'O METOJa PacCMaTprBacT-
csi OOMBIIOE YKCIIO 3aad, MOCBAIICHHBIX YETHIPEM 3amedaTeIbHbIM
TOYKaM TpeyroyibHuka. [10CKobKY JIMIL OIHA U3 HUX — TOYKA Iepece-
YeHHs MeJaH — HocHuT adUHHBIN XapakTep, B 3TOH IiaBe OyAyT pac-
CMOTPEHBI KITFOUEBBIC 312491 U (DOPMYJIBI, CBA3aHHBIC C 3TOW TOYKOM.

2.3.1. OnopHbie 3adaqyu u ¢popMysnbl. HauneM ¢ BEKTOPHOTO
JIOKa3aTesIbCTBA XOPOIIO U3BECTHOMH meopembvl Apxumeoa.

3apaya 2.6. [Jokasicume, umo meouanvl mpey2oibHUKA nepece-
KAiOmcst 8 0OHOU MouKe U Oelsamcs 3Mmotl moykou 6 omuouteHuu 21,
cuumas om GepuuuH.

Pewenue. Ilycts Menma-
Hbl AA{, BB; TpeyromnpHuka
ABC mnepecekaloTcs B TOYKE
G (puc. 2.21). lokaxxem, 4TO: c, A
1) tperpst meauana CC; Tpe-
YrONIbHUKA TaKKe IMPOXOIUT
gyepe3 Touky G; 2) Touka G C
JENUT BCE TPU MEIMaHbl B B:
oTHoweHHH 2:1, cuWras or Puc. 2.21
BEPILHH TPEYroJbHUKA.

ITo ycnoButo Touku A4, By, C; — cepemunsl cropoH BC, CA n AB
COOTBETCTBEHHO, ITO3TOMY

04, = (0B +0C), 0B, =2 (0C + 04), 0C, = - (0A + OB),
rae O — npousBoJbHAs Touka. Touka G MPUHAANEKUT KaXKIOW U3 MpH-
MbIXx AA;, BB, cnenoBarenbHo, 1o Gopmyse JeneHust OTpe3ka B JIaH-

——  0A+A0A, —= OB+uOB
HOM oTHOmeHuH 0G = —=—21 06 = — #2721
1+ 1+u
0C = 20A+A(0B+0C) = _ 20B+u(0C+04)
- 21+ - 2(1+p)

HOCKOJILKy oO- IMpOU3BOJIbHAA TOYKaA, U3 HaﬁHCHHBIX pa3J’IO)K€HPII>i BCK-

Topa OG momyanM:
2 u A2 A u

144 1+u’ 144 1+4p’ 144 144
Otcrozia cefyeT, uTo A = p = 2 U, 3HAuuT,

0G =§(ﬁ+ﬁ?’+0_c’). (2.14)
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ITokaxem, uto BekTop CG KomnmHeapeH Bekropy CCp, M HaineM
OTHOIIIEHUE 3TUX KOJUTMHEAPHBIX BEKTOpPOB. MiMeem:

—_ 1/ —_
CCy = (CA+CB),
CG = OG—OC:§(0A+OB+OC)—OC:§(0A+OB—ZOC) =
1 ,— —_— 1 /— —_— 1/ Esngand
o =-(04-0C)+3(0B-0C) =-(CA+CB).
Otkyna CG = 3 CC;. TlomydyeHHOE paBEHCTBO MOKa3bIBAET, UTO TOUKa (¢

NeXuT HAa MenuaHe CCy; W IeNUT ee B OTHOIICHWH 2:1, cauras oT Bep-
wuHb C. O

Ipumeuanue. Bplparomuiica ApEeBHErpeUECKUl MEXaHUK UM MaTEMaTHK
ApXI/IMGZ[ JacCTO B CBOUX I'COMCTPHUYCCKUX PACCYKICHUAX PYKOBOJACTBOBAJICA
COO6pa)K€HI/I$IMI/I 13 00J1aCTH MEXaHUKU. VIMEHHO TaKuM 06pa30M OH JOKa3bI-
BaCT TCOPEMY O NMEPECCUCHUN MCIAH TPCYTrOJIbHUKA.

[IpencraBum, uTo B BepmIHHAX TpeyroiabHHKa ABC TOMEIIeHBl paBHBIE,
Hanpumep, CAMHUYHBIC MACChI. W3 Mmexanuku HU3BCCTHO, YTO €CJIM MACCBHI U3
Touek B u C mepeHecTH B MX IEHTP Macc, TO MOJIOKEHHE LIEHTpa Macc Bceit
CUCTEMBI, cocTosimieil u3 Macc B Toukax A, B, C, He uamenurcsa. Cymma macc,
IIOMCIHICHHBIX B TOYKaXx Bnu C, paBHa 2 €AuHuIaM, a HEHTP MAaCC CUCTEMBbI 3TUX
JABYX TOUYCK B COOTBCTCTBUHM C ApXHUMEIOBLIM IPABUJIOM pbldara HaXOJUTCAI B
cepenuHe A, otpe3ka BC. IlosTomy meHTp Macc G BCe CHCTEMBI JISKUT Ha
Mennane AA;. Tak xak B Touke A; HaXOAWUTCS Macca BABOe OOJbIIast, ueM B A,
TO OH OyZeT pacnoiiokeH W BIBoe Onmxke K A;, yeM K A. AHAJIIOTUYHO ycTa-
HOBJIMBAETCS, YTO TOYKa G MpUHAAIEKUT Menuanam BB;, CC, u nenut Kax-
JIYI0 U3 HUX B OTHOIICHUH 2:1, cunuTas OT BEpILIUH.

N3 stnx paccy)K)leHI/Iﬁ CTaHOBUTC MOHATHBIM, IIOUEMY B I'€COMETPUU TOY-
Ky nepeceuyeHust Me€aual TPEYyroJbHUKa IMIPUHATO HA3bIBATh €r0 YeHmpom macc
Wi, Kopoue, — yenmpoudom. Teneppb, pazymeercs, reomerpuyeckue (haxThl,
KOTOpbIe ApXUME]] YCTaHABJIMBAII C TIOMOUIBIO TOJJOOHBIX PACCYKICHUIM, J0Ka-
3bIBAIOTCA MAaTE€MaTHYCCKUMU CPEACTBaAMH. O,Z[HaKO n CCTrOJHA 3HAHHUA U3 00-
JIJaCTH MEXaHHUKH MOT'YT CIIY)KUTb XOPOIIMMU HMCTOYHUKAMU JI BBIABUIKCHUS
TEOMETPUYECKUX TUIIOTES.

B xone pemienus 3anaun 2.6 ObUIO JTOKa3aHO, YTO IS JIFOOOH TOY-
ku O cripaBeymmBa opmyna (2.14), cBsa3pIBaroIIas paanyc-BeKTOP LEH-
Tpouga G TpeyrombHuka ABC ¢ pammycamMH-BEKTOpaMH €r0 BEpIIHH.
OxaspIBaeTcs, UMEET MECTO M OOpaTHOE YTBEP)KACHUE: €CITU I HEKO-
TOPOM TOUKH G ¥ JIt000# Touku O UMEET MeCTO cooTHomeHue (2.14), To
Touka G ABISETCS LEHTpouJoM TpeyronpHuka ABC. D10 mo3Bomiser
chOopMyNIHMPOBaTh CIECAYIONIYIO OMOPHYIO 3aa4y.
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3apgava 2.7. [Jokasicume, umo mouxka G seisemcs yeHmpouoom
mpeyeonvuuxka ABC moeda u monvko moaoa, koeda

0G = (04 +0B +0C),
20e 0 — npou3BoIbHAsl MOYKA.

Pewenue. HeoOXxomumMocTh yTBepKICHHsSI TOKa3aHa, JOKAKEM €ro
JoctaTouHOCTh. 13 paBencTBa (2.14) mmeeM:

30G = 04+ (0B + 0C) = 0A + 204;,
rae A; — cepeauna otpe3ka BC. Orcroma 0G — 04 = 2(0A1 - 7@)

win AG = ZG—Al). W3 osyd4eHHOTr0 BEKTOPHOTO PAaBEHCTBA CIIEAYET, UTO
Touka G nemut meauany AA; tpeyromsHuka ABC B orHomenun 2:1,
cyMTas OT BEPUIMHBI A, W, 3HAYWT, SBISETCS IICHTPOHIOM 3TOIO Tpe-
YTOJIEHHKA. O

Ecmu B hopmyse (2.14) B kauectBe Touku O B34Th TOUKY G, TO TO-
JMYYHUTCS €Ille OJHO YTBEPXKICHUE, YACTO HCIIONIB3yeMOoe MPH PEIIeHUH
TeOMETPHUYECCKHX 33]1a4 BEKTOPHBIM METOJIOM:

Touxa G seisemcs yeumpoudom mpeyeonvuuka ABC moeda u
MOJILKO mMo20d, Ko20a

—_— = == -
GA+GB+GC =0. (2.15)

YMHOXas MOclieHee PaBEHCTBO Ha —%, MOJIyYUM HOBYIO TTOJIE3-
HYIO IIPY PELICHUH 33134 BEKTOPHYIO (hopmymy:

AA, + BB, +CC, =0 (2.16)
(AA4, BB,, CC; — meauansl TpeyronsHuka ABC).

BosbMem BMeCTO TpeyrojbHHKa TETPadAp U BOCIONB3YyeMCs pac-
cyxnernsmu Apxumena. [lomectuM eqMHWYHBIE MAacChl B BEPIIMHAX
TeTpa’pa, TOrJa Macca KaKJIOH IpaHu COCTABUT 3 €JIMHUIIBI, a IESHTP
Macc rpaHd OyJeT HaXOJUThCSI B TOUKE mepecedeHus ee menuan. Otcio-
Jla MOXKHO 3aKIJIFOYHUTh, YTO IIEHTP MacC BCE CUCTEMBI JIGKHUT Ha OTPE3-
Kax, COSJMHSIONINX BEPIIMHBI TETPadapa C IEHTPOUJIAMH TPOTUBOIIO-
JIOXXHBIX TPAHEH, U JICIIUT UX B OTHOIIECHHUH 3:1, CUnTast OT BEPIIIVH.

OTpe30K, COSMHSIONINN BEPIINHY TETpaszpa ¢ IEHTPOUIOM Po-
THBOTIOJIOKHOW TPaHW, HA3BIBAIOT Meduarou mempadopa. llosTomy
BO3HHKIIIYIO THIIOTE3Y MOXXHO CHOPMYJIMPOBATH B BHJIE CIETYOIICH
3aJjauH.

3apgava 2.8. Hoxasicume, umo meouanvl mempas’opa nepecexd-
OMcs 8 0OHOU MOYKe, KOMOPAsl Oelum Kaxicoyro U3 HUX 6 OMHOUeHUU
3:1, cuumas om eepuiuH.
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s mokazaTenbCeTBa 3TOW THUIOTE3BI MOXKHO TPOCTO TpaHCHOpMU-
pOBaTh pacCyKIEHWs, MPOBEACHHBIC I TPEYTOJBHUKA, MBI, OJHAKO,
MOCTYIIMM MHA4Ye — PACCMOTPHM €IIe OJH CIIOCco0 paccyKAeHHH, KOTO-
pPBI MCTIONB3yeTCs MPU J0Ka3aTeNbCTBE M OMPOBEPKEHUH IMOJO00HBIX
TUIIOTES3.

Pewenue. Ilycts gan Terpasap ABCD. llenTpouas rpaneit, mpo-
THUBONOJIOXKHBIX BepumHaMm A, B, C, D, obo3nauum Gy, Gg, G¢, Gp co-
OTBETCTBEHHO.

Haiinem pagunyc-Bekrop Touku G, Jexamied Ha meauane AG, Tet-
pasapa u jessiei ee B oTHomeHud 3:1, cumras oT BepmmHbl A. Tak
kak AG; = 3G,G4, T0 0G, —0A = 3(0G, — 0G,), e O — npous-
BOJibHas Touka, U 40G; = OA — 30G,. B cuiny onopHoil 3amaum 4
—_— 1 /r— —_— —_— —_— —_— —_— —_— —_—
0G4 = (0B +0C +0D), mosromy 40G, = 0OA+ 0B +0C + OD.

CremoBaresbHo,

0G, =~ (04 + 0B +0C + 0D).
BriOpaB aHanmormuHbiM 0Opa3zoMm Touku G,, Gz, G, HAa Meauanax BGg,
CG;, DGp COOTBETCTBEHHO W BBHIMOJHUB JJiI HUX MPUBEICHHBIC BbI-
KIIQJIKH, TIOTYYHM:
0G, = - (04 + 0B +0C + 0D),
0G; = - (04 + 0B +0C + 0D),
0G, =~ (04 + 0B +0C + 0D).
Ortcrona cinenyer, 4To Touku G4, Go, Gz 1 G4 COBIAAAIOT. O
Touka mepecedeHUs MEIHaH TETpad/pa HA3bIBACTCS €r0 IEHTPOM
TSDKECTH UK YEHMPOUOOM.
Awnanorom 3agayu 2.7 aBisercs

3apgava 2.9. Jloxkaxcume, umo mouxka G sensemcs yeHmpouoom

mempasdpa ABCD mozoa u morvko moaoa, ko2oa
0G =>(0A+ 0B +0C + 0D), (2.17)

20e 0 — npou3ssonbHaAs MOYKA.

Perienuie 310l OMOPHOM 332Uyl MPECTABISIET COOON HECIOKHYIO
TpaHCcHOpPMaIUIO peieHus 3a1auu 2.6.

BuoBb, B3sB B (2.17) B KauectBe TOuku O TOUKY G, MPUXOIUM K
YTBEPXKICHHUIO:

Touka G sensiemcs yewmpoudom mempasopa ABCD mozoa u
MOJIbKO mo20a, Ko20a
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GA+GB+GC+GD=0. (2.18)
YMHOXast 5TO COOTHOIICHHE HA — g, noNy4IuM (GopMyIry

AA; + BB, +CC, + DD, = 0. (2.19)

2.3.2. lMpumeHeHue onopHbIx 3aday u ¢hopmyn. B 3anau-
HUKaX 10 T€OMETPUH MOXXKHO HaUTH OOJBIIIOE KOJTUYECTBO YIPAKHEHUN
Ha JI0KA3aTeIbCTBO PA3IMYHBIX BEKTOPHBIX COOTHOIICHWH, KOTOpBIC
CIeTMaIbHO PACCYMTAHBI HAa 3aKpeIlJICHue YKa3aHHBIX 33124 ¥ (OPMYIL
HayneM c Takux 3amad.

Mpumep 2.3.1. Hdauwl nBa tpeyrombHuka ABC w A;B,C;. Jloka-
XKHTE, 4TO

AA; + BB, + CC; = 3GG;,
rae G, Gy — ISHTPOUIBI JaHHBIX TPEYTOJIbHUKOB.

Pewenue. Ilycte O — mnpousBompHass Touka. [IpuMeHsas k Tpe-
yroneauKaM ABC u A1 B, C; dopmymy (2.14), nmeem:

30G = 04 + OB + 0C, 30G, = 04, + OB, + 0C,.
Jloka3piBaeMOe BEKTOPHOE PaBEHCTBO MONMYYAETCS B PE3yJbTATe BHIUM-
TaHUS [0 YaCTSIM 3allUCAHHBIX COOTHOIICHUH. O

Mpumep 2.3.2. JlokaxuTe, 4TO HEHTPOUIbI TPEyroibHUKOB ABC

u A, B;C; COBIAmaroT TOTIa M TOJBKO TOTIa, KOTAa
AA; + BB, + CC, = 0.

Pemenne HemocpeACTBEHHO cliefyeT M3 pe3yibTara MpeAblayIei
3a1a4u.

O000mIeHns1 TaHHBIX MTPUMEPOB HA CIydail TeTpas/pa MPUBEACHBI
B 3aJlayax JUIg CaMOCTOSITEIIBHOTO PEeIIeHHs. SICHO, YTO 3T 3aJa4ud pe-
LIAI0TCS aHAJIOTUYHO PAaCCMOTPEHHBIM.

Mpumep 2.3.3. Ha npsambix AB, BC, CA, coaepaumx CTOPOHBI
TpeyronbHuka ABC, otmeuensl Touku C;, A, By COOTBETCTBEHHO Ta-
kue, uyto (AB,C;) = (BC,A;) = CA,B;). Jlokaxkute, 4TO LEHTPOUIBI
TpeyronbHukoB ABC u A1 B, (C; coBnaaaror.

Pewenue. Tlycts (AB,C,) = (BC,A;) = CA,B,) = A. Torna B cu-
ay hopmyitet (2.11) geneHus oTpe3ka B JAHHOM OTHOIICHUU:

—— CA+ACB === BC+ABA —— AB+1AC
CCi,=——BB) =—, A4 =——.
1 141 'L 142 0 142

Cnoxxum IMMOJTY4YCHHBIC COOTHOILICHM !

AA; + BBy + CC; = CHPent It =

Takum 00pa3oM, IMEET MECTO BEKTOPHOE COOTHOIICHHE, JOKa3aHHOE B
MPEeABIAYIIEM TTpUMEpPE, KOTOPOE SBIISIETCS HEOOXOAUMBIM H JTOCTATOY-
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HBIM JJII TOTO, YTOOBI IEHTPOUALI TpeyronbankoB ABC u A;B;C; coB-
nagani. O

Mpumep 2.3.4. Jlan napamienenunen ABCDA,B;C, D, . JJokaxu-
Te, 9TO AuaroHans AC; mapajuieNenurea mepecekaer miocKoCTh Tpe-
yronpauKa A1 BD B ero nieaTpouse (puc. 2.22).

Pewenue. Ilycts G — nenTpons tpeyronpuuka A; BD. Torma

AG = - (AB +AD + 44;).

st petieHns 3aauul JOCTATOYHO MMOKA3aTh, YTO BEKTOP AG xommuea-
pEeH BEKTOpY A_Cl) . Haiinem

D:
BekTop ACy:
AC, =AC+CC =

R —g —_ —_—
=AB + AD + AA,.
—_— 11—
Bugnm, uto AG = -AC;. Ot-
3
CIOZIa 3aKIIF0YaeM, 4TO TOYKa
G nexuT Ha auaroHam AC;
napaJuieseuIe/a.
[lomyTHO 3amerum, dYTO
mouka G Oenum >my Ouazo-
Puc. 2.22 Hano 6 omHowenuu 1:2, cuu-
mas om éepuiumsl A.
Mpumep 2.3.5. JlokakuTe, 4TO MEAMAHBI JIIOOOr0 TPEyroJIbHUKA
MOTYT CJIy>KHUTh CTOPOHAMH HEKOTOPOI'O APYT'Oro TPEYTOJIbHUKA.
Pewenue. Ilycte AA{, BB;, CC; — Mmenuansl Tpeyronpauka ABC.
Torma cormacHo (bopMyne 2. 17) MMEET MECTO BEKTOPHOS COOTHOIICHHE

AA1 +381 +661 =0.
Otcroma C—Cl) = —(AA1 + BBl), npu 3ToM BekTopsl AA; u BB, He Ko-
JINHEAPHBI.

o o _
Ot wHexkoropoit Touku O OTIOXKUM BeKTopel OM = AA4,

ON = —B_Bl) U JOKaXkeM, 4To TpeyrodbHUK OMN sBISETCS HUCKOMBIM.
U3 onpenenenusi pasHOCTH BEKTOPOB W BBITIOJHEHHBIX MMOCTPOCHHMA
clemyer, dYTo MN = ON — OM = —BB; — AA; = CC;. Tloatomy B
Tpeyronbauke OMN
OM = AA, ON = BB, u MN = |MN| = |CC;| = CCy. o
Ipumeuanue. TlpuBeaeHHbIE PUMEPHI MOKA3bIBAIOT, YTO MPU PELICHUU

TEOMETPHUECKHUX 3aJiad BEKTOPHBIM METOJIOM 4YacTO yAaeTcs M30exarb Ipo-
MO3JIKuX uyepTexeil. MHorna ueprexu ObIBalOT M BOBce He HyxXHBL. Cremyer
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MIOMHUTB, YTO CPEIH YIeOHBIX 3a/1au HAa BEKTOPHBIM METOJ BCTPEYaeTCs] HeMa-
JIO 3aja4, KOTOpbIe CIIEIHUAaNIbHO HANpaBlIeHbl Ha OTPabOTKY TOW WM WHOM
¢opmynsl. K TakuM 3agauaM OTHOCHTCS, HalIPUMeEp, CIEIYIOIas:

Touxu G u G, asraromcea yeumpoudamu mempasopos ABCD u A,B;C, D;.

At U S
Hoxaoswcume, umo AA, + BB, + CC, + DD, = 4GG,.

Yacto MOXKHO HaOIOAATh TaKyIO THIMYHYIO CUTYyaluio. Pemaromuii cra-
parenbHO M YTOMMTENIHLHO JIONTO BBITMOJIHSET K 9TOHM 3amade ueprex. Korma
YepTeXX T'OTOB, HACTYIAET pa30vyapoBaHUE: YEPTEX HE TOJNBKO HE NMPOSICHSIET
CHUTYyalluIo, a, HA000POT, JeNaeT ee eme Oosiee 3amyTaHHOH. /s pemeHus 3a-
Jla4d 4epTex BOBce He TpeOyeTcs; OHa COCTaBlIeHA Kak y4eOHas 3ajada Ha yc-
BOGHHE BEKTOPHOI (OPMYJIbI 0G = % (571) +0B+0C + b—ﬁ), CBA3BIBAIOLLIEH

LEHTPOU/ U BEPIIUHBI TETPAdAPA.
3agaum ona camMocToATesNIbHOro pewieHusA

45. JlokaxxuTe, YTO CYIIECTBYET TPEYrOJbHUK, CTOPOHBI KOTOPOTO
paBHBI U apaJIeIbHBI MEMaHaM JaHHOTO TPEYTOIbHUKA.

46. CooTBercTBeHHbIE MenHuaHbl TpeyronbaukoB ABC u A;B.C;
napaiviensHbl.  JIOKakuTe, 9TO COOTBETCTBEHHBIE CTOPOHBI ITHX Tpe-
YTOJILHUKOB TaKKe MapaJuIeIbHBI.

47. Jlokaxwure, YTO €CIM MEAWAaHbl OJHOTO TPEYTOJbHUKA Tapall-
JIeNTbHBI CTOPOHAM JIPYTOr0 TPEYrobHUKA, TO MEAWaHbl BTOPOTO MapaJi-
JIETbHBI CTOPOHAM TIEPBOTO.

48. Buyrpu Tpeyromsanka ABC B3sta mpon3BoibHas Touka M; C,
A4, By, — uenrpounsl TpeyroasHukoB MAB, MBC, MCA cOOTBETCTBEH-
Ho. Haiimure miomans tpeyroiapauka A;B;C;, eciau mjomanas Tpe-
yronbHuka ABC paBHa S. 3MeHUTCS M HaWIEHHBIM pe3yibTaT, eciiu
TO4Ka M JIeXUT BHE TPEYTOJIbHUKA?

49. Croponsl TpeyromnsHuka A,B,C, paBHbl Meananam AA,, BBy,
CC; tpeyronsuuka ABC. Haiinute OTHOIICHUE TIOMIAIN TPEYTOJIbHUKA
A,B,C, k mnomanu TpeyroisHuka ABC.

50. JlokaxkuTe, YTO CYHIECTBYET MPOCTPAHCTBEHHBIH YETHIpPEX-
YTOJIBHHUK, CTOPOHBI KOTOPOTO PAaBHBI M MapaUIebHBl MEIUaHaM JaH-
HOTO TeTpas’apa.

51. ABCD — npou3BONBHBIN YETHIPEXYTOIbHUK;, G, Go, G3, G4 —
neHTpounsl tpeyroneaukoB ABC, BCD, CDA, DAB. [lokaxwute, 9TO
YeTBIPEXYTONBHUK GG, G 3G, TO00EH YeThIpexyronbHuKy ABCD.

52. Jlokaxxute, 4TO MEHTPOUABI TPaHEH TeTpasapa SBISIOTCS Bep-
MHHaM1 TE€TpasApa, TOMOTETUIHOI'O JaHHOMY.
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58. Touxu Cy, A;, By nensar croponst AB, BC, CA TpeyroibHuKka

ABC B 0HOM ¥ TOM K€ OTHOIIICHHUU:
(AB,C;) = (BC,Ay) = (CA,By).

Jokaxxute, uyTo 1ieHTpou sl TpeyronsHukoB ABC u A1 B, C; coBnaaaror.

54. Bepmmmnst Cy, A, B; Tpeyroneauka A, B;(C; npuHaanexar co-
oTBeTcTBeHHO cTopoHaM AB, BC, CA tpeyromsuuka ABC, a meHTponab
ATUX TPEYTrONFHUKOB coBNamarT. Jlokaxure, uto Touku Cq, A1, By ne-
JISIT CTOPOHBI TpeyronbHuKa ABC B paBHBIX OTHOLICHHUSX.

55. Jlokaxwure, yro BepmnHa D yerbipexyroiabauka ABCD, Touka
O mepecedeHus €ro CpeAHMX JMHUN U neHTpoun G TpeyroiabHuka ABC
JieKaT Ha OfHOM mpsmoi, mpudem DO = 30G.

56. lans! aBa terpasapa ABCD u A, B;C, D, . Jlokaxure, uTo

AA; + BB + CC; + DD; = 4GG,,

rae G, G — UeHTPOUIbI JaHHBIX TETPASIPOB.

57. lansr nBa terpasapa ABCD u A,B,CyD;. Jlokaxwure, 94TO 1IEH-
TPOHBI STUX TETPAdPOB COBMAJAIOT TOTIA U TOJIBKO TOTAA, KOTAa

AA, + BB, +CC, + DD, = 0.

58. Jlokaxute, 4TO OMMeaMaHbl TeTpasapa (OTPE3KH, COSIAUHSIIO-
A CEPeIUHBl CKPEIMBAIOMINXCS pedep) MepeceKaroTcsi B €ro ILeH-
TpoHe.

§ 2.4. Teopembl MHIIUIEHTHOCTH

Touka u mpaMas (IJIOCKOCTH) HA3BIBAIOTCS UHYUOEHMHbIMU, €CITH
TOYKA JICKHUT HA IPSIMOH (TJIOCKOCTH); TIPsIMAast M MIJIOCKOCTh HAa3bIBAIOT-
Csl UHYUOEHMHbIMU, €CITH TIPSMAst JIEXKUT B IJIOCKOCTH.

2.4.1. Teopembl MeHenass u Yeebl u ux cmepeomempu-
Yeckue aHasio2u. PaccMOTpUM BEKTOPHOE I0Ka3aTeIbCTBO TEOPEMBI,
OTKPBITHE KOTOPOW TPHUITHCHIBACTCS APEBHETPEUYECKOMY TI'EOMETPY H
acrpoHoMy Menenaro Anekcanapuiickomy (I-11 B.H.3.). DT1a Teopema
MO3BOJISIET YCTAHABJIMBATh WMHIIUACHTHOCTD (IIPUHAIICIKHOCTD) TpeX
TOYEK OHOMN HPSMOM.

3apaya 2.10 (teopema MeHenas). Ha npsmwuix BC, CA, AB,
coodeporcawyux cmopoust mpeyeonvHuxa ABC, é3amul mouxku Aq, By, Cy
COOMBEMCMBEHHO, He CO8NA0AowUe C BePUUHAMY Mpey2onbHUKa (puC.
2.23). Hokaocume, umo mouku Ay, By, C; nexcam na oonoil npsmoi
moz20a u moJibKo moz2od, Ko20d
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(BC,A)(CA,B)(AB,C)) = —1. (2.11)

Pewenue. Touxu A, By, C; nexar Ha ONHOM MpsAMOH Toraa u
TOJIKO TOT/Ia, KOT/1a BEKTOPHI m u TC{ KOJUTMHEAPHBI, T. €.

A,Cy = xA;By.

Mycrs (BC, A1) = a, (CA,B;) =8, (AB,C;) =y, Torna ycioBue
(2.11), kotopoe Tpedyercs nokazaTh, mpumer Bua affy = —1. Ilo ompe-
JICJICHUIO OTHOIIICHUS TpPEX TO-
yek BA, = aA.C, CB, = B A4,

AC, =yC,B. Torma A.B= Cy
= —am U 10 QopMmylie jene-
HUS OTpEe3Ka B JJAHHOM OTHOIIIE-

—— A A+YAB
HUH Alclz#

B

Ag

Otkyna A C B,

YuuthiBasi, Puc. 2.23

Gy = B
—— A, C+PA,A
uro A;B; = %
AjA-ayAC _ xA C+xBAA
1+y 1+
(1 + B8 —xB(1+ y))m— (ay(l +B)+x(1+ y))m =0.
Bexropbl A; A 1 A,C He KOUIMHEAPHBI, TT03TOMY
1+ —xp(A+y)=0,ay(1+pL)+x(1+y)=0.

—_— _—
, paBeHCTBO A,C; = xA{B{ MOXHO nepenucarb B

BUIC nim

1+ ay(1+
Otcroga x = b__ _ay(th) H, CIeIOBaTCIbHO, HEOOXOOUMOe M
B(1+y) 1+y
JIOCTATOYHOE YCJIOBHE MPHUHAJICKHOCTH Touek A;, By, C; omHol mips-
MO JIeHCTBUTENBHO TPUHUMAET Bu affy = —1. O

Teopema, B HEKOTOPOM CMBICIIE CXOIHAs ¢ TeopeMod MeHenas,
MO3BOJISIET YCTAHOBUTh, IMPOXOJIAT JIM TPU TPSMBIC Yepe3 OIHY TOUKY.
OTKpBITHE ATOH TEOpPEMBI TMPHUHAICKUT HTAIBSIHCKOMY HWHXKEHEPY-
TUAPaBIMKY U reoMeTpy YUese J[)KoBaHHH, a €€ JOKa3aTEeILCTBO OIMyO-
TuKoBaHO UM B 1678 romy. PaccMOTpuM BEKTOpPHOE J0KA3aTEILCTBO
3TOU TEOPEMBL

3apgada 2.11 (Teopema YeBbl). Ha npswwix BC, CA, AB, co-
Oeparcawux cmoponsvt mpeyeonvhuka ABC, oanvl mouku A4, By, C; co-
omeemcmeento. [lokaxcume, umo npamvle AA,, BBy, CC; nepecexa-

FOMCs 8 0OHOU MOUKe U NAPALIelbHbl M020a U MONbKO mo20d, K020a
(BC,A)(CA,B))(AB,Cy) = 1. (2.12)
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Pewenue. Tlycts npsimeie AA,, BB;, CC; nepecekatorcst B Touke 0
(puc. 2.24). Ilpumensiss Teopemy MeHenast k TpeyroibHuky ACC; u
npsmoil BB, a 3aTteM Kk TpeyronbHuKy BCC; m npsimoit AA4, mpuxoaum
K COOTHOILIEHUSIM

(CA,By)(ACL, B)(C,C,0) = -1, (2.13)
Aq C
A "B: C
Puc. 2.24 Puc. 2.25
(BC,A)(CC,0)(C1B,A) = —1. (2.14)

O6oznaunm  (CC;,0) = A, (AC;,B) =u, Ttorma COo = /10—6'1),
AB = MEZ’_{. U3 neproro paBeHCTBa 51_6 = %_0_5, (C,C,0) = % Bropoe

paBEHCTBO cHauana nepenuiiem B Bune AC; + C;B = uB(C;; orciona
A_CTI =—(1+ u)C—l_E u (AB,C;) = —(1 + u). 3arem npeobpazyeM ero
crenyoumM  o0pasoMm: B—Cl) = 1@, BA + A—q = %ﬁ Otcrona
CA = “"AB u (C,B,A) = _T = %(AB, ).

C yquOM MIPOBEJICHHBIX BBIUUCIEHNUH cooTHOMmenus (2.13), (2.14)
IIEPENULIYTCSA B BUIE

£(CABy) = —1,7 (BC, A (4B, () = —1
TepeMHOXast IO YaCTsIM HalICHHBIC COOTHOIICHUS, TOTYIHM
(BC,A)(CA,B)(AB,Cy) = 1.

Ecmu npameie AA,, BB,, CC; mnapamnensHsl (puc. 2.25), TO
(AB,C,) = (AB,0), (BC,Ay)) = (BlC A). BBez[eM 0003HAYCHUST:
(AB1,C) = a, (BlC A) = ,8 Torna AC = aCBl, BlA ,BAC Orcrona
3aKJII0YaeM, 4YTO CB, By = pr BlA, T.e. (CA,By) = E CoOTHOILICHHE
(2.12) BEITIONMHSIETCA.

OO0paTHO, MyCTh BBIMOJIHEHO paBeHCTBO (2.12). Paccmotpum mipsi-
mbie AA;, BB;; Oynem cunMrtath, YTO OHH TEPECEKAIOTCS B HEKOTOPOU

touke 0. [IpoBenem mpsmyto CO, TOUKY TepecedeHrs] dTOH TMPSIMOM C
npsmoii AB o6o3naunm C,. [1o noxazanHomy
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(BC,A1)(CA,B1)(AB,C,) = 1.
Orcrona u (2.12) 3akmouaem, yto (4B, C,) = (AB,C;) = A, toe A —
HEKOTOpoe JeHCTBHUTENbHOE uHcio, ommyHoe or —1. Ho Ttorma
AC, = AC,B, AC, = AC.B n AC, — AG; = A(C,B — i) wm G =
AEEZ. Tak kak 1 # —1, To mocieHee PABEHCTBO BO3MOXKHO JIMIIb TMPH

YCIIOBUU E = 6, T. €. korga touku C; m C, coBmamarotr. CremoBa-
TeIBHO, Bce Tpu nipsimbie AA,, BB, u C(; nepecekatorcs B Touke 0.

B Tom cnyyae, korma AA,||BB;, aHaJOTHYHO JOKA3bIBAETCS, YTO
AA4||CCy. O

[Ipsmble, npoxoasiye 4epe3 BEPLIMHBI TPEyrojbHUKa U Iepece-
KAIOIIMECs B OJJHOM TOYKE HA3BIBAIOTCS YeBUAHAMU STON TOUKH.

OueBHunHO, 4TO TeopeMa ApxuMmesaa O MEPECeYeHUH MEIUaH Tpe-
YTOJIBHHKA SIBJIIETCS CIIEACTBHEM TeOpeMbl UeBbl. [[eiICTBUTEIBHO, €CITU
Touku A4, B, C; OyayT cepeaunamu ctopoH BC, CA, AB TpeyroibpHuKa
ABC, to (BC,A,) = (CA,B,) = (AB,C;) = 1 u, 3HauuT, YCIOBHUE TEO-
peMbl UeBbI BBINOIHSAETCS.

[Ipu pemieHny HEKOTOPBIX 3a]a4 Ha MHIUAEHTHOCTh COOTHOILIEHUS
Menenas (2.11) u Yes (2.12) ynoOHel UCIIONB30BaTh B TaK Ha3bIBae-
MOH y21060U W mpueoHoMempuieckol ¢popme. sl TOTydSHUS ITUX
COOTHOILIEHUH BBEJIEM Ha MIIOCKOCTH OPUEHTAIIUIO YTJIOB.

VYron OyneM HasbBaTh HANPAGIeHHbIM (OPUEHMUPOBAHHBIM), ECIT
€ro CTOPOHBI 33J]aHbl B onpeaeraeHHoM nopsake. Ilycte ZAOB =@ uy
Hero nepBoi 3amaHa cropoHa OA, a BTopoit — cropoHa OB. Eciu nns
coBMelieHus1 cTopoHbl OA co cropoHoid OB ee HyXHO MOBEPHYTH BO-
Kpyr Touku 0 MPOTHUB YACOBOM CTpeKU, TO yron AOB ycinoBumMcs cuu-
TaTh NONOHCUMENbHHIM T IMEIOIMM BEJIMYUHY ) = (0, €CJIU — 110 4aco-
BOW CTpEJIKE, — OmpuyamenbHuIM 1 IMEIOIM BeJIMUuHy § = —¢. [lpn
5TOM BEJIHMYMHY Pa3BEPHYTOro yriia yJoOHO CUHUTATh PaBHOM T, TOraa
000 HaIpaBJICHHBIA yroy Oynmer uMets BenmmuuHy —1 < @ < 7. Ha
YyepTeke OPUEHTUPOBAHHBIN yroi OyAeM OTMedaTh AYTOi CO CTPENIKOM,
HAIIPaBJICHHOW OT MEPBOM CTOPOHBI yIJia KO BTOPOMA.

[Tycts Touka C menut oTpe3ok AB B oTHOIIEHUH A, cunuTas OT TOY-

ku A, 1 Touka D He npuHaanexuT npsamoit AB.

AC AD
B tpeyronsuuke ADC 1o TeopemMe CHHYCOB — = — ,aB
CB sin ZADC sin £ACD

, == . OTkyna
sin £CDB sinZ BCD
AC _ AD sin£ADC sin£ZBCD

CB ~ BD sin 2CDB sin 2ACD'

Tpeyronbauke CDB
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Ecimu touka C penut orpe3ok AB BHYTpeHHHM 00pa3oM, TO YIJIbI

2ACD wn £BCD sBastorcs cMexHbIME (pUC. 26, @), a 3HAUWT,
AC _ ADsin £ADC

sin£BCD =sin£ACD n A = — = ————. Yo xe ADC u CDB
CB BD sin £CDB
AD sinADC
OpHEHTHPOBAHBI OIMHAKOBO, TOITOMY A = PTp——
D D
a) 0)
A C B A B C
Puc. 2.26
Ecnu Touka C nmenut otpe3ok AB BHemmHuMm obpazom (puc. 26, 6),
Tod=—2C=_ M. Taxk xak Teneps yrasl ADC u CDB nmeror
CB BD sin £CDB
MIPOTHBOMOJIOKHYIO OPUEHTAIIUIO, TO U B 3TOM CIydyae
A = (AB, ¢) = ARsin4DC (2.15)
BD sin CDB

[Tepenuiem cootHomeHus: Menenass 1 YeBbI UCNONb3ys HaleH-
HYy10 Gopmyny (2.15) /i BEIMUCICHUS OTHOIICHHS TPEX TOYEK MPSIMOMA.
Jlist 9TOro BBEIEM B PacCMOTPEHHE HampapieHHbie yribl BAA, = @y,
A1AC = @3, CBB, = P, BiBA = P,, ACC, = 7; u C;CB = 7.

C ydeToMm BBeIECHHBIX 0003HaueHHH (puc. 2.27) cootHowmeHue Me-
Henas (2.11) nepenuieTcst B BUIe

BAsinay . CBsin[/?1 . ACsiny; =1
CAsina, ABsinf, BCsiny;

NI

sin@y sinf; siny; _ 1
sin@; sinf, siny; )

Puc. 2.27



AHaJOTMYHO TOyYyaeM TPUTOHOMETPHUECKYIO (OPMY COOTHOIICHUS
Uessl (puc. 2.28).

sin@; sinf; siny;

sin@; sinf, siny;

PaccMmoTpeHHBIE TEOpEeMbl UMEIOT TTPOCTPAHCTBEHHBIC AHAJIOTH.

CdopmynupyeM U JoKaxeM Terepb CMepeoMempuyecKkuli aHa-
102 meopembl MeHenasi. J{is 3Toro BMECTO TPEyroJbHHUKA PaCCMOT-
PUM TIPOCTPAHCTBEHHBIM YETHIPEXYTOJHHUK W HaWJEM YCJIOBHE, MPHU
BBIIMTOJIHEHWH KOTOPOTO TOYKH, TIPHHA]JIEKAIIHE TPSMBIM, COJEPKAIIIM
CTOPOHBI 3TOTO YETHIPEXyTOILHUKA, M OTJIMYHBIE OT €T0 BEPIIHH, JIeKaAT
B OJHOM IIJIOCKOCTH.

3apgava 2.12. Ha npsmwix AB, BC, CD, DA, codepoicawux cmo-
ponbl Hennockozo yemuvipexyzonvHuxa ABCD, e3samut mouku K, L, M, N
COOMBEMCMBEHHO, He COBNAOAIOWUE C BEPUUUHAMU U emblPeXy20NbHUKA
(puc. 2.29). Hoxascume, umo mouxu K, L, M, N npunaonesicam oonou
RIOCKOCIU M020a U MOJIbKO M020d, K020d

(AB,K)(BC,L)(CD,M)(DA,N) = 1. (2.16)

Pewenue. Tlycte (AB,K)=a, (BC,L)=p, (CD,M) =y,

(DA,N) =6, Torma afflyd = 1. llo aHanorum c peuieHueM MpeapIay-

. - —— —> KB+BKC ——
meil 3amaun BemumieM BekTopel AK = aKB, KL =%, KM =
KC+yKD —— KD+6KA S8KB
= LVRD N = 120K Otxyna KA = —aKB n KN = KD-adKE
1+y 1+6 146

Touxu K, L, M, N npunHanie-
’)KaT OJHOM IIJIOCKOCTH TOrJa H
TOJBKO TOIJa, KOIZla BEKTOPBI ﬁ,
W, KN KOMILIaHApHBI. YYUThIBAs
Pa3JIOKEHUS 3TUX BEKTOPOB I10 BEK-
TOpam ﬁ, KC un ﬁ)), YCJIOBUE UX
KOMIUIAHAPHOCTU YIOOHO 3amucaTh
B Buge: (1+ S)W =x(1+ B)ﬁ +
+y(1+ Y)KM. Tlociie MOACTAHOBKH
B 3allUCaHHOE PABEHCTBO Pa3JIOXKe-
HHUIA BEKTOPOB KL, KM u KN MoJy-
YHM:

(x + aé‘)KB + (,Bx + y)KC + (yy — 1)KD

Tak kak BEKTOpbI KB, KCn KD ne KOMILJTAHAPHBI, TO
x+ad=0,px+y=0,yy—1=0.
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Otcrona x = —ad, y = aff§ ¥ HEoOXOAUMOE U JOCTATOYHOE YCIOBHUE
npuHaexkHocT Touek K, L, M, N ofHOl MJIOCKOCTH NPUHUMAET BU]
afyd=1.0

ITycte nns touek K, L, M, N, nexxanmx Ha MPsSMBIX, COAEPKALINX
CTOpPOHBI TIPOCTPAHCTBEHHOTO YeThIpexyroiabHuKa ABCD, BBIIOTHEHO
ycnoBue (2.16) m P — Touka mepecedenns mnpsmeix MK u NL
(puc. 2.29). Tlpsimasi MK siBisieTcsl TMHHUEH TMepeceueHHsl MI0CKOCTEH
ABM wu CDK, npsimass NL — nnockocteit BCN u DAL, nipu 3ToM Bee ue-
TBIPE IUIOCKOCTH MPOXOAAT uepe3 Touky P. Iloatomy crmepeomempu-
yeckuli aHanoe meopembl Heebl MOXHO cHOPMYIUPOBATH CIEMYIO-
M 00pazoMm:

Ilycmo na npameix AB, BC, CD, DA, codeparcawux cmopoHbl He-
naockozo wemvipexyeonvruka ABCD, e3samwt mouxku K, L, M, N coom-
BeMCMBEHHO, He cognadarwue ¢ sepuuHamu demvipexy2onrvruxa. 1o-
20a (2.15) — neobx00umoe u docmamouHoe yciosue mo2o, Ymo nio0CKo-
cmu ABM, BCN, CDK, DAL nepecexaiomcs 8 00HOU mouxe.

Ipumeuanue. B xuure [18] MokHO Takke HallTH 0000IIEHHUS HEOOXOTH-
MBIX ycinoBHH TeopeM Menenas u  YeBsl Ha ciaydail  IJIOCKHX
N-yrOJBHUKOB IMPH N > 3.

Ecmu npsmast mepecekaet ctoponst A, A,, 4,45, ..., Ap_14,, A,A, mioc-
KOro MHoroyronbHuka 4,4, ... A,,_1A, B Toukax B;, B,, ... B,,_;, B, cooTBer-
CTBEHHO, TO

AsBy 4B AniBnoi AnBn _ 4
B1Az B4z Bn-14n  Bpnd1 T

TJIE 3HAK «+» COOTBETCTBYET CIy4al0 YETHOTO M, 3HAK «—» — CIyJal0 HEUETHO-
ro n.

[TycTs Touka O NEKUT B INIOCKOCTH MHOTOYTONbHUKA A, A, ... A5, 1 C He-
yeTHbIM uMciaoM cropoH. Eciu mnpsmeie OA;, OA,,... O0A,_,, 0A4,, ...

0A,,_, nepecekaroT MPOTHUBONOJIOXKHBIE BepHaM Ay, A,, ... A,, Apyq, ---
A,,,_1 CTOPOHBI MHOTOYTOJIbHHUKA B ToUKaX B,, B, 11, ..., Bopn_1, Biy --., Bh_1
COOTBETCTBEHHO, TO

A1B1 AzBy  Azn—2Boan-2 Azn—1Ban-1 _

B14z Bz43 Ban-242n-1  Ban-141

2.4.2. [lpumeHeHuUs1 onOpHbIX MeopeM. TeopeMbl, paccMOT-
pEHHbIE B NpPEIbIAYIIEM IIYHKTE, IMIMPOKO HCIIOJIB3YIOTCS MPH J0Ka3a-
TEJBbCTBE IPYTUX TEOPEM 00 MHIUACHTHOCTH TOYEK M MPSIMBIX (IIJIOCKO-
cteil). B kauecTBe mpHMeEpOB TMpHBENEM JJOKA3aTEIbCTBA EIIe TpeX
MMEHHBIX TEOPEM, OMUpAIOLIUECs Ha TeopeMy MeHenas.
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Mpumep 2.4.1 (Teopema [Manna®). Ha ool mpsMoil B3AThI
Touku A, Bi, Ci, a Ha npyroit — Touku A,, B,, C,. Ilpameie A1B, u
A,Bq, B1C, u B,Cy, C1A, n C, A, iepecekaroTes B Toukax Cgy, By 1 Ag
COOTBETCTBEHHO, a npsimbie A, B,, B;C, u C;A, monapHo nepecekarTcs
B TOYKaX, HE JIeXanmX Ha omHOoU mpsmoi (puc. 2.30). Jlokaxure, 4TO
ToukH Ag, By, Cy nexat Ha oTHON TIPSIMOiA.

Pewenue. PaccMoTpuMm BcmomorarensHbli TpeyroiabHUK ABC,
CTOPOHBI KOTOPOTO PACIOJOXKEHB Ha HpsiMbix B;C,, CiA, u A{B,.
[Tpunamiexanme ogHONU psiMON TOUKU Ay, By, € exaT Ha CTOpoHaX
3TOTr0 TPEYTOJIbHUKA, TIOATOMY I10 Teopeme MeHenas

(BC,Ay)(CA,Cy)(AB,B,) = —1.
AHanornyHbple paBeHCTBA UMEIOT MECTO IS Tpoek Touek By, Cp, A1 u
Co, Ay, By:
(CA,By)(AB,A1)(BC, Cy) = —1,
(AB,Cy)(BC,B;)(CA, Cy) = —1,
a Takxke Ui Tpoek Touek Aq, By, C; u
A, By, Cy:

(AB,A,)(BC,B;)(CA () = -1,
(AB,B,)(BC,C,)(CAAy) = —1.
YuuThiBas MOCJIETHUE JBa PaBEHCTBA,
MOCIIie TIEPEeMHOXKEHHUSI TEPBBIX Tpex

TTOJTYY UM
(BC,Ay)(CA,By)(AB, Cpy) = —1.

CrnenoBarenpsHo, IO Teopeme Me-
Henas Touku Ay, By, Cp nexar Ha of-
HOH IPSIMOM. O

Mpumep 2.4.2 (Teopema [e3apra™). Jlokaxure, 4ToO €CIIM Tpe-
yronsHuku A1B;C; u A,B,(C, pacnoioxXeHbl Tak, 4yTo npsmbie A{A,,
By B,, C;C, nepecekaroTcsi B OJTHOW TOYKE WJIH MapaJUICIbHBI, TO JTHOO
TPH TOUKH TIEPECEUEHUsS COOTBETCTBEHHBIX CTOPOH TPEYTOJHLHHUKOB
A1B.C; n A,B,C, nexar Ha OJHOU MpsMOH, OO JIBE COOTBETCTBEH-
HbIE CTOPOHBI TMapauIelbHBl MEXAY CcO00W M TMapasielbHBI MPSIMOM,
MIPOXOIAIIEH Yepe3 TOYKU MEePECEUCHUS NPYTUX Map COOTBETCTBEHHBIX

Puc. 2.30

* Tlann AnekcaHpuiicKuii — JIpeBHErpedyecKuil MaTeMaTHK, TBOPYECTBO KOTO-
POTO IPUXOAUTCS HAa BTOPYIO MOJOBUHY 3 B.H.3.

** Hesapr XK. (1593-1602) — paHIy3ckuii MaTEMaTHK ¥ apXUTEKTOP; CTOSI Y
MCTOKOB BOBHUKHOBEHHS TPOEKTUBHOW I€OMETPHUH.
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CTOPOH, JMOO KaKIple JBE COOTBETCTBEHHBIE CTOPOHBI MapaUICIbHBI
MEX]Ty COOOH.

Pewenue. Haunem co ciyuasi, korna npameie A1A,, B1B,, CCy
nepecekarorcst B ogHoil Touke. Ilycts Ag, By, €y — TOUKH niepecedeHus
npsmeix B;C; u B,Cy, A1C; n A,Cy, A1B; u A,B, COOTBETCTBEHHO
(puc. 2.31).

Ca Puc. 2.31

[locnenoBarenbHO mpuMeHsist TeopeMy MeHenass K TPeyTOJbHUKY
SB,C; u npsmoit B,C,, Tpeyronbuky SA;C; u npsmoit A,C,, Tpe-
yroiabHuKy SA; B; u npsmoit A, B,, 3anuiieM paBeHCTBRa !

(SB1, B2)(B1C1,40)(C1S,C3) = —1,
(SCy, C3)(C1A1, Bo) (A4S, Ag) = —1,
(SA1, A2)(A1B1,Co)(B1S, By) = —1.
ITepeMHOXHB 3TH PaBEHCTBA U YYUTHIBASI, UTO
(SA1, A2)(A1S, Az) = (SB1, B3)(B1S, By) = (SC1, C3)(G1S, C3) = 1,
TTOJTYIHM:
(B1C1,A0)(C1A1, By)(A1By, Cp) = —1.
Ho touku Ay, By, €y mpuHAIEkaT NpsMBIM, COAEPIKAIIUM CTOPOHBI
TpeyronbHuka A;B;(C;, mo3TtoMy o teopeMe MeHenasi OHU JiekaT Ha
OJTHOM MPSAMOH.

[Tycts Teneps npsameie B;C; u B,(, mepecekaioTcsi B Touke Ag,
npsimeie A1Cy; u A,C, — B Touke By, a npsimbie A;B; u A,B, napan-
nenbHel (puc. 2.32, a).

B atom ciyuae S—Az) = aSTl), STQ)= aS—Bl), S—Cz) = ,BS—Cl),
a # [3. Pa3noxxum BeKTop f{ MO BEKTOpam E, E_BT:

SC, = ySA, + 5SB;.
IMonoxum B; Ay = xCy By, B;Ay = yC,B,. Toraa, ¢ 0JJHOM CTOPOHBI,
SA, =SB, + B,A, = SB, + xC,B, =SB, + x(SB, — 5C,) =
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=§E+x(§§;—y§x—6§§) = —yxg;l_:+ (1+x—6x)_5_1§:.
C apyroi cTOpoHBl,
SA, = 5B, + B,A, = aSB, + yC;B; = aSB; +y(SB, — 5C;) =
= aSB; + y(aSB; — BySA, — B3SB;) =
—~ByySA; + (a + ay — B6y)SB;.
CpaBHHBas Pa3IOKeHUsT BEKTOpa SA, MO HEKOJUTHHEAPHBIM BEKTOpaM

x =By,

SA; n SBy, IpUXOMM K CUCTEME { 14 x—6x = a + ay — &y, "3 XOTO"
B(l a) 1-a
POt cnienyer, 4To x = = — Y= CnenoarenbHo,
i _ _Brd-a) o7 | a—aB-BS+aBs cp
SAy =~ 0 SA + LA SB)

AHaNOrMYHO HaXOJUM BEKTOP
op _ a-aB-By+aBy o, BS(l—a) o~
SBy = = EEL S A - = 5By,
IToaromy

A——“’OBO _ E_ég _ m _ a;l—ﬁﬁ)‘s‘w;l‘l’ _ a((xl—ﬁﬁ)g‘é: _

=«=p (54, ~5B,) = o 5),4 B,.

_— _—

Taxum o6pa30M, BeKTOp Ao By xommmueapen Bexropy A, B, u, 3Ha-
YUT, NapajvienabHble cTOpoHsl AqBq, A,;B, TpeyromsuukoB A{B,C; u
A, B, C, napannenbHbl NpsSsMON, MPOXOASAIIEH Yepe3 TOUKH MepeceueHm s
JIPYTHX Map COOTBETCTBEHHBIX CTOPOH.

C. Puc. 2.32
Ecmm ke Kaxple JBE COOTBETCTBEHHBIC CTOPOHBI TPEYTOJHHUKOB
A1B,C; nu A,B,C, napamienbHbl MeXKIy COOOH, TO 3TH TPEYTOJIbHUKU T'O-
MOTETHYHBI B TOMOTETHH C IEHTpOM S (pHc. 2.32, 0).
Ilepetinem k ciydaro, korma mnpsmeie AiA,, BiB,, CiC, mapai-
JIeTbHBI MEXKTY COOOH.
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ITycte npsameie A;B; u A,B, nepecekatorcsi B Touke Cy, B1C; u
B,C, — B Touke Agy. Touky nepeceuenus npsamoit AyCy ¢ mpsimoit A,y
o0o3HauMM B, a TOYKy ee mepecedeHus ¢ npsmoi A,C, — OykBoii B.
HoxaxeM, uto Touku By u B coBmanaror.

s sroro nmpumernM TeopeMmy MeHenasi cHadasa K TpeyroJbHUKY
B1CyAy n mipsimoit A;C;, a 3atem K TpeyromsHUKY B,CA, 1 mipsMoit
A,Cy:

(B1CO:Al)(COAO,BO)(AOBl,Cl) =-1,

(B2Co,A2)(CoAo,B)(A¢B,,C) = —1.
Tax kak npsmbie CyA,, CyA, mepecedeHsl napauieIbHbBIMU TPIMBIMU
A4A,, B1B,, a npameie AyC;, AgC, — napamiensHbIMA TpsiMbiMu B B,
C,Cy, 1o (B1Co, A1) = (ByCo A7), (AoB1Cy) = (A¢B,C,) (3anaua
2.4). TlosroMy U3 BBITHCAHHBIX COOTHOIICHUN BBITEKAET PABEHCTBO
(Cvo,Bo) = (COAO,B), 13 KOTOPOTO CJeayeT, uTo Touku By u B nemsar
orpe3ok CyAy B OJHOM U TOM K€ OTHOLICHUH, U, CIEI0BATEILHO COB-
magatot (puc. 2.33).

Puc. 2.33
Ha pucynkax 2.34 mpencraBieHbl CUTYalMd, KOrga ABe (KaXKIble
JIB€) COOTBETCTBEHHBIE CTOPOHBI TPEYTOJIbHUKOB MapaliebHbl MEKILY
coboii. PaccMoTpuTe 311 citydan caMOCTOSITENbHO. O
Jloka3annast TeopeMa Jlezapra mmeer oOpaTHyro (cM. 3amauy 70
U1l CAMOCTOSITEIIBHOTO PELIEHHS).

0) B,

Cz Cz
Puc. 2.34

68



Mpumep 2.4.3 (Teopema [aycca®). JlokakuTe, 4TO €CIU HUKA-
KH€ CTOPOHBI YeThIPEXYTOJIbHUKA HE MapaulebHbl, TO CEpelnHa OTpe3-
Ka, COEAMHSIOIIEr0 TOYKHM IE€pecedyeHHs] MPOTHUBOIOJIOXKHBIX CTOpPOH,
JIE)KUT Ha MPSAMOH, COEMHSIOIIEN CepeIMHBI JUarOHaJeH.

Pewenue. Ilycte M, N — cepequnnl auaronaneii AC, BD getbipex-
yronmeauka ABCD, K — cepemunHa orpeska EF, rae F, E — To4ku miepe-
CEYeHHsI TTPOTUBOMOIOKHBIX cTOpoH AD u BC, AB u CD 3TOT0 4eThI-
pexyronbHuka (puc. 2.35).

Ecau uepe3 touky K mpo- =
BECTH NPSAMYIO, MapajjiebHYIO
npsmoi AB, To OHa IO Teopeme
®aneca nepecedet oTpe3ku AF, T K
BF B ux cepenunax T u S co-

OTBETCTBEHHO. Paccmorpum

TpeyronsHuk RST, obpazoBaH-

HBIH CPEHUMH JIMHHUAMH Tpe- A R B E
yromeHuka ABF. QOueBumHo, Puc. 2.35

yro Touku M, N, K nexar Ha

MPSIMBIX, COJIEPKAIMX CTOPOHBI TpeyroiapHuKa RST. [losTomy mist mo-
Ka3aTenbCTBa TEOpeMbl ['aycca 1OCTaTOUYHO yCTaHOBUTH, YTO IJISl 3TUX
TO4YEK U TpeyronbHuka RST BBITONHEHO yClIOBHE TeopeMbl MeHemnast.

[Ipumenss Teopemy Menenas k TpeyronsHuKy ABF u toukam C,

D, E, umeeM paBeHCTBO
(BF,C)(FA,D)(AB,E) = —1.
CornacHo 3amaue 2.5
(BF,C) = (RT,M), (FA,D) = (SR,N), (AB,E) = (TS, K).
ITosTOoMy, nepeMHOKas 110 YaCTAM TPU IOCIEAHUX PABEHCTBA, IIOIyYUM
(BF,C)(FA,D)(AB,E) = (RT,M)(SR,N)(TS,K) = —1.

Taxum oOpazom, Touku M, N u K nexxut Ha OgHON MpsAMOH. DTy
MPSMYIO Ha3bIBalOT npsavou I aycca. O

Teopema MeHemnast IO3BOJSET 3HAYUTENBHO YIIPOCTUTh PELLIEHUE MHO-
THX 337124 Ha BEIMHCIICHUE OTHOIICHHUH MPOMOPIHOHABHBIX OTPE3KOB.

Mpumep 2.4.4. Ha croponax AB u AC tpeyronbuuka ABC naHbl

AL 1
— = -. B xakom
Lc 2

D

Touku K u L cooTBercTBeHHO, Takue, uto AK = KB,

" Taycc K.®@. (1777-1855) — BBImaromumiicss HEMENKHH MaTeMaTUK, BHECIIMii
3HAYNTEIbHBIA BKJIA]] B Pa3BUTHE PA3JINUHBIX Pa3/IeJIOB MaTEMaTHKH.
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OTHOIIIEHUH Touka M mepecedeHus oTpe3koB BL m CK nmennuT Kakaplid
U3 ITUX OTPE3KOB?

Pewenue. Tlpumennm teopemy Menenas k TpeyronsHuky AKC u
ToukaM B, M, L npsmoii BL, nexamuyM Ha CTOPOHAX 3TOr0 TPEYrojib-
HuKa (puc. 2.36):

(KC,M)(CA,L)(AK,B) = —1.
W3 ycnoBmii 3amaum ciemyer, 4To

C (AK,B) = =2, (CA,L)=2. Tlo-
sromy (KC,M) =i U, 3HAYMT,
KM:MC = 1:4.
L [Mpumensisi Teopemy MeHnenas

K TpeyronbHuky ABL n Ttoukam C,
M, K, aHajlOrM4yHO TNOJIYYUM:
A K B (BL,M)(LA,C)(AB,K) = —1. Or-

Puc. 2.36

croga (BL,M) = % U, CIIE0BATEIIb-
HO, BM:ML = 3:2. 0

Tak ke TOYHO TIPH PEIIeHUH COOTBETCTBYIOIIMX CTEPEOMETPHIECKIX
3a7a4 UCTIONb3YETCs TPOCTPAHCTBEHHBIN aHAJIOT TeOpeMbl MeHenast.

Mpumep 2.4.5. Ha pedpax AB, BD, DC terpasnpa ABCD B3sTbI
coorBeTcTBeHHO TOouku K, L, M Tak, uto AK:KB = 2:3, BL:LD =
= 3:1, DM: MC = 2:1. Haiinure oTHOLIEHHE 00BEMOB YacTel, Ha KO-
TOpbIE IIOCKOCTh K LM nenaut terpasap.

Pewenue. O603naunm uepe3 N Tod-
Ky nepeceuenus: miockoctd KLM ¢ peO-
pom AC (puc. 2.37). llpumensis Kk mpo-
CTPaHCTBEHHOMY YETHIPEXYTOJILHUKY
ABDC w toukam K, L, M crepeomeTpu-
YeCKUM aHajor TeopeMbl MeHenas, Haii-
JIEM OTHOIIICHHE, B KOTOpOM Touka N je-
mut pedpo AC. CooTHoIeHNE

(AB,K)(BD,L)(DC,M)(CA,N) =1

B
Puc. 2.37 IIPpUHUMAET BUL g%% (CA,N) =1.

Orkyna (CA,N) = i T.e. CN:NA = 1: 4.

Bynem cuurars, uto Vygep =V, Supc = S, Sgep = S1, H — BBICOTA

terpadapa ABCD, onymennas u3 BepmmHel D, a H; — ero BwicoTa,
omnyiieHHas u3 BepHbl A. Torga
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VABCD =V =§S‘H =§51'H1.
Haiinem o0bem muororpanamka BCMLKN. Jns storo pa3odbem

ero Ha TpH Tpeyroybhbie mupamunsl LBCN, LBKN u NCML.

Bricora nupamun LBCN, LBKN, omyiieHHas U3 o0IIeld BEPIIMHbBI
3 3 1 1
L, paBHamH = ZH, SBCN = ESABC = ES,

SBKN = SABC - SAKN - SBCN = S - l1‘11{'141\, . SlnLBAC —%S =

=25 1228 *C Gin/BAC = (———)s——s
5 2 5 5 5
IToaTomy
1 1 3 3
Vet —15 1525 : 231'1 = %V,
Vakim =555 JH=.V

AHaJOTMYHO HaXOIHM BBICOTY EHl nmupamuasl NCML, onyuies-
Hyt0 13 BepumHbl N, 1 1utomans rpaau CML:
Semr = lSLCD = %(ESBCD) =
CnenoBarenbHo, Vyeyr = = Ls. = ;—OV.

3 12
Cymmupys HaliIeHHbIE 06I>CMI>I, TIOJTyY UM

1
—S,.
12°1

VBCMLI(N = VBCNL + VAKLM + VNCML =

=2V+2V+=V=L0V.
150

Takum oOpazom, OTHOHIeHI/Ie O6T:GMOB yacTel, Ha KOTOPO€ IJIOCKOCTh
79
KLM nemut TeTpasap, paBHO 50

IIpexxne yem mepedTH K mpHMepaM HCIIONIBb30BaHUA TeopeMbl Ye-
BbI, JJOKQ)KEM CJIE/IYIOLlEE CBOMCTBO YUEBUAH TPEYroIbHUKA.

Mpumep 2.4.6 (Teopema BaH-O6ens®). Ha mpsambix BC, CA,
AB, conepxamx cTOpoHBI TpeyrosibHuka ABC, 3a1aHbl COOTBETCTBEH-
HO Touku A4, By, C; Tak, uro npsimble AA,, BBy, C(; nepecekarorcs B
Touke D. Jlokaxute, 4TO

(AA1,D) = (AB,,C) + (ACy, B).

Pewenue. PaccmoTpum citydaii, korga Touka D nepecedeHus YeBH-
aH JISKUT BHYTpH TpeyroipHuka. Yepes Bepimny A Tpeyromsuuka ABC
MPOBENEM TPSMYIO, MapajuienbHyi0 cropone BC. Touku mepecedeHus
aTOU TpsMoii ¢ TipsimbiMu BB, CC; 0603HaumM cooTBeTcTBEeHHO E n F
(puc. 2.38, a).

" Ban O6enb (1830-1906) — piramanicKuii MaTeMaTHK.
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Ci

B A, C
Puc. 2.38 B,

Tpeyroneauk DEF 6ynet nonoben Tpeyronbauky DBC. Tloatomy
AD _ EF _ EAYAF _EA | AF
pA, BC  BC  BC BC
U3 nonobubix TpeyronbankoB AEB; u CBB;, AFC; u BCC; cootBercT-

BCHHO HaXOJuUM:

EA _ABy AF _AG
BC  B,C'BC 4B
AD _ AB; | ACq
CraemoBarenpHo, — = — + —
DA, B,C (B

(AA]JD) = (ABll C) + (Aclr B)
Korma Touka D  mepeceyeHuss  YEBHAH  JIEKUT  BHE
ka ABC, 10Ka3aTelbCTBO BBIMOMHsETCS aHaiorudno (puc. 2.38, 6).
3necy tpeyronsHuk DEF monoGen tpeyronsHuky DCB, TpeyronbHHK
AEC; — tpeyronpanky BCCy, a TpeyromsHuk AFB; — TpeyromsHUKY

CBB;. Otkyna cienyer, 4To
AD _ EF _ EA+AF _ EA | AF EA _ AC; AF _ AB;
DA, BC  BC  BC BC'CB (B ' CB  ByC
AD  AB, . AC
U, CIeA0BaTeNbHO, — = — + —. OcTaercs y4ecThb, 4TO Tereph TOU-
DA, B,C C,B
ku D, By, C; nenar orpesku AA;, AC, AB COOTBETCTBEHHO BHEIIHUM
o0Opa3oM.
O4eBUIHO, YTO JIOKa3aHHAsI TeopeMa CIPaBEINBA JJIS KaXKIOW U3

YeBHaH, T. €.

nin

(BB, D) = (BA;,C) + (ACy, A),
(ccy,D) =(CA{,B) +(AB4,C). O

Mpumep 2.4.7. JlokaxxuTe, 4TO

a) OMCCEKTPHUCHI TPEYTOJIHHUKA [IEPECEKAIOTCS B OTHOM TOUKE;

0) BBICOTHI TPEYTOJILHUKA [TEPECEKAIOTCS B OTHOM TOYKE;

B) MPSIMBIE, COESAMHSIOIINE BEPIIMHBI TPEYTOIBHUKA ¢ TOYKAMHU Ka-
CaHusl POTHBOIOJIOKHBIX CTOPOH BIIMCAHHOM B TPEYrOJLHHK OKPYIK-
HOCTH, TIEPECEKAFOTCS B OJTHOM TOUKE.
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Pewenue. a) Ilycts AA,, BB;, CC; — OucceKkTpuchl BHYTPEHHHUX
yrioB Tpeyroibuuka ABC (puc. 2.39); a, b, ¢ — nnunbl ctopon BC, AC
1 AB cooTBercTBeHHO. [10 CBOMCTBY OMCCEKTPHC TPEYTrObHUKA

_BA_ ¢
(BC,Ay) = Ao
_ (B _a A
(CA,B,) = BiA ¢
(4B,C)) =22=2
C4B a Bl
IToaTomy c
(BC,A1)(CA,B,)(4B, () = '
—c.a.b_
" b oc oa
CrieoBaTenbHO, 10 TEOPEMBI é A B
Uesnl npsmbie AA,, BB, Puc ; 39
CC; mepeceKarorcs B OIHOM o
TOUKE.

0) [lycts AA4, BB, CC; — BbicoThI TpeyronbHuka ABC (puc. 2.40,
a, 6). 3 monobus tpeyronsaukoB ABB; u ACC,, BAA; u BCCy, CAA,
1 CBB; COOTBETCTBEHHO UMEEM:

AC, _AC _b BA, _AB _ ¢ CBy _BC _a
BjA  AB ¢ ¢,;B  BC a A€ AC b
A
0) C,
B
Al—l
Cy
B 51
H
Puc. 2.40

Orcroza cnemyer, 9To
BAy CBi AC _ AC, BA; CBy _b ¢ a_
A,C BjA CB BjA CB A,C ¢ a b
Ecam tpeyronpank ABC oCTpOYTONBHEIA, TO OCHOBAHHUS BBICOT A1,

B, C; 1ensit ero cTOpoHbl BHYTpeHHUM 00pa3om (puc. 2.40, a). B srom
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cnysae (BC,A;) =223, (CA,B,) =
1

(BC,A,)(CA,B,)(AB,C,) = 1.

Ecmu tpeyromsank ABC TyHOyroNBHBIHN, TO OCHOBAHHUE OJTHOM W3 BBICOT
JIEJIAT CTOPOHY TPEYrOJIbHUKA BHYTPEHHIM 00pa3oM, a OCHOBAHHUS JBYX JPY-
I'HX BBICOT — BHemHUM. Tak Ha pucynke 2.40, 6 Touka C; aenut otpe3ok AB
BHYTPESHHUM 00pa3oM, a Touku A; u By, nemst orpesku BC 1 CA BHEIHUM

BAy _ _CB
AqC’ (CA,By) = B, A’

(AB,C,) = *C‘l% u Tacxe (BC, A,)(CA,B,)(AB,C,) = 1.

TaxkuM oOpa3om, mpsiMBIe, cozepkaie BoIcOThl AA,, BBy, CC;
TPEYroJIbHUKA, [IEPECEKAOTCS B OJJHOM TOUKE.

B) Ilycts AA4, BB, CCy — pssMBbIe, COSNMUHSIONINE BEPIIMHBI TPE-
yronbHHKa ABC ¢ TOYKaMH KacaHUs MPOTHBOIIOJIOKHBIX CTOPOH BITH-
CaHHOW B TPEYT'OJIbHUK OKPYXHOCTH (pHc. 2.41).

Ilo cBolicTBy KacaTenbHOU
K OkpyxHoctn AB; = A(;,
BA, = BC;, CA;=CB;. Ilo-
3TOMY

(BC'AI)(CA'Bl)(AB' Cl) =
__ BA; CBy ACy _
= BA s
CrnenoBarenpHO, 10 TEOpeMe
Uessl npsmeie AA,, BBy, CC;

MEPECEKAIOTCA B OJTHOM TOUKE. O

CBy _AC
BoA (4B,C)) = .5 U, CJIEI0BATEIBHO,

oopazom. Ilosromy B 3TOM Ciydae (BC,A;) = —

A

Puc. 2.41

Mpumep 2.4.8. Ha cropoHax TpeyrojibHHKAa BHE €ro MOCTPOCHBI
KBazpatsl. JIokakute, 4To MpsIMbIe, IPOXOASIINE Yepe3 BEpIINHbI Tpe-
YrOJIbHUKA W LIEHTPBI KBAAPaTOB, IOCTPOCHHBIX HA IMPOTHUBOMOJIOKHBIX
CTOpOHAX, NIEPECEKar0TCs B OJJHOM TOUKE.

Pewenue. Tlycte ABC — naHHBIA TpeyroipHUK. LIeHTpBI KBaspaToB,
MOCTPOEHHBIX HA CTOPOHAX TPEYTOJIbHHUKA, MPOTHBONEKAIMX BEPLIMHAM
A, B, C, 06o3naunm 04, 04, O3 cooTBeTCTBEHHO (pHc. 2.42).

Hcnonp3yeMm [uis 10Ka3aTesbeTBa TeopeMy UeBbl B TPHTOHOMETPH-
Yyeckoi hopme.

N3 tpeyromeaukoe ABO; m ACO, mo Teopeme CHHYCOB Oyaem

AMETh:
B0, __ AB 0,C AB

sinBAO; sin(B+%)' sin 0;AC - sin(C+%)'
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VYuuteiBas, uro BO; = (C0q,
OTCIOJIa HAXO/IUM:

sin BAD, _ sin(B+%)

. - . T
sin 0;AC Sm(c"'Z) Os B
AHAJOTHYHBIC TMPOMOPIUN TI0- 0
1

Jy4MM U3  TPEyroJbHUKOB
BAO,, BCO, v u3 TpeyrompHu-
KOB CB03, CA03 A C

sin CBO, sm(
(

9]
+

(313

sin O,BA sin

kS
+

~——

O,

EEEEN
N—

sin ACO; Sin(A+
sin O3CB sin(B+%)
IlepeMHOXass 1O 4YacTsIM
HaliICHHbIC PABEHCTBA, MPHUXO- Puc. 2.42
JUM K COOTHOILICHHIO
sin BAO; _sin CBO, _sin ACO; 1
sin 07AC sin0,BA sin0zCB
Taxum oOpaszom, ycrnoBue YeBbl BwimomnHsieTcs. ClienoBaTenbHO,
npsimeie A0, BO, u C 05 iepecekaroTcsi B OJJHOM TOYKE. O

3agaum ona caMocToATeNIbHOroO peLleHus

59. Haiiiure oTHOIIEHUE, B KOTOPOM MpsMasi, IPOXOsias yepe3
BepumHy A u cepenuny menuansl CC; tpeyronsHuka ABC, nenut ero
cropony BC.

60. Pemmre 3ama4y 33 ucnonb3ys Teopemy MeHenast.

61. YUepes Toukn A U B, nexariue BHE OKPYKHOCTH, IIPOBEJICHEI
kacatenbable AC = a u BD = b k 3T0i okpyxHOCcTU. Haiinure orHo-
nieHue, B KoropoM npsimas CD, npoxozsias 4yepe3 TOUKHU KacaHusl, Jae-
JUT OoTpe3ok AB.

62. [Ilpumenute TeopeMmy MeHenas K pelICHHIO 3a/1a4d, PACCMOT-
peHHOi B pumepe 2.2.6.

63. [psimast epecekaer npsimbie BC, CA, AB, conepkaiiie cTopo-
HbI TpeyronsHuka ABC, B Toukax Ay, By, C; cooTBeTCTBEHHO. TOYKH
A,, By, C, cumMmeTpuuHbl ToukaM A;, By, C; OTHOCUTEIHHO CEepeauH
cropon BC, CA, AB. Jlokaxure, 4yTo Touku A,, By, C, nexar Ha OJHOU
MIPSIMOH.
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64. [IpoTUBOMONOKHBIE CTOPOHBI BIMCAHHOTO B OKPY>KHOCTb IIIEC-
TUYTOJbHUKA HE MapaulesbHbl. JIOKaXHUTe, YTO TOUKHU IEpeceyeHHs
MPSIMBIX, COAEPIKAIINX 3TH CTOPOHEI, JIEXKAT Ha OIHON MPSIMOi (meope-
ma Iackans™).

65. JlokaxuTe, YTO TOUYKH IMEPECEYECHHs MPSMBIX, COACpPIKAIINX
CTOPOHBI HEPABHOOEPEHHOr0 TPEYrOJbHUKA, C KacaTeJIbHbIMU K OMU-
CaHHOW OKOJIO HETO OKPY>KHOCTH B IPOTHBOITIOJIOKHBIX BEpPIIMHAX Tpe-
YIrOJIbHUKA JIEKAT HA OJHOUW MPSIMOM.

66. YersipexyronbHuk ABCD, mpOoTHBOIONIOKHBIE CTOPOHBI KOTO-
pOT0 HE NapajuIeNbHbI, BIIUCAaH B OKPYXXHOCTB. J[okakuTe, 4TO:

a) TOYKH MEPEeCeUeHHs MPSAMBIX, COAEPKAINX MPOTHBOIOIOKHBIC
CTOPOHBI YETHIPEXYI'OJIbHUKA, W TOYKM IIE€pPEeceueHHs] KacaTeNbHbIX K
OKPY>XHOCTH B €ro IpPOTHUBOMOJIOKHBIX BEPIIMHAX JIEKaT Ha OJHOU
MPSIMOM;

0) Touka mepecedeHus: npaMbix AB u CD, Touka mepeceueHHs
npsmoi BC ¢ xacarenbHOH K OKPYKHOCTH B Touke D W TOYKa Iepece-
yeHus psimoit AD ¢ kacatenbHo# B Touke C Jiexar Ha OJTHOM TIPSIMOM.

67. Jlokaxkute, 4TO OPTOrOHANIBHBIE MPOEKIMHA TOYKH HA MPAMBIE,
coJepKaIlie CTOPOHbI TPEYT OJIbHUKA, JIeKaT Ha OAHOW MPSIMON TOrna U
TOJIBKO TOTJla, KOTJa 3Ta TOYKa JIEKUT HAa OKPYKHOCTH, ONMHCAHHOMN
okoino TpeyronbHuKa. ([IpsaMas, Ha KOTOpPOH JiexKaT MPOEKLMH, Ha3bIBa-
erca npamoti Cumcona”™ TOYKHM OKPY>KHOCTH, OIMCAHHOM OKOJIO Tpe-
YTOJIbHHKA. )

68. Hcnonb3ys Teopemy UeBbl, TOKaXUTE, YTO

a) TpsMbIe, MPOXOASIINE Yepe3 BepUIMHbI TPEYTroJbHUKA U JAeTs-
[I{E €ro NEPUMETP MOMOJIaM, IEPECEKAIOTCS B OTHOM TOUKE;

0) mpsMBbIe, COCIMHSIOINE BEPIIMHBI TPEYTOJIbHUKA C TOUYKAMHU Ka-
CaHMUs IPOTHBOIIOJIOKHBIX CTOPOH C COOTBETCTBYIOIIMMH BHEBITHMCAH-
HBIMU OKPY’KHOCTSIMH, [IEPECEKAOTCS B OHON TOUKE.

69. Jlokaxkute, YTO B MIECTUYTOJIBHUKE, OTUCAHHOM OKOJIO OKPYIK-
HOCTH, IpsAMBIE, IPOXOIALINE YEPE3 MPOTUBOIMOIOKHBIE BEPIIUHEIL, T€-
peceKaroTcs B OHOM Touke (meopema Bpuanwona®).

70. Ha onHO¥ mpsiMoii B34ThI TOUKU A1, By, C;, a Ha Qpyroi — To4-
ku A,, B,, C,, npu 3ToM npsmasi A, B, napamiensHa npsmoit A,B,, a

* Tackans B. (1623-1662) — Beigatomuiica (ppaHIy3cKuil MaTeMaTuK, QU3UK U

¢dunocod.
** Cumcon P. (1687-1768) — moT/IaHICKHIi MaTEMaTHK.
*** Bpuanmion 1LXK. (1785-1864) — (panirysckuii MaTeMaTHK.
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npsmast B;C, — npsamoil B,C;. Hokaxure, uto npsmeie (1A, u C,A;
TaKKe apajiesbHbL.

71. ChopmynupyiiTe M JOKQKUTE TEOpeMy, OOpaTHYIO TeopeMe
Hezapra.

72. TInockoctk, poxosiias uepe3 cepequnabl K u L pebep AB u
CD Tterpasrnpa ABCD, nepecekaet pedpo BC B Touke M, a pebpo AD —
B Touke N. Jlokaxwure, uro (BC,M) = (AD, N).

73. Ha pebpax DA, AB, BC Terpasapa ABCD B35TBI COOTBETCT-
AL

LB
OTHOWIECHHUS, B KOTOPBIX MIOCKOCTh KLM nemmT mpsiMble, COAEpIKaIIne
ocTajbHBIe pedpa 3TOro Terpa’upa.

74. Tnockoctk mepecexaer pedbpa DA, DB, DC terpasapa DABC B

DA DB DC
Ttoukax A;, By, C; tak,uro — =k, — =1, —=2=m (0 < k, [, m < 1).
DA DB DC

Haitmure obbem terpasapa DA,B;C;, ecmm obwvem Ttetpasmpa DABC
paBeH V.

75. Ha pebpax DA, AB, BC terpadapa ABCD B3AThI COOTBETCT-
DK 13 AL _ 3 BM

BeHHO Touku K, L, M Takue, 4t0 — = —, — ==, — = 1. Hatigure or-
KA 14'LB  2'Mc 3

HOIIIEHHEe 00bEMOB MHOTOTPAHHUKOB, Ha KOTOpBIE MIOCKOCTh K LM ne-

muT Terpasap ABCD.

76. Cropoust AB, BC, CD, DA mpocTpaHCTBEHHOrO YeThIpeX-
yroneauka ABCD xkacarorcs cdepbl B Toukax K, L, M, N coorBercT-
BEHHO. [loKakuTe, 4TO TOUKHM KacaHHs JIe)KaT B OJJHOM TJIOCKOCTH.

77. Ucnionb3ys Teopemy Ban-O6ensi, HaiiniuTe OTHOIIEHKS, B KOTO-
PBIX JENsATCsl OMCCEKTPUCH BHYTPEHHUX YTJIOB TPEYTOJILHUKA TOYKON
WX MEPECEUCHUS.

78. Touka D — Touka mepecedyeHus yesuan AA,, BB;, CC; Tpe-
yronbHuka ABC. JlokaxuTte, 4To

(AA,,D) + (BBy,D) + (CCy,D) — (AA4,D)(BBy,D)(CCy, D) = 2.

DK BM o
BeHHO Toukd K, L, M Ttakue, 4To = k, =1, e = m Hatigure
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T'aasa Il
METPUUYECKHUE 3AJIAYU

Jns perenns adGUHHBIX 33/1a9 BEKTOPHBIM METOJIOM, KaK MBI BH-
JIeH, JOCTaTOYHO JBYX OCHOBHBIX OMNEpaIfii: CIOKEHHS BEKTOPOB U
YMHOXEHUSI BekTopa Ha uucyio. Kpome Toro, ncnosib3yeTcst oneparus
BBIYUTAHUSI BEKTOPOB, oOpaTHas Juis onepanuu ciokeHus. Pesynbra-
TOM BBIITOJIHEHUS 9THX TPEX ONEPALHi SIBIIETCS HOBBIA BEKTOp. B MeT-
PUYCCKUX 3aJladyax UIMYTCA NJIMHBI, BEJIMYUHBI YIJIOB, IJIOIIAAH, o0be-
MbL. Jl71s1 TOro 4ToObl MCIIONB30BaTh BEKTOPHBI METOJ MpPU pELICHUH
METPUYECKUX 3314, TPEOYIOTCs Oepaluy, KOTOPbIE CTaBsAT B COOTBET-
CTBHE BEKTOpPaM HE BEKTOpPHI, a yncyia. OMHOM U3 TaKUX Oneparuei saB-
JIAETCS CKAISIPHOE MPOMU3BENEHNE BEKTOPOB; 3Ta ONEpalHsl CTABUT B CO-
OTBETCTBHE I1ape BEKTOPOB AECHCTBUTEIILHOE YUCIIO.

B ydeOHMKax reoMerpuy BEKTOPBI MOSBILIIOTCS JOCTATOYHO MO3/HO,
KOTJIa COCTOSUIOCH 3HAKOMCTBO € OOJIBIIMM YHCIIOM BaXHEHIINX MeTprye-
ckuX ToHsITHH 1 (pakToB. [Ipy perieHny 3a/1a4 ¢ IOMOIIBIO BEKTOPOB Hepa-
3yMHO OTKa3bIBaTkCs OT YK€ MPUOOPETEHHBIX 3HAHWN WM BCSKUHA pa3
CTPEMHUTELCS TIONYYHTh WX 3aHOBO B BEKTOpHOU (hopme. [lostomy Oymem
ONMPATHCsl HA Takue (PyHTaMEHTANbHBIE (aKThl METPUUECKOH TEOMETPHH,
KaK TEOpeMbl CHHYCOB, KOCHHYCOB U JIp., KOTOpbIE ObLIM paHee J0Ka3aHbI
0e3 rcnonp30BaHus BeKTOpoB. [Ipy pelieHnn MeTpuyeckux 3a1ad BEeKTOp-
HBIM METOJIOM BAYKHO OIISITh HAYYHUTCS MPEICTABIISTh U 3aT€M NPHUMEHSTH
W3BECTHBIC TeoMeTpuueckie (akThl B BEKTOpHOM (hopme. Hanpumep, Teo-
pemy KocuHycoB ¢ = a® + b% — 2ab cos C ans tpeyronbhuka ABC co
cropoHamMu AB = ¢, BC = a, CA = b Ha OCHOBaHHH OTIpEJICIICHHSI CKa-
JISIPHOI'O IIPOM3BE/IEHUS] BEKTOPOB MOXKHO 3allUChIBaTh U MCIIOJIb30BaTh

BBue CA-CB = %(a2 +b%2—c®)ur. I

B nanHoli TTaBe mpuBeAEHBI MPUMEPHI 0OJiee MPOCTHIX «BEKTOP-
HBIX JIOKa3aTeJIbCTB» HEKOTOPBIX METPUYECKMX TEOpPEM IIKOJIHHOIO
Kypca reoOMeTpuH U MPOAEMOHCTPUPOBaHa YHUBEPCATBHOCTH BEKTOPH O-
r0 METOo/a MPH PEeLIeHUH ONpEeeTIeHHbBIX KIacCoB 3a/1a4. Bmecte ¢ Tem,
HE CJeAyeT JeaTh JOKa3aTelbCTBO TEOPEM M MOMCK PEIIeHUH reoMeT-
pUYECKUX 3a1ad BEKTOPHBIM METOZOM camorelnbio. CyIIecTByIOT Teo-
PEMBI, KOTOpbIe, Ha000pOT, OoJiee ecTeCTBEHHO, MPOCTO M KPAaCHBO J0-
Ka3bIBAIOTCSI TEOMETPUUYECKUMHU M OOBIYHBIMH anredpanyecKuMu MeTOo-
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JaMH; TO KC CaMOC€ MOXHO CKa3aTb U B OTHOUICHUHW MCTOHNOB PCHICHUS
3ajgay.

§ 3.1. 3agaum Ha T0Ka3aTeJNbCTBO U BbIYMCJIEHHE

3.1.1. OcHo8HbIe OrnopHbie ¢hopMysnbl U npueMsl. Tlapa
Touek A, B ompenensier oTpe3ok AB; MeTpuuecKoi BEIUMUYNHOM, Xapak-
TEePHU3YIOIIEH OTPE30K, ABJISCTCS dnuna ompeska. Ecau Touku A, B pas-
JUYHbIE, TO JUIMHA oTpe3ka AB mpunumaercs 3a paccmosnue d(A,B)
medncoy moukamu A M B; ecnvi Toukn A v B COBIIaaaroT, TO IO OMpeJe-
aenuto npuauMaroT: d(4,A) = 0. U3 dopmyist (1.12) mist BeIUMCICHAS
JUTMHBI BEKTOPa HEMTOCPEICTBEHHO CIEIYeT:

d(4,B) = |AB| =V AB2. (3.1)

Tpu Touku A, B u C, He nexalye Ha OJTHON MpsSMOM, ONpeneistoT

TpH yria u TpeyroiabHuK ABC, 111 KOTOPOro OHM SIBJIAIOTCS BEpUIMHA-

MH. MeTpHUYecKOil BEIUMYMHON, XapaKTEpU3YIOLIEH YTroil, SIBISIETCS Ge-

JUYUHA U Mepa yana. Bemmuuny yria, Hanmpumep BAC, MOXHO HallTh
u3 popmyisi (1.13):

cos £BA C = cos (ﬁ, R) = %. (3.2)

OCHOBHBIMM METPUYECKUMHU BEJMYMHAMH, XapaKTepU3YIOIIUMU
TpeyronsHUK ABC, SIBIAIOTCS IJMHBI €r0 CTOPOH, MEPbI YIJIOB U M10-
waowv Sypc. BexropHoe BbIpaxkeHHe (POpMYIBI AJS1 BHIYUCICHUS TIO-
IaJT1 TPEYTOJILHUKA MOXHO MOJIyYUTh CJIEAYIOIUM 00pa3oM:

Sapc =5AB-AC-sinA =~AB - AC- VT —cos?A =

e \2 . 2
1_(&) :%\/ABZ-ACZ—(AB~AC).

11— 1—
=2 1BlAC] 11~ e

Takum 06pazom,

Sypc = B2 7C2 — (4B - AC)’ (33)

UYetsipe Touku 4, B, C u D, He nexamye B 0OJHON IJIOCKOCTH, OII-
penessitor TeTpadap ABCD, ajis KOTOPOro OHU SIBJISIFOTCSI BEPIIIMHAMU.
Hapsiny ¢ nuHEHHBIME M YTJIOBBIMH 3JIEMEHTaMH, TUIOIIAASMU T'paHen
TETPadp XapaKTepu3yeT HOBasi MeTpHUEcKasi BeMunHa — 00bem. O0b-
eM terpasapa ABCD mMoxHO Haitu 1o dpopmyne Vygep = %SABC - DH,

rae DH — BbicoTa TeTpasnpa, onyleHHast U3 BepIIuHbl D Ha MI0CKOCTh

79



rpaau ABC. ITnomans rpanu ABC TeTpa3apa MOXHO BBIYHCIUTH C TIOMO-
D mpto opmyiel (3.3), HaligeM ero
BbicOTy DH. JI71s1 3TOr0 UCHOIB3Y-
€TCsl CIENYIOLMI CTaHJapTHBIA
npueM.  PaccMorpum  BekTOp
g —_ —_—
B DH = AH — AD (puc. 3.1). Bek-
—_—
Top AH mipeacraBuM B BHUIE TH-
HENHOM KOMOMHALIMM HEKOJUIMHE-
apHbIX BektopoB AB n AC, Torna
—_— g —_— —_—
C Puc. 3.1 DH = xAB + yAC — AD.
CxaisipHO yMHOXasi 3TO paBEH-
CTBO CHauasa Ha Bekrop AB, a 3areM Ha BekTop AC, U y4UThIBasA, 4TO
_— — —_— —
DH -AB = 0,DH - AC = 0, npuxoanuM K CHCTEME:
—)2 —_— — —_— ——
xAB* +yAB-AC = AD - AB,
—_— — —)2 —_— —
xAB - AC +yAC~ = AD - AC,
13 KOTOPOM MOXKHO HalTu X U y. BricoTa Terparapa
—_— —_—
DH = |DH| = vV DH?2.

OTOT XKe mpueM, Kak OyJeT MOKa3aHO HIKE, MCIOJb3YeTcsl MpH
BBIUMCIIEHUH PACCTOSHUM OT TOYKU /O IIJIOCKOCTH M MEXAY CKpeLH-
BaIOIIMMUCS MPSIMBIMU.

IIpu pemieHrM METPUYECKUX 3aJad BEKTOPHBIM METOJIOM J0CTa-
TOYHO YacTO MPUXOAUTCS TOJIB30BATHCS M3BECTHBIMU M3 IIKOJIBHOIO
Kypca reOMETPHH BEKTOPHBIMU TOXK/IECTBAMHU

.2 - - -2 - -
(d+b) =d*+2db+b? (d—b) =ad?—2db+b?
@ —b2=(da+b)(d-b),
UMEIOIUMHU MECTO JUIS JIFOOBIX BYX BEKTOPOB d W b. B CTEpPEOMETPU-

YeCKUX 3aJadax HEpeIKO HCIONb3yeTcsi 0000IIeHne MepBOro U3 3THX
TOXJIECTB!

(3.4)

- IR 2 - - -
(@+b+¢) =a%+b%+ & +2ab+ 2dc+ 2bé,
-
CITPaBEIMBOE I IFOOBIX BEKTOPOB d, b 1 C.
Kpome Toro, B 3aa4ax Ha J0Ka3aTeIbCTBO TEOMETPHIECKUX HEPa-
BEHCTB NPUMEHSETCS BEKTOPHAsi (JOpMa 3arucH HEPABEHCTBA TPEYTOJb-
HHUKa

|@+ b| < |d| +|b]-
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(PaBenctso |d + B| = |a| + |B | mmeer MecTo Torna m Tombko ToTMA,

KOT/1a BEKTOPHI d ¥ b KOJUTMHEApHBI. )

Eme nBa mome3HbIX TOXAECTBA, KOTOPHIE PEKOMEHIYETCS 3allOM-
HUTbH U «B3ATh Ha BOOPYXCHHE», TOKA3bIBAIOTCS B CIEAYIOICH 3a1a4e.

3apava 3.1. Jokaoscume, umo ons mobwulx uemvipex mouex A, B, C
u D umeem mecmo mostcoecmso:

a)AB-CD + BC-AD + CA-BD = 0;

6) AB® + CD? — AD?> — BC? = 2AC - DB.

Pewenue. a) Ilpu nokazarensCTBE TOXKIECTBA CHOBA MPUMEHSETCS
CTaHJAPTHBIM MPHEM: BCE BXOJSIIME B BHIPAKEHHE BEKTOPHI 3aMEHSIOT-
Csl BEKTOPAMHM, OTJIOXKEHHBIMU OT OJHOW TOuku. Mcronb3ys onpeznene-
HUE Pa3HOCTH, BEKTOPHI CD, BC, CA, BD 3amennum BEKTOpaMH, OTJIO-
JKeHHbIMH OT ToukH A. Toraa jieByto 9acTh TOKAECTBA MOXKHO IIpeodpa-
30BaTb CIIE/YIOLIMM o0pazom:

AB - (AD Ac) + (Ac AB) AD — AC - (AD AB) =

=AB-AD —AB -AC + AC - AD — AB - AD — AC - AD — AC - AB.
CkansipHoe TPOM3BEJCHHE BEKTOPOB KOMMYTAaTMBHO, MOSTOMY
HaliJICHHOE BBIPAYKEHUE PAaBHO HYJIIO.
0) [Ipu nokazarenbCTBE TOXKIESCTBA HCIONB3yeTCsl (hopMyJia pa3Ho-
CTH CKaJSIPHBIX KBaJIpaToB BEeKTOpOB. C MOMOIIbIO 3TOH (OPMYIBI Jie-
BYIO 9aCTh TOXKAECTBAa MOJKHO ITPeo0pa3oBaTh TaK:

(AB? - BC?) + (CD? — AD?) =
= (4B + BC)(AB — BC) + (CD + AD)(CD — AD) =
= AC(AB - BC) (CD +AD)AC =

= AC(AB BC—CD—-A4D) =

= AC ((4B - AD) — (BC + (D)) =

= 4C(DB — BD) = AC(DE + DB) = 2AC - DB. c
BbiyucnieHue  paccmosiHul.

[lycts maner nipsimast AB u He nexa- M

mas Ha Hed Touka M. Paccmosnue

d(M,AB) om mouku M 0o npsmoii

AB paBHO mJMHE mNeEpHeHIUKYyIApa H

MH, OmymeHHOrO W3 MaHHOW Touku A B
Ha JIaHHYIO NpsAMyo (puc. 3.2). Puc. 3.2

JIlnHa 3TOrO MEepHeHIuKYIsIpa
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paBHa Beicote MH Tpeyronsuuka AMB, a Syyp = %AB - MH nostomy

2S
d(M,AB) = I%IB’

rie Sypp MOXKHO HalTH 1o Gopmyde (3.3). C yueTom 310o# GopMyIisl

s e\ 2
d(M, AB) = \//TM’Z RGN (3.5)

[lomydyenHnass ¢opmyia TO3BOJSIET BBIYUCIATH  PACCMOSAHUE
d(AB,CD) mesxcdy napannrenvhoimu npsimeivu AB u CD. Bce Touku
OJTHOW W3 MapaJuIeNIbHBIX MPSIMBIX PACHOJIOKEHBI HA OJITHAKOBOM pac-
CTOSIHUM OT JApyroi npsamMoi. I[1oaToMy HCKOMOE paccTOSHHE MOXKHO
HallTU Kak paccTosHHuE OT 000 Touku, Hampumep C, npsmoi CD 1o
npsmoi AB.

Paccmosmue d(D, ABC) om dannoii mouku D 0o dannoii niocko-
cmu ABC naxonurcs Kak JIUTMHA BBICOTHI TeTpasapa DABC, onyuieHHON
13 BepmmHbl D Ha mockocTh ocHoBaHUA ABC. AHaJOrMYHO BBIYUCIIA-
€TCsl PacCTOSHUE MEXIY NapajyieSIbHBIMU IUIOCKOCTSIMU M MEXIYy Ipsi-
MOM U INIOCKOCTBIO, KOTOPOH OHA IapaJuleybHa.

Paccmosanuem medcoy cxkpewusarowumucss npamviMu  SIBISETCS
JUTMHA WX 00IIero MeprneHAnKYIsIpa, TAe Moj OOIHM NepHeHIUKYIIPOM
[IOHUMAETCA OTPE30K C KOHIIAMH Ha JAHHBIX NPSIMBIX, KOTOPBIH mep-
MEHIUKYJSIPEH Kaxnoil u3 Hux. Ta-
KO TepHeHuKyJIsIp, Kak JOKa3aHO
B Kypce TEOMETpUH, SBIISIETCS
€/IMHCTBEHHBIM.

[lycTh maHbl CKpEIIMBAIOLINECS
npsimeie AB u CD (puc. 3.3). Ecnu
gyepe3 KaxIyl M3 HHUX IPOBECTH
MJIOCKOCTh, MapaUIebHYIO IPYTroi
HpsSMOH, TO AJMHY OOIIEro nepreH-
IuKynsipa npameix AB u CD mMoxHO
Puc. 3.3 HATH KaK pacCTOsHHE MEXIYy IO-

CTPOECHHBIMU napajuieIbHbIMU

mrocKocTsiME. OTIORKUM OT TOUYKH A BEKTOP ﬁ, PaBHBII BEKTOPY CD.
Touka E J€XHUT B MJIOCKOCTH, MPOXOASIICH uepe3 npsamyto AB napain-
nenbHO npsamoit €D, moaToMy

d(AB,CD) = d(C,ABE). (3.6)
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BbiyucrnieHue yernos. PaccMorpuM, Kak € IOMOLIBIO BEKTOPOB
HAWTH YIJIBI MEXIY IBYMsSI TPSMBIMH, MPSIMON M TUIOCKOCTBIO, BYMSI
IUIOCKOCTSIMH.

Yeon mencoy dsyms npameimu. Ilycte TpeOyercss HallTH yron o
Mexay npsmbiva a = (A,d) u b = (B, b) Ecnun npsimble mapauienbHbl,
TO Yron MeXJIy HUMM cuuTaetcsi pasHbiM 0 . Eciu mpsMble mepeceka-
I0TCSI, TO OHH 00pa3yIoT YeThipe yria. B Tom ciyuae, KOraa Bce 4eThipe
yria paBHbI MEXAY COOOH, MPsIMbIE HA3BIBAIOTCS MEPIICHIUKYIISPHBIMH,
a yron mexay Humu paser 90° (puc. 3.4, a). Eciu nepecekaroniuecs
npsMble HE TIEPIEHINKYISIPHBI, TO OHM OOpa3yloT B Mapbl PaBHBIX
YIJIOB, JIBA OCTPBIX U JIBa TYNbIX. B 3TOM citydae 3a yroi @ Mexuy mnpsi-
MBIMH TPUHUMAIOT BEJIMYHUHY OCTPOrO YIja, OOpa30BaHHOTO STUMH
npsmeiMu (puc. 3.4, 6). Yroia MexIy CKpEIIUBAIOUIMMHUCS MPSIMBIMU
omnpeensieTcs Kak yroi MeK1y HepeceKaroIUMHICs TPSIMBbIMU, KOTOPbIE
napauIe/IbHbI TAaHHBIM CKPEIMBAIOIIUMCS MPsIMBIM (puc. 3.4, 6). Takum
06pa3oMm, yrom a Mexmy NMpsaMbIME JexuT B mpegenax 0° < a < 90°,
KOCHHYC TaKOr0 yriia IPUHAMAET HEOTPULIATEIIbHbIC 3HAYCHUSL.

Puc. 3.4

C NOMOIIBIO CKAJSIPHOTO IIPOM3BEACHUS MOXKHO HAaWTH KOCHUHYC
yria MEiIy HanpaBIIONIMU BEKTOPAMH d v b JaHHBIX NPSIMBIX A U

b. Yron a b MCXKAY BCKTOpPaMMU a n b MO)KCT NpUHUMATh 3Ha‘leHI/I$I B

npomexytke or 0° 10 180°. Ecm 0° < d, b < 90°, To yroi d, b paBeH
YrIy @ Mexly NpAMbIMA 4 1 b (pI/IC 3.5, a). B TOM cly4ae, Kormaa

90° < d b < 180°, yron a Mexay NpsMbIME @ ¥ b paBeH pasHOCTH
180° — a,b (puc. 3.5, 6). VYuuteBas, uTO COS (180 —d, b)

= —CoOS (51, b ), JUTSL BBIYMCIIEHUS KOCHHYCA YIJla @ MEXAY MPSIMBIMU

U b MOXHO UCITIOJIb30BaTh (POPMYITY:

&
S

cosa = (37)

8
=
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S
Q

Puc. 3.5

Yeon mesncoy npsamoii u nrockocmeio. J{ns BBIUUCIEHUS C TIOMO-
160 BEKTOPOB YTJIOB MEXAY MPAMBIMU U MIJIOCKOCTSIMHA U YTJIOB MEXIY
IUIOCKOCTSIMU BBOJIUTCSI HOPMAJILHBIM BEKTOP IIIOCKOCTH. BekTop 71 Ha-
3BIBACTCS HOPMANbHbIM 6EKIMOPOM TIOCKOCTH TT, €CIA OH OPTOrOHAJICH
BCEM BEKTOpaM, JIEXKAIIUM B IJIOCKOCTH 7T U €M IapalieIbHbIM.

Eciu npsimas napaienbHa MJIOCKOCTH, TO Yrojil MEXy HUMH CUU-
Taetcs paBubM 0. [IpsAMas Ha3pIBaeTCs MEPNEHAMKY/IAPHOR MIOCKO-
CTH, €CII OHa MEPIEeHAMKYJSIpHA 000N MpSIMOH, Jiexamed B 3TOH
IIJIOCKOCTH; B 3TOM CJIydae yroJl MeXIy MpsSMOW U IUIOCKOCTBIO paBeH
90°. Ecu mpsMas He MeprneHAuKy/IIpHa IIOCKOCTH, TO YITIOM MEKIY
HHMMH Ha3bIBAETCS YTOJl MEXIY 3TOU IPSIMOM U €€ OPTOrOHAJILHOU IIpo-
€KIEN Ha IITOCKOCTB.

a) 7 a 0) a

/ [ Ao
/ . 7r/ / R 7r/

Vi
Puc. 3.4

[Ipy BBIUMCIEHUM yIia @ MexXty npamon a = (A,d) W IIocKo-
CTBIO TT WCIOJB3YIOTCS HANPABISIONMHA BEKTOP d MPSIMOW @ U HOp-

MajbHBI BEKTOp 71 IUIOCKOCTH 7. Ecimu yrom d,7 OCTpBIA, TO

—

@ =90" —d,n using = cosd,n (puc. 3.4, a); ecu yron d, 7 TYTIOH,

T0 @ = d, 71— 90" using = sin(d, 7 — 90°) = — cos 4,7 (puc. 3.4, 6).
[T03TOMY CHHYC HCKOMOTO YIJIa BBIYHCIIAETCS 110 (hOopMyIIe:
. @7
singp = ——. 3.8
¢ =lam (3:8)
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Yeon meoncoy oeymsa nnockocmamu. Eciiv naHHBIC TIIOCKOCTH 7T U
TT, TIapaJulebHBL, TO YIoJl MeXAy HUMH cuutaeTcs paBHbiM 0°. Ecnm
IUIOCKOCTH TIEPECEKAIOTCsI, TO OHU 00OPa3yloT YeThIpe JBYIPaHHBIX yria
¢ obumM pebpom. JIByrpaHHBIH yroj M3MEpSeTCs CBOMM JIMHEHHBIM
yriaoM. B ToM ciydae, korja Bce YeThIpe JABYTPaHHBIX yriia MpsMBIE,
TUTOCKOCTH 7T U T HA3BIBAIOTCS MEPICHIUKYISIPHBIMU, @ YTOJI MEXKITY
aumu paser 90°. Eciu MIockocTu He MepreHanKyIISpHBI, TO OHH 00pa-
3YIOT JIBE€ IIapbl PaBHBIX JIBYI'PAaHHBIX YIJIOB. B 3TOM cilydae 3a yron
MEXIy MJIOCKOCTSMH MPUHUMAIOT BEIMYUHY T€X ABYIPAaHHBIX YIJIOB,
xotopas Menbie 90°. Takum 06pa3zoM, yroll MexKIy ABYMs IJIOCKOCT si-
MH MOJKET JIexkaTh B mpomeskyTke ot 0° 10 90°.

Brruncnenue yria ¢ MexIy MIOCKOCTSIMU T U T, CBOAUTCS K BbI-
YHCIIEHUIO yIJIa MEXKLy HOPMAJIbHBIMU BEKTOPAMH T M N, TUX ILIOC-
xocTeii. JlefictBurensHo, ecmm 0° < ﬁ) < 90°, To yron ﬁ paBeH
YIIIy ¢ MEX[y TJIOCKOCTSIMU 11 U T, (puc. 3.5, a). B Tom ciydae, koraa
90° <7, 1, < 180°, yron ¢ = 180° — 1, 1, (puc. 3.5, 6). B cuy To-

a)

Puc. 3.5
o _ S
ro, 9TO cos(180 - nl,nz) = —Cos(nl,nz ), JUTSL BBIYMCJICHHS] KOCUHY-
ca yria (¢ MEXIy IUIOCKOCTSMHU 71 U T, TOIyYrM (OpMYyIy:
72777 |
CoSs = —". 3.9
Y= iz (39

Bo Bce npuBeneHnsie onopHbIE (HOPMYIBI BXOAUT CKaISPHOE MPO-
u3Be/IeHne BeKTOpoB. Kak ObUIO OTMEYEHO BO BBEACHHH, B IIKOJIBHBIX
y4eOHMKax T'€OMETPUU HMMEIOTCS TOJBKO (POPMYIIBI AJISI BBHIYUCIICHHUS
CKaJIIPHOTO MPOM3BEIEHHUS BEKTOPOB, 3aJJaHHBIX CBOMMH KOOpIMHATA-
MU B OPTOHOPMHPOBaHHBIX Oa3ucax. YacTo, oqHaKo, ropa3io yaoOHeH
YMETh BBIYHCIISITH €0 B TPOM3BOJIBHBIX, & HE B OPTOHOPMHPOBAHHBIX
6asucax. PaccmorpuM, Kakast Uit 3TOro TpeOyeTcsl JOMOMHUTENIbHAs
nHpopMaius o 0a3UCHBIX BEKTOPaX.
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[TycTh Ha TUTOCKOCTH 3ajaH Oa3uc (07, b), 00pa3oBaHHBIN HEKOJITH-

> 7 -
HEapHBIMM BEKTOpaMHU d, b, a BEKTOPHI P U { 3a1aHbl CBOUMH KOOPIH-
HaTaMHu B 3TOM Oasuce:
- - T > - 7
p =xia+yb,q =x,a+y,b.
Torga Ha OCHOBaHMU CBOMCTB CKaJSIPHOI'O IPOU3BEACHHS BEKTOPOB
> o - 7 - 7
pq= (xla + ylb)(xza + yzb) =
= xlxzaz + xlyzab + ylxzbc-i + ylyzbz =
— 22 =7 72
= x1%,0% + (x1y2 + y1X2)ab + y1y, b
Takum 06pazom, U1 TOro 4TOOBI HANTU CKAJISIPHOE MPOU3BEICHHE
> o> -l - > 7
D G BEKTOPOB P U ¢, 3alaHHBIX CBOMMH KOOpJUHATaMHU B Oazuce (a, b),
HEOOXOIMMO 3HATh CKAJSPHbIE KBAApaThl d2, b? 0a3uCHBIX BEKTOPOB U
UX CKaJsIpHOE mpou3sBenenue db. ITockonbKy

- -2 - - =
a* =1al? b* = |b| , @b = |dl[b|cos(,b),
TO OTCIO/Ia CJIEIYET, YTO ISl BBIYHCIIEHUS CKAJISIPHOTO TIPOU3BEICHUS B
- -
6asnce (d,b) HyxHo 3nath umHbl |d|, |b| 6asucnbix BekTOpoOB 1 yrom

5 >
a, b Mexxny HUMH.

CkaJisipHOEe TPOM3BENICHHE BEKTOPOB IPOCTPAHCTBA, 3aJaHHBIX
CBOMMH KOOpAWHATamMu B 0Oasnce, 00pa30BaHHOM YIIOPSIOYEHHON
TPOMKOW HEKOMIUTAHAPHBIX BEKTOPOB, BBIYHCISIETCS aHAJOTHYHO.
ITycts BEKTOpHl P M ( 3a4aHbl CBOMMH KOOpAMHATaMU B 0Oasuce

> 70 o .
(@,b,0):
- - 7 - > = 7 -
p=x.a+y;b+ 2 q=x,a+y,b+ z,C.
Torma
ﬁ C-i = xleaZ + xlyzc_ib + x1Z2d)8 + ylebC-i + ylyzbz + ylszE +
+2,x,Ca + z,Y,Ch + 2,z,C?.
CrneioBaTenbHO, IS BBIYHCIICHHS CKAISIPHOTO MPOU3BEICHHS B Oa-
> 7o - 7> =
3HUCe (a,b,c) HY>XHO 3HaTh JUMHBI |d|, |b|, |c] Ga3ucHBIX BEKTOPOB U

—

YIJIBI d, b,acb,c MESKLy HEMHU.

[Ipu mpoBeneHny BBMHUCICHUH B 3a[a4aX ¢ KOHKPETHBIMU YHUCIIO-
BBIMU JIaHHBIMH U CKAJSIPHBIX IPOM3BEACHHN Oa3MCHBIX BEKTOPOB
YAOOHO TIPENBAPUTENFHO COCTABUTH TAONHWIy, B TEPBOM CTOJOIE U
BEpXHEW CTPOKe KOTOPOH CTOST MepeMHOXKaeMble BEKTOPHI, B KIIETKE Ha
MepecedeHn! CTPOKH U CTOJIOIA — CKAISIPHOE MPOM3BEIICHUE COOTBET-
CTBYIOIIMX BEKTOPOB.
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a b ¢
Jd11 912 913
912 922 923
913 923 933

[pVARNARSTA

- — -
B osroii Tabmaue gqq = A%, gu» = b?, g33 = C%, g1 = db = bd,

g13 = A€ = €4, go3 = bé = ¢b.

IIpexxne 4eMm MmepenTH K pacCMOTPEHHUIO MPUMEPOB PEIIECHUS MET-
pUUYECKUX 337ad BEKTOPHBIM METOJIOM, CJENaeM CIIEAYIOIlee 3ameda-
Hue. HeocnopyMbIM 1OCTOMHCTBOM BBIOOpa BEKTOPHOTO METOAA TPU MX
pELICHUH SIBIISIETCS] BOSMOXHOCTB JIETKO M OBICTPO «YBUACTH» IIJIaH pe-
LIEHUS, T. €. BBIIECIUTH I1OCIEN0BATENBbHOCTh ONOPHBIX 110/133/1a4, KOTO-
pble HeoOXOAMMO PEIIUTh I OTBETa Ha BOIPOC MM TpeOoBaHUE 3a1a-
. OHAKO HAZ0 ObITH TOTOBBIM K TOMY, UYTO peam3alys HaiIeHHOro
IJIaHa PEelICHHs] HEPEAKO MPEBPAIIAETCS B MAJOMHTEPECHOE U BECHMA
TPYAOEMKOE 3aHSTHE.

3.1.2. 3adayu Ha Ooka3amesibcMeo. BeKTOpPHBIM METOI0M
MOXHO PEUINTh 3HAYUTEIbHYIO YaCTh 33/1a4 U3 IIKOJIBbHBIX YYeOHUKOB U
3aJJaUHMKOB MO0 T€OMETPUH, OH MOXKET OBITh UCIOJIB30BaH MPH PEelICHUN
OTJENBHBIX TEOMETPUUECKUX 3aJay, IPEAJaraeMblX Ha UTOTOBBIX TOCY-
JApCTBEHHBIX MCIBITAHUAX MO MaTeMarHke. B mocobuu paccMOTpeHB
TOJIBKO 3aJlaul Ha JO0Ka3aTeIbCTBO M BBIYUCIIEHUE, TOCKOJIbKY UMEHHO
9TH 33a4¥ MOTYT BCTPETUTHCS HA 3K3aMeHe. BMecTe ¢ TeM, 3TOT MEeTOA
MOXKET C YCHEXOM IPUMEHATHCS MpPU pEelIeHUH 3a]ad Ha MakCUMYyM U
MHHUMYM, OTBICKAHHE T€OMETPHUECKHX MECT TOYEK, OKA3aTeJIbCTBO
reOMETPUUYECKUX HEPABEHCTB.

Mpumep 3.1.1. JlokaxuTe, 4TO OUArOHAIM YETHIPEXYTrOJLHHUKA
MEePIEHMKYJIIPHBI TOTIa U TOJIBKO TOrJa, KOrla CyMMBI KBaJApaTOB €ro
IIPOTUBOIIOJI0XKHBIX CTOPOH PaBHBI.

Pewenue. Ilycts muaronamun AC, BD uetrwslpexyronsHuka ABCD

NepIEHIMKYISIPHBI, TOTIa AC-DB = 0. U3 BTOPOT'0 TOXJIECTBA 3a/1a4n
| crenyer, uto B stoM ciyuae AB2 4+ CD? — AD? — BC? = 0. Orkyna
AB? + CD? = AD? + BC? unu AB? + CD? = AD? + BC2,

[IpoBenss mpeoOpa3oBaHrMs B OOpaTHOM TOPSIAKE, MOIYYHM:

24C -DB = 0. Otcroga cieayeT, YTO NUArOHAIM YeThIPEXyrONbHUKA
ABCD nepneHuKyIsSpHBL. O
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Mpumep 3.1.2. Touka D sBuseTcs cepeAnHON OcHOBaHUS AB
paBHOOeIpeHHOTO Tpeyroabuuka ABC, otpe3ok DM nepreHanKyIspeH
cropone BC (M € BC), Touka N — cepeauna orpeska DM. JlokaxuTte,
yTo orpe3ku AM n CN nepneHauKyIspHBbl.

Pewenue. Tlpumem Bextopsl CA = d, CB = b 3a GasucHble u 110-
noxuM |d| = |b| = a (tpeyronpauk ABC paBHOOenpeHHsIit). Torma u3
o —_ = — 1 - -
YCIIOBHI 3a1a4u cienyer, uro CM = ab, CD = > (a + b). Orcrona

—

DW = TH —TB = —a +(« —1)5,

¢ AM =CM —CA = ab —é.
Bekropst CB u DM OpPTOTOHAJIBHBI,
MO3TOMY
M —_— a - a\ -
CBDM = ——ab+(a®— )b =
N - 2 " 2
— > 2 2 —
A D B ——Eab+(a —E)a =0,
Puc. 3.6 U, CJIEJIOBATEIILHO,

db = 2a — 1)a?.
Touka N — cepenuna orpe3zka DM, nmosTomy
—_— 1 /—— —_— 1/(1 /- - - _ l > E l -
CN=1(CD+CM)=1(3(a+b)+ab) —_4:1+££+4)b.
Haiinem ckanspaoe npousBeneHue BekropoB AM u CN:

AMCN = (ab-a)(a+(5+3)b) =
S LS LR L

24 2 4
Vuntsisas, uto @2 = b? = a2, @b = bd = (2a — 1)a?, HOJTy4HUM

— a, 1y 2_1 2 —

AM CN =2 (2a - 1)a? +a(;+z)a ~2a —(; Z)(2a—1)a =

a’? a  a?®  a 1 a a 1
=a2(———+—+————a2+———+—)=0.
2 4 2 4 4 2 2 4

Takum 06pa3oM, BEKTOPHI AM u CN OpPTOTrOHAJILHBI, & 3HAYUT, OT-
pe3ku AM u CN neprieHAUKYIISIpHBL. O

Mpumep 3.1.3. JlokaxkuTe, YTO €C/IU MpsiMasi MEPHCHANKYIISIpHA
KaXI0H U3 ABYX IMEPECEKAIOMINXCS MPSAMBIX, JISKAIUX B IUIOCKOCTH, TO
OHa MEePHEHAUKYIIPHA ITOH IIOCKOCTH (NpU3HAK nepneHOUKyIspHOCmu
nPSAMOUL U NIOCKOCHIL).

Pewenue. Tlycte npsimble a u b mepecekatorcst B Touke 0, a —
IUIOCKOCTD, MPOXOJSIIAsi Yepe3 dTH MpsSMEIe, MpsiMas C MEepHeHANKY-
JsipHa TIpsiMbIM a U b (puc. 3.7).
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Ha npsmbix a, b BeiOepem Touku A, B, ornuunblie oT Touku O.

o o - A

Touxku A, B, O He nexaT Ha OJHOM MpsIMOM, TOSTOMY BEKTOpHI d = OA,
S \

b = OB nexomnmueapusl. Ha npsimoii ¢ Beibepem touku C, C; u 0b6o-

T
3HaunM CC; = ¢. o ycmoButo

c La, c1b, cienoBatensHo, Cif

ay

¢ld, ¢lb u ¢d=0,
¢b=0.

IIpsmas Ha3bIBACTCS
NEPIEHANKYIIIPHON  IJIOCKO-
CTH, €CIIM OHa NEpPHEHIHNKY-
JSIpHA Ka)XIOW IpsMOH, Jie-
JKalllel B STOM TIJIOCKOCTH.
[ToaToMy paccMOTpHM MTPOU3BOJIBHYIO MPSIMYIO d, JeHKAIILYIO B TIOCKO-

Puc. 3.7

cti a. OrmeruM Ha nipsimoid d touku D, Dy n BEKTOP d= DD1 Pazno-
KHM BEKTOP d o HEKOJLIHHEAPHBIM BEKTOPaM dub:
d=xd+ yb

VMHOKHM 00€ Y4acTh 3TOr0 PaBEHCTBA CKASIPHO Ha BEKTOP C-

3 - 7 - > 2

dé¢ = (xd + yb)¢ = xdc + ybé.

> > -7 I
VYuuteiBas, uto ¢ d = 0, ¢ b = 0, orciona nonyuum: dc = 0. [TosTomy
S
d L ¢ wucld. CnenosarenbHo, O ONPENEIECHAIO TIPAMOM, MEPIEH M-
KYJISIpHOH IJIOCKOCTH, ¢ L a. O
Mpumep 3.1.4. Bee mnockue yribt Terpasdapa OABC nipu Bepiiu-
He O mpsiMble. JlokaxuTe, 4To KBajpar ruiomann rpanu ABC paBeH
CyMMe KBaJpaToB IUIOLIAAEH OCTaJbHBIX I'paHel (00HO u3 npocmpan-
cmeeHHbIx 0000wenut meopemwl Iugazopa).
- —

Pewenue. Tonoxum OA =d, OB =b, 0C =& 0A=a, OB = b,
oC =c. Torﬂaﬁ=ﬁ—m=E—&,R=—)—O—A)=5—&. ITo
dhopmyne (3.3)

Sapc = %\/EZ +AC? — (EA—)C)Z =
- 2 - 2
:%\/(b—&) @-a2-((b-a)c-a) =

=§\/(Bz—2a5+a2)(62—z*a+62) (bé - bd —ac + a2)".

U3 yenosus 3amaun db = 0, ac = 0, b¢ = 0. [Tostomy

S
a
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Sigc = %(bz +a?)(c?+a*) —a*= i(azb2 + b%c? + c%a?).
KBagparsel miomaneil mpsMoyronsHbIX TpeyroasHukoB OAB, OBC,

OCA cOoOTBETCTBEHHO paBHBI

2 1 232 ¢c2 _1322¢2 _1.22
SOAB_Zab’SOBC_ZbC’SOCA_ZCG"

CrienioBatenbho, Sige = Siap + Sépc + Séca- O

Pemienne cnenyronieid 3a1auu JEMOHCTPUPYET OTMEUEHHBIN B IIpe-
JIBITYIIIEM MYHKTE HEJOCTAaTOK BEKTOPHOrO METOAA. B HEll oueBUAHBIN
IJIaH pelieHus TpeOyeT MpH ero peam3aluy MPOCThIX, HO JJOCTATOYHO
JONITUX BBIYUCIIEHUI.

Mpumep 3.1.5. Bokpyr kBaapata cCO CTOPOHOW 2a ONHCaHA OK-
PYXHOCTb. JlOKaxuTe, 4TO CyMMa KBaIpaTOB PacCTOSHUI OT Jr000i
TOUKU OKPYKHOCTH 10 IPSIMBIX, COAEPKaIllMX CTOPOHBI KBajpara, Io-
CTOSIHHA U paBHa 8a?.

Pewenue. HyCTL 0 - - LIeHTp KBajpara ABCD. Beibepem 3a 6azuc-

HBIC BEKTOPBI OE =d u OF = b rae E, F — cepenunsbl ctopoH AB n
BC cootBerctBenHo (puc. 3.8). Torna

|@| = |b| = a, db =0,
C F B 5147 =ad- B, _O_é a+ E,
1 M O0C=—d+b,0B=—d—b.
Pamuyc OKpyXHOCTH, ONMUCAHHON OKOJIO
o E y
KBaZpaTa CO CTOPOHOH 2a, paBeH av/2.
IToaTomy panmyc-BeKTOp
D A OM = xd + yb
Puc. 3.8 MIPOM3BOJIFHON TOYKHM M 3TON OKpY>KHO-
CTH UMeeT IMHY |W| = avV2, ciaenoBa-
TEJIBHO,
OM? = xd? + yb? = (x2 + y?)a? = 2a?
u

x24+y2=2.
Paccrosiune d(M,AB) ot Touku M 10 nipsmoii AB MOKHO HalTH
o popmyie (3.5):

d(M,AB) =\/m2 _@
) ﬁz .
OueBUAHO, UTO

AB = OB — OA = 2b, AB? = 4a?,
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AM =0M — 04 = (xd+yl_5)— (&—B) = (x—l)c'i+(y+1)l_5,
AM? = (x — 1)%@% + 2(x — D (y + Db + (y + 1)%b* =
=a*((x —1)*+ (y + 1?),

AB AM = 2b ((x — D)a+ (y + Db) = 2(y + Db? = 2(y + 1)a?,

(AB AM)" = 4(y + 1)%a*.
[Toatomy
(d(M,AB))" = a?((x — 1)% + (y + 1)?) —
=a’(x —1)2
AHaJ'IOF NYHO HAXO0AUM
(d(M,CD))” = a?(x + 1)?,
(d(M,BC))” = a?(y — 1)?,
(dM,cA))* = a?(y + 1)2.

4(y + 1)%a*
4a? B

Otcroma

(d(M,AB))* + (d(M, cD))" + (d(M, BC))” + (d(M, CA))” =

=a?((x—1D)?*+(x+ D>+ (@ -D*+@+ 13 =
=a’?(x?—-2x+1+x2-2x+1+y?—2y+1+y?+2y+1) =
=2a?(x? + y?) + 4a® = 4a? + 4a® = 8a?.

Haiinennast cymMa He 3aBHCUT OT BbiOopa Touku M. CnenoBareib-
HO, CyMMa KBaJIpaTOB PACCTOSHHI OT JFO0OH TOYKUA OKPYKHOCTH, OIH-
CaHHOM OKOJIO KBaJpaTa, J0 MPSMBIX, COIEP)KAIIMX CTOPOHBI STOTO
KBaJ[paTa, IOCTOSHHA U paBHa 8a?. O

3.1.3. 3adayu Ha ebIYyuc/ieHUe. B 3HaYnTeNbHOM YacTH 3a1ad,
npeasiaraéMpIX B ydeOHMKaxX W 33JauHHKax 110 TeOMETPUH, N3ydaroTCs
CBOWCTBA TPEYroJbHUKA U KOMOWHAIMI TPEYTrOJbHUKA C APYTUMHU (PH-
rypamu. [Ipu permieHnn 3TUX 3a/a4 JOCTATOYHO YaCTO MOXKET OBITH I10-
JIe3eH pe3ynbTar CleTyomei 3a1auu.

3apaya 3.2 (teopema CTioapTa’). Touka C, oenum cmopony AB
mpeyeonvuuka ABC 6 omunowenuu A, cuumasn om eéepuiunvl A. Boipasu-
me 6eKxmop Z’f; yepes 8eKmopul CA, CB u naiioume ONuUHy ompesKd
CCy, ecru AB=c,BC =a,CA=b.

* Ctroapt M. (1717-1785) — moT/Ian/ICKMii aCTPOHOM ¥ MAaTEMaTHK.
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Pewenue. Tlo Gopmyne peneHus: oTpe3ka B JAaHHOM OTHOILICHHUHU

——— CA+ACB - P ==
cc, = EPFTI Beenem o6osnauenns CA=b, CB=ad, Torma
b+la

ccy = . Haiinem ckansipubnii kBaapar Bexropa CCy:

1+1
2 (5+2@)° _ B2+2A(ba)+1%@

Toan? (1+2)2
TTo onpeeNeHnIo CKATSPHOro MpousBeaerus db = ab cos C, a u3 Teo-
peMbl kKocuHycoB 2ab cos C = a? + b? — ¢?, mosromy

e

TZ _ b2+A(a?+b%-c?)+A%a? _ b%+1a? Ac?
1= (1+2)2 T 142 (1+2)2"
CrnenoBaTebLHO,
bZ+Aa? Ac?
CCi = |—— (3.10)

144 (1+A)? -

UYroOb! rcnionb3oBaTh TeopeMy CTioapra, Kak BHIUM, HYKHO 3HATh
OTHOIIIEHHE A, B KOTOpoM Touka C; jemut orpe3ok AB. CHavana 0ObIMHO
MPUXOIUTCS BBIYUCIATH 3TOrO OTHOLIEHHE. Yale Bcero B KauecTBe TOUKU
(C; paccMarpuBacTCsl OCHOBAaHHE MEIMAHBI, OMCCEKTPUCHI WJIM BBICOTHI
TpeyroibHUKa. B cioydae menuansl, C; — cepequna orpeska AB, mosToMy
A = 1. PaccMoTpum, Kak HCHONB3YsI BEKTOPBI, HAWTH A B NIBYX IPyrux
CITyJasix.

3apava 3.3. Jan mpeyeonvnux ABC, CC; — buccexmpuca enym-
PpeHHe20 (8HeuiHezo) yena 3moeo mpeyeoivuuka. Hatioume omuowenue,
6 komopom mouxa Cy denum cmopony AB.

Pewenue. Bynem nonp3oBarhcsi 0003HAYSHHUSIMU TIPEIBIIYINEH 3a-

nauu. Ilycte orHOIIEeHHe, B KOTOPOM Touka €y AenuT cTopoHy AB, cuu-
CA+ACB

Tasi or Touku A, paBHO A. Torma CC; = 7 WM, C YUETOM HpUHS-

TBIX 0003HAYEHNH,

A A - 1 7
CCl = m a+ m b.
ITycte A > 0, Torma Touka C; AenuT OTpe3oK AB BHYTpeHHUM 00-

>
pasoM. HaiiieM eIMHUYHBIE BEKTOPHI Ay, by COHANPABIIEHHbIE C BEKTO-

5> 7. — a 1 b
pamu a, b: ag =—, by = &l (13 ompeneeHUs MTPOU3BEIICHUS BEKTOpa

lal’ |
— 1
Ha 4KCIIO, HAIIPUMED AJIS BEKTOpa d, MMeeM: |ag| = 7
P
pauIesorpaMM, MOCTPOEHHBIN HAa €IMHUYHBIX BEKTOpax g, by, Oymer

pomOom (puc. 3.9), a nuaroHayi poM0Oa SBIISETCS OMCCEKTPUCON JBYX

|a] = 1). Ila-
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- — —
€ro MPOTHBONONOXKHBIX yrioB. Iloatomy Bekrop | = ay + by Kommm-

HeapeH BekTopy CC;, ¥ 3HAYUT,

b.

C2 B Cl A
Puc. 3.9

CpaBHI/IBaSI paznoxenus Bekropa CC; 10 HEKOJUIMHEAPHBIM BEKTO-

aMm d I/Ib UMEEM: — A LA . 4 Orkyna A = 2I/I CIIEIOBATEIILHO

p 1+)L a 141 b' YA a’ A ’
CC1=—a+—b (3.10)

a+b
3aMeTuM, 9TO MBI TTOJyYUJIM BEKTOPHOE JI0KA3aTelIbCTBO XOPOIIIO
AC b
M3BECTHOrO (pakTa: C—; = - buccexmpuca GHympeHHe20 yeia mpe-
1

V2ONbHUKA 0eNUm NPOMUBONONIONCHYIO CHIOPOHY HA 4aACcmu, NPONOPYUO-
HAIbHble NPULEHCAUUM CHIOPOHAM.
buccektpuca CC, BHEIIHETO yrja TPEYroJbHUKA JEITUT OTPE30K
AB BHemHUM 00pa3oM M NepreHauKyisipHa ouccekrpuce CC;. IToaTo-
—

My OHA IapaJulesibHa BEKTOpY ag — by. B camom zierte,

—. —. 2 —2
(@ —bo)(@ +by) =ag —by =1—-1=0.
ACy b
AHAJIOTUYHO JOKa3bIBACTCS, YTO B ITOM Cilydae A = — p= o
1 a
3aMeTuM, YTO Ha OCHOBAaHHM TEOPEMBI CHHYCOB MCKOMOE OTHOLIIE-
HHUE MOXKHO TaK)Ke BBIPA3UTh Y€Pe3 MEPHI YIIIOB TPEYTOIbHUKA
b sinB
A==-=—
a sinA
3apava 3.4. [Jan mpeyeonvnux ABC, CC, — e2o evicoma. Haiiou-
1
me omHouieHue, 8 komopom mouka Cy oenum cmopoty /£ AB.
Pewenue. Tlo ycnosuto CCy; L AB, modTOMY CC1 .AB = 0. BoI-

—

TIONHKB B 5TOM PAaBEHCTBE 3aMEHY AB=CB-CA=d - b, MIOIY4UM
CC(d—b)=0.Orkyna CC; -d = CC; - b.
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[Iycts Touka C; aenut cropony AB B orHoumeHuH A, cuuTas OT

——— _ CA+ACB —— _ b+Ad
Touku A, torma CC; = o W cc, = v Ecmu ymHOXMTE 00€

YacTH TIOCJIE/IHETO PABEHCTBA CKAJSIPHO CHAvasa Ha BEKTOP d, a 3aTeM
-
Ha BEKTOP b, TO TIOJTY4MM OJIMHAKOBEIC PE3yITATEI; TTOITOMY
b + 1a? = b% + A(db).

Orcroga cnemyer, 4ro A = gz:gg. Vuuteisas, uto db = ab cosC =
=1 (a? + b? — ¢?), HaiineHHOE OTHOIIEHHE MOKHO 3aMMCATh B BUJIE
5 ,
b%+c%2-a?
= aZ4ciop?

[Monyuennas ¢opmyrna Beipaxkaet otHomenne A = (AB, C; ) uepe3
IUTMHBI cTOpoH TpeyromasHuka ABC. Ilpu pemieHNH HEKOTOPBIX 33134
ropasao yJaoOHeH 3HaTh BBIPAKCHHE 3TOrO OTHOLICHHS Yepe3 Mephl yrI-
JIOB TpEYTOJbHUKA. Tak Kak

__ b?-ab _ b(b-d) _ CA-BA _ AC-AB _ bccosA _ bcosA

=

@2-@b  a(@-b) CB-AB BC-BA accosB  acosB’

b sinB
a II10 TCOPEME CUHYCOB — = ——,
a sin A B
1= tgB
gA

B xome pemeHus MIaHUMETPUYECKMX 3a/ad YacTO IMPUXOJHUTCS
BBIYHCIIATH JUTMHBI MEANaH, OMCCEKTPHUC M BBICOT TpeyronbHuka. [Toka-
KeM, KaK HaXOJIUTh [UIMHBI 3TUX OTPE3KOB, UCIIOJB3YSI PACCMOTPEHHbIC
OTIOPHBIE 33149 H.

Mpumep 3.1.6. [dmunst ctopon BC, CA, AB tpeyronbauka ABC
paBHBl a, b, ¢ coorBercTBeHHO. Haiinmute mnmuny: a) meauansl CCy;
0) ouccexrpucel CL yrna C; B) 6uccekrpuckl CN yria, BHEIIHETO K yT-
ny C; 1) BeicoThl CH.

Pewenue. a) OcnoBanne C; menuansl CC; nenutr cropony AB B
orHowmennd A = 1. [loatomy u3 (3.10) Haxomum:

cc, = ”2;“2 —;—j =207 +a?) — 2.

b
0) Touka L nmemat cropoHy AB B OTHOmeEHHH A = —, CuHTas o1

BepuHbl A. Clie10BaTeNnbHo,

P a3
142 _(1+a) 4 T @02

— Jab((a+b)? = c?).
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-1 _
Ortcroma CL = — \/ab(a +b+c)(a+b—c) nm

CL ——,/abp(p — ),
raep :%(a+b +¢).

B) JlimmHa Guccextpucskl CN BHENIHETO yrila HAaXOIWUTCS aHaJormy-
HO. BBIMOTHKUB COOTBETCTBYIOIIKE TPEOOPA3OBAHMS, TOTYUUM:

CL = Py —a)(p—b).
[lpu a = b, 1. . B TOM chy4ae, Koraa TpeyroibHUK ABC siBisieTcs

paBHOOEIpEeHHBIM C OcHOBaHWeM AB, OuccekTpuca BHemHero Kk C yria
napaiiensHa AB.

b%+c?-a?

r) 3aech A = ————. BouncicHus
a?+c?-p? C
BbIcoThI CH ¢ momorisio ¢popmyiisl (3.10)
COTNPSDKEHO C TPOMO3JKMMH BBIYHCIIC- b a
HusiMu. [loatomy nocrynum uHaue. Ilo-
— A —=  b%+c%-a?—
ckonbky AH = —AB = TAB TO A H B
|b2+c?-a Puc. 3.10

2
AH = |AB Bynem cunrtath, uTo

2,22
b = a (puc. 3.10), torma AH = b+;—ca.

W3 npsimoyromnbHoro tpeyronsiuka AHC: CH = Vb? — AH? =
b2 (b2+C2—a2)2
4c?
MTOIKOPEHHOE BLIpa)KeHI/Ie.
4b2c?—(b?> + c? — a?)? =
= (2bc + b%? + c? —a?)(2bc — b* — c? + a?) =
=((b+0)?—a*)(a®-(b—0c)?) =
=b+c+a)b+c—a)(a+b—c)a—b+c)=
=16p(p —a)(p —b)(p—©).
[Tpuxomum k U3BeCTHOU (hopMyJie
CH=2\p(p—a)p—b)p—0). 0

Ilpumeuanue. B TtpeyronbHuke ABC nnuHbl MenuaH, MPOBEACHHBIX K
croponam BC, CA, AB, npunsito 0603Ha4aTh m,, m;,, M, COOTBETCTBEHHO;
BBICOTBI, ONyIIleHHbIC Ha cTOpoHbl BC, CA, AB wiu ux npopoinkeHus — hy, hy,
h.; a buccektpucs yrioB 4, B, C —1,, 1, l.. C yaerom 3Tux 0003HaueHNI:

m, = %wIZ(bz +c?)—a? m, = %JZ(aZ +c2) — b2,
m, =%w/2(a2+b2)—cz;

\/4b2c2 (b%2+c%2 —a?)?.  TIlpeobpasyem
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lo = ——\[abp(p —©), L. = —+Jabp(p - ©),
le= m\/abp(p —o);
he = 2\plp— )= D) — ), hy = 2[plp— a)p — HY(p — ©),
he =3Pl — - )P - o).
Mpumep 3.1.7. Meauanst AA,, u BB; tpeyronsauka ABC B3aum-

HO nepneHauKyIsipabl. Halimure ctopony AB, ecmu AC = 9, BC = 12.
Peuwienue. Ilycte G — Touka nepeceuenus meauas (puc. 3.8). Ilo-

noxuM GA = @, GB = b; 110 yclI0BUIO BeKTODBL @ 1 b B3aUMHO OPTOro-
HaJIBHBL, T03TOMY db = 0. TormaAB=GB—GA=b—adu
[— - 2 - — —
AB? =AB? = (b—d) =b?-2(db)+ a?=b?+d>
A Menuansl TpeyroapbHUKa TOYKOH G

WX TIEPEeCceueHHs JENIATCSI B OTHOLICHUU
2:1, cumtas or BepmuHbL [losTomy

GA,=—-d,GB,=—bu
B B]_ —)2 e —)2 1=
ABl = GBl_GA=_Eb_a,
Ay BA, = GAl—GB——% —b.
¢ Orcrona
Puc. 3.8 —2 =, =2 1.

AB; =2 +.b% BA; =;d+b?
— 2 —_—2 _ 5 ) —)2
nuAB; +BA, = Z(a +b ) Taxum obpazom,
— — 2
AB? = @ + b? :%(AB1 + BA, )
Ho AB; = %R, BA; = %R') u, 3Hauur, AB? = %( AC? +BC2) =
= %(92 +122) = 45. Orkyna AB = V45 = 3v5. o

Mpumep 3.1.8. Karerbl mpsMOyroiLHOTO

B TpeyroibHHuKa paBHBI a U b, a < b. Uepes cepenu-
HY MEHBIIEr0 KareTa MpoBedeHa OKPYKHOCTb, Ka-

carolasicsi TUIIOTEHY3bl B ee cepeaune. Haiinure

D PaJMyC ITOH OKPYKHOCTH.
Pewenue. Tlonoxum CA = @, CB = b. Torna
ld| = a, |b| =b,dab=0,
C E A AB=CB—-CA=b-a,
Puc. 3.9 CE =-AB =-d,CD =~ (CA+CB) = (d+ b),
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rae E — cepenuna Menbliero karera, D — cepeqnHa runoTEHY36I.
IIycts O — 1eHTp OKPYKHOCTH U

CO = xd + yb.
OKpyKHOCTb Kacaercst A THTIOTCHY3bI, TI09TOMY BEKTOP
0D=CD-C0=(;-x)a+(;-y)b
OpPTOTOHAJIEH BEKTOPY AB. 3Haywur,
COAB = ((——x)a+ G—y)l?)(l?—d) =0
OTCIO,Z[a(——x) (——x)&2+(§—y)52—(l—y)l_;d=01/1111/1

S

To ycnosuto OF = 0D, nostomyOE? = 0D?, rie
OE =CE—CO0 = G—x)d—yl?.

ITpeoGpa3yst paBeHCTBO
2

2
1 2 1 N 7
(G-2)a+ (=) B = (G- a5
1 1 .
nojyunm b%? —b%y = 0. Orkyna y = " IloncraBuB HaiiieHHOE 3HA-
YEHHE Y B PAaBEHCTBO, CBA3BIBAIOLICE X U Y, UMEEM:
1 1
xa? —sz = E(b2 —a?).
1 b2 R _bs 7
Orcrona x = = — —. Takum 06pa30M OE=—a—bmn
2 4a? 4a

0E =0 EZ—\/ + )b2=”—““2“’2.u

4a

Mpumep 3.1.9. Onna u3 CTOpOH PaBHOCTOPOHHETO TPEYroJbHUKA
obpasyer ¢ miockocTeio a yron 30°, a apyras — yron 45°. Haiinure
YroJl MEKAY IJIOCKOCTHIO TPEYTOJIbHUKA U IIIOCKOCTHIO X

Pewenue. Ilycte ABC — naHHBIA TpeyroipHUK, TOuka A € a, TOY-
ku By, C; — oproronansHble poeKkiuu Touek A, B Ha mimockocTs a. by-
JAeM  cymrath, urto £B;AB = 30,
£C,AC = 45" (puc. 3.10). Kpome Toro,
HE Hapymas OOIIHOCTH PacCyXICHUH,
YCIIOBUMCSl CUUTATh, YTO CTOPOHA Tpe-
yronbHuka ABC paBHa 1.

L = o

Oboszgaunm AB =a, AC=b, a
€IMHUYHBIA HOPMAaNbHBIA BEKTOP MJIOC-
KOCTH @ — uepe3 C. [IpumeM BeKTOpHI d,
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b, € 3a BexTopb Gasuca. CorziacHo MPUHATBIM cOramenHaM d° = b? =
5 - T 5> W M W

= ¢* = 1, a U3 yCIIOBHH 3a/1a4M CIEAYET, YTO db = 3 ac=s—-=g

:): Y s i

bé =—-—— =~ lMeeM CIIeNyIOIIyI0 TaOIHIly CKAISIPHBIX MMPOU3BE]IC-

2 4 4
HUM 0a3MCHBIX BEKTOPOB:

S

Ay Q
NIRNIR| = | Q

NS P IRS
[ Nlﬁl\.}lr—‘ ay

Yron Mexny IUIOCKOCTbIO TpeyroibHuka ABC W TJIOCKOCTBIO &
MOXHO HalTH Kak yroyl MeXIy HOPMAJbHBIMH BEKTOPAMH 3THUX ILIOC-
KocTell. HopMasbHBI BEKTOP IUIOCKOCTH TPEYrOJbHUKA, 0003HAUYMM
ero uepes 1, OPTOrOHAJICH BEKTOPaM Gub, nostomy i d=0,7b = 0.
Pa3oxuM BEKTOP 71 10 BEKTOpaM 0asuca:

i = xd +yb + z¢,
YroOsl HaliTH KO>P(HUIMEHTBI 3TOr0 Pa3OKEHHs, YUMTHIBAS COCTAB-
JIEHHYIO TabIUILy, yMHOKHM CKAIIPHO BEKTOP 7% Ha BeKTOpHI @ U b
X+ 5V +1 5Z= 0,

\/— _
Ex+y+7z—0.

PaccMoTpuM HaliileHHbIE COOTHOILIEHHS KaK CHCTEMY ABYX JIMHEHHBIX
YPaBHEHUI C IBYMs HEU3BECTHBIMU X U Y-

1 1
xX+-y=—-2z
zy 27
NA
“X+y=-——
2 y 2
V2-2 1-242
CucteMa MeeT pelleHue: X = TZ’ y = 3 z. lIlpupnaBast z HeHy-

JIeBBIE 3HAYCHUS W BBIYMCIISAS COOTBETCTBYIOLIME 3HAYECHHS X U Y, Oy-
JIeM MOJy4aTh BEKTOPHI, EPHEHINKYISIPHBIE JIOCKOCTH TPEyrojbHUKA
ABC. Tlonoxum, Haripumep, z = 3, TOraa
i=(2-2)d+ (1-2v2)b+3C.
Cornacuo (3.9) uckomasi BeIMYMHA (@ OBYTPAHHOI'O YIJIa MEXIY
|7t cl

Il

IJIOCKOCTSIMH pPaBHA COS @ = Haxomum:
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At=1(v2-2)+2(1-2v2) +3 =2,
i2=(Z-2)"+(1-2v2) +3* +2(VZ-2)(1-2v2) +
+2(VZ-2)-3+22(1-2v2)-3=.

N3 42 42
CJ'IC,Z[OB&TCJ'H)HO, COSQ = = [-Hhu@ = arccos |—. O
1- 3\5 9 9

Mpumep 3.1.10. Jan xy6 ABCDA,B{C,D; ¢ pebpom a. Haiimure:

a) yroj Mexay IUaroHajbio Ky0a M CKpeLIuBarolencs ¢ Hel aua-
TOHAJIBIO TPaHHU;

0) yrom MexIy CKpEIUBAIOIIMMHUCS JUArOHAISIMU CMEXHBIX Tpa-
Hel Ky0a;

B) yros Mexay nuaronanbto CA; xyba u miockocteio AB; Dy ;

T') yrol Mexmy auaroHansio CA, xyba u miockocteio ABC;

I) yroi Mexny miockoctsimu ABD; u ABCy;

e) yroxn mexuy rutockoctsima AB;D; i A, C;D;

) paccrosiHe oT BepiiuHbl C 10 miaockoctd AB; Dy ;

3) PacCTOSHHE MEXKIY CKPCIIUBAFOIIUMHUCS THATOHASIMUA CMEKHBIX
rpaHeii kyoa;

M) paccTosiHue OT BepumHbl C 70 nuaronam AB; rpanu ABB;.

Pewenue. Tlpucoenuaum k KyOy 0Oazwmc (E,A—ﬁ, TAJ Bexropst

sToro 6asuca UMEIOT JUIMHY |A—§ | = |ZB| = |A—A£| = @ ¥ TOMapHO Op-

TOrOHaNBHEL, T. €. AB-AD =0,

AB-4A, = 0,4D - 44, = 0, Cy B:
a) Haiinem, nampumep, yron o D N
1 LN
MEXIly AuaroHaibio kyoa CA; u aua- N NN, .Y
roHanpto AB; rpann ABB;A;. Cornac- N \\, N
HO (hopmyre (3.6): N N
oS o = |E:4~1).ABI| . II C /_\_ N B - A B
|c44][4By| ) . SO\
—_ —_ 4 ~ \J
Paznoxum Bexropet AB; u CA; no D =
BeKTopam Oasuca: Puc. 3.10

AB, = AB + 44,, CA, = 44, — AC =
= —AB — AD + 44,.
Ortcrona
CA, - 4B, = (AB + 44;)(~AB — AD + A4;) = —AB? -
—_— — —_— — —_— — —_— — —2
—AB-AD + AB -AA, — AA, -AB — 44, - AD + 44, =0.
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CraenmoBarensHo, cosa =0 u o = g

0) Haiinem yron 8 mexxny nuaronansio BA, rpanu ABB; A, v nua-
ronansio AD; rpanu ADD; A,. Umeem:
|B4;-AD;|
|BA1]|4D, [
rne BA, = AA, — AB, AD, = AD+AA, u |BA,|=|AD,| = aV2.
Beraucisist

B —g —_— —_— — —2
BA; - AD; = (AA; — AB)(AD + AA;) = AA; - AD + AA, —
—_— —— —_— — — 2
—AB-AD — AB - AA, = AA, = a?,

HaxoIuM CoS ff = % CrnenoBarelbHo, S = g (MoxHo ObLITO, pazymeeT-

cosf =

Csl, OTJIOXHUTH OT BEpPLIMHBI B BEKTOp B—C_f = A—)DjL U 3aMETUTh, YTO
BAC; — paBHOOEApEHHBII TPEYTOJIHHHUK.)

B) [TockolbKy yroi Mexay TMaroHaibio Ky0a v CKpeluBaromencst
C Hell JuaroHajiblo TpaHu paBHA g (myHKT a), TO nuaroHanb kyoa CAq
Oyner neprneHauKysipHa nuaroHansm AB; u AD; rpaueii, a, 3Ha4HT, U
mwiockoctu AB, D; .

r) VICKOMBIiA YTOJ1 Y MOXKHO HalTH KaK yroj MEXIy BEKTOPOM C—A£
U HOpPMAaJbHBIM BeKTOpOoM miockoctu ABC;D;. Tak xak DA; L AD; u
DA; 1 AB, To Bekrop D—Al) SIBJIIETCS. HOPMAJIBHBIM BEKTOPOM IIJIOCKO-

ctu ABC,D;. Tlo dopmyse (3.7) siny = %
1 1

= a2, |CA;| = av/3, DA; = AA; — AD, CA; = —AB — AD + A4;, 10
—_— —_— —_— —_— — 2 —_—
DA, - CA, = (AA; — AD)(—AB — AD + AA;) = AA;, + AD? = 2a?

. 6 . 6
usiny = g Otkynay = arcsm‘/?—.

ITockonbky |TA;| =

—_—
n) Tax kax CA; — HOpMamnbHBIN BekTOp miockoctu AB;D; (cm.

MYHKT a), D—Al) — HOpMaJbHBIN BekTop miuockoctu ABC; Dy, T0 B cuity
MIPEABIAYIIErO MyHKTA HICKOMBIM YroJi paBeH Y.

r) Paccrosiaue d(C, AB;D;) ot Bepmmusl C 10 tuiockoctd AB; Dy
paBHO AnuHe nepneHaukyisipa CN, omyiieHHOro u3 Toukd C Ha 3Ty

mockocTh. [lmockocts AB{D; mapamiensHa BeKTOpam ZB—l) = AB +
+A—)Al, A—D£ = AD + A—Al) [ToaTomy
CN = CA + sAB, + tAD, =
= —(AB + AD) + s(AB + A4A;) + t(AD + A4;) =
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= (s — 1)AB + (t — 1)AD + (s + t)AA;.
Tak Kak BEKTOp C—N) OpPTOrOHAJIEH BEKTOpPaM A—)Bl, A—Df, TO C—N A—B£ =0,
CN A_D_f = 0. UmeeMm:
CN 4B, = ((s— 1DAB + (t — DAD + (s + t)ATl)(/ﬁ#A_’Al) =

= (s—1)AB2 + (s + )44, = (25 +t —1)a? = 0,
ﬁv’A—’Dlz((5—1)E+(t—1)E+(s+t)A—’Al)(E+A_’Al):

—_ —2
=(t—1)AD? + (s + t)AA;, = (s+2t—1)a?=0.

2s+t=1,
3HauuT, S, t yIOBIETBOPSIOT CHCTEME {s 4 2t — 1 Pbemwas KOTOpyio

—— — — —— —— . 2
Haxomum: s = t = <. Tlootomy CN = = (4B + AD + A4;), CN? = =2

uCN =+JCNz =283,
3

3) Halizem paccTosiHre MeXIy CKpPEIUBAOIIMMHUCS JHATOHAISIMH
BA, u AD; (mysakT 6). CornacHo (3.6) HCKOMOE pacCTOSHHE PaBHO pac-
CTOSIHHIO OT TOYKU A JIO TIJIOCKOCTH 7T, TIPOXOJIAIICH uepe3 TouKy B ma-

—_— B a—
pamensHo Bekropam BA; u AD;. Ilycte H — ocHOBaHME TIEPIEHANKY-
JsIpa, OMYIIEHHOr0 M3 TOYKU Ha Iuiockocth 7. Torma d(BAq,AD;) =

= AH, AH BA, = 0, AH AD, = 0, rzie
AH = AB + xBA, + yAD; =
= AB + x(AA, — AB) + y(AD + AA;) =
= (1 —x)AB + yAD + (x + y)A4,.
Nwmeem:
ﬁﬁl=((1—x)ﬁ+yA_D)+(x+y)A—)Al)(E—E)=

=—(1—x)ﬁ2+(x+y)rfll2= (2x+y—-1)a? =0,
mA_Dl)=((1—x)ﬁ+yﬁ+(x+y)m)(ﬁ+m)=

=yﬁ))2+(x+y)A—)Al2 = (x+2y)a® = 0.
2x+y=1

CneqioBaTenbHoO, X, Y YAOBIETBOPSIOT CHCTEME {x +2y=0 Pemas
2 1
STy CHCTEMY, Haxomum: X = 2, y = ——. OTkyna
AH = = (4B + AD + 44,),
3

. 2 —
AH? =%y AH = AszaTﬁ.
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n) B cuny (3.5) paccrosaue ot BepumHbl C g0 auaroHanu ABq
rpaau ABB; MOXHO HaiTu o hopmyJie

d(C,ABy) = jZ‘éz _ @y

4B,

_ —_ JE Y — J————Y _ Y — 2
rne AC = AB + AD, AB; = AB + AA,. Umeem: AC? = AB, = 2a?,
AB, - AC = (E+E)(E+A—)Al) = AB? = q2. Orcrona

= 2 _ @t _ a6
d(C,ABy) = |2a 5= 50
Mpumep 3.1.11. Jlan npaBuibHbli TeTpadap ABCD c pebpom a.
Haiimure:

a) yroil MeXmy ero MmpoTHBOIO-
JIOXKHBIMH pedpamu;

0) yroia Mexmy CKpeIIUBaroIIu-
MUCS MEJIMaHAMH CMEKHBIX I'paHei;

B) YTOJI MEXIy TIOCKOCTBIO T'pa-
HHU U peOpoM, B HEW HE JIeKaIINM;

T) yrol MeXIy TIIOCKOCTSMU
rpaHei;

II) paccTOSIHHE MEXIy TPOTHBO-
MOJIOKHBIMU pedpamu;

€) pacCTOSHHE MEXIY CKPEIIMBAIOIMIMMUCS MEIHMaHAMH CMEXHBIX
rpaHei.

C Puc. 3.11

Pewenue. Boibepem sexropst DA = d@, DB = b, DC = ¢ B kauect-
Be 0asucHBIX BekTopoB (puc. 3.11). Toraa mo yciaoButo:
@ = b2 = = a?
db = b = a¢ = éd = b¢ = b = a? cost = ~a?.
a) Haiinem, nanpumep, yron (DA, BC) mexny pedpamu DA u BC.
Ero MOXHO HalTH Kak yrojl MEXAY BEKTOpaMHU DA=duBC=DC -
—DE = &— b. Umeem:

DA BC _ a(é-b) _ac-ab _ya’—,a
cos £(DA,BC) = —=—— = (e-b) _de-ab _ 307 =0.
|D4||BC| a? a? a?

CnenoBarenbsho, £(DA,BC) = g
0) Bynem nckath yriel Mexny Menuanoi DA; rparan DBC u ckpe-
IMBAtOIIMACS ¢ Hell memmanamu AA,, CC, tpamm ACD. VYron
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2(DA;,AA;) MOXHO HaAWTH KakK yroJl MeXIy BEKTOpaMH D—Al) =
:%(_D—E+56) =%(I_9)+5)I/IA2A :_D_A?—DA2 = d’_%g{ Wmeem:

DA =2 (5+9)

Il
N |-
S
N
+
N
Q
ay
+
ay
N

Il
N | =
N
+
Q
N
+
Q
N

I
o5 15

1 1
(+ci-36%)=2a’.
(Pazymeercs, TIMHBI BEKTOPOB |DA1|, |A2A| MOXXHO OBIJIO HE BBIYHC-
JSITh, @ Cpa3y BOCIOJIB30BATHCS TEM, UTO JJTMHA MEIHAHbI TPABUIBHOTO

o av3
TPEYTOJIbHUKA CO CTOPOHOH a paBHa T)

-— 1,

DA, A4 2@

Orcrona cos £(DAy,AA) = |DA11||A2A| = (Z/g z=<
%)

cjacaoBa-

1
tenbHOo, £(DA4, AyA) = arccos.
Yron mexnay menuanamu DA, u CC, HaliieM KaK yroil MexTy BeK-
_ —_ —_ —_ —_ 1= > 15
topamu DA; u C,C = DC — DC, = DC _EDA =c—za Tak xak
N~ i A~ 1.7 - > 15 1(7- 17 - 155 1
D,A-CC, ==(b+¢) (c ——a) :—(bc——ba+ c? ——ca) =-a?,
2 "2 2 2 2
DA;-G;C _ 2 _ 2
Daed — 3 u £(AD;,CC,) arccos3.
B) Haiinem, nanpumep, yron mexnay pedpom AD u MIOCKOCTHIO

ABC. Tlockonbky miiockoctb ADAq, mpoxonsmas uepe3 pedpo AD,
MepPHeHMKYIISIpHA TUIOCKOCTH ABC, TO MCKOMBIHT yTron (0003HaYMM €ro

() MOXHO HaliTH Kak yroi MeExIy BeKropaMH DA=d n DA, =
=%(B+E’) Tax kak |E4’| ld| = a, |DA1| ——I/I
DA - DA1=—a(b+c)——ab+1(i5——a +1 a ;az

2

to cos (DA, C,C) =

N

a

TO COS = DA'DﬁAl = Z == CrnemoBareibpHo == arccosﬁ
P = DAlpa;] T gaE 3 A P = 3

2

@

r) [Inockocts ADA; neprnienauKymsipHa pedpy BC, TOSTOMY HCKOMBIA
yron (0003HaYMM €ro 1Y) HalWjaeM Kak yrojl Mexay Bekropamu AqD =
=—DA, = —l(b+5) v A,A=DA—-DA, = d—%(b+5). Tak kak

(45| = [41] = LuAD A = -2 (5 + ) (a-2(b+9)) =
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2 4

- - 2 - b2 - ;2 2
=l(_(b+€)a+l(b+8 )=1(—b&—5*+” +bE+C—>=a—,
2 2 2 2

-p‘QN

ApAA
|4.D|[4.4] (L@)Z
2

TO COSY = = gn Y= arccosg.

1) PaccrosHMe MeXIy CKpEIMBAaONIUMHCS peOpamu, HammpuMep
AD wn BC, paBHO anmuHe oOuiero nepreHaukymnsipa npaMeix AD u BC.
OTOT MepHneHIUKYJSIp JeKUT Ha NPSAMOM, MO KOTOPOM IMepeceKaroTcs
IIJIOCKOCTH, MPOXOAALINE Yepe3 OAHY W3 JAHHBIX MPSIMBIX, NEPHCHH-
KyJsapHO Apyroil. B paccmarpuBaemom ciydae 310 miaockoctd BCC, u
ADA,, tne C,, A; — cepequnbl pedbep AD u BC coorBercTBeHHO. [lo-
9TOMY JJMHY obuiero nepreHmukyisipa C,A; Oonee MpocTo HAWTH MO
teopeme [ludaropa, Hampumep, nU3 HPSIMOYTOJIBHOTO TPEYrOJILHHUKA

DCyA,: oA, = /DA12—62D2 - (“zﬁ)2 - (g)z =2

e) B nmanHOM ciydae MOIXOA, WMCHOJB30BaHHBIA B MPEABLIYIIEM
MyHKTE, TpeOyeT JOMOMHUTENBHBIX U HEOUEeBHIHBIX TTocTpoeruil. C mo-
MOIIbIO BEKTOPOB, OIHAKO, MOXKHO (hOPMajIn30BaTh MPOLIECC BBIUUCIIE-
HUI 1 COBCEM HE MPHOETaTh K IOCTPOCHHSIM.

Bwraucium paccrosiare mexny meauanamu DA, u AA,. Ero mox-
HO HaliTH Kak pacCTOSIHUE OT TOYKH A 10 TIJIOCKOCTH

—_— > o
a= (A, DAl,AzA), npoxojdiei depe3 mpsmyio DA, mapamiensHO
npsimoiit AA,. Ilycts AN — BeKTOp, NEepIEeHUKYIISAPHBIA IIIOCKOCTH «,
o —_— —_— —_—
KOHEI[ KOTOPOro JISKHUT B 3TOM mmockoctu. Torma AN = DN — DA, tne
_ — 1,7 IR
BekTop DN KOMIlIaHapeH HEKOJUIMHEApHbIM BekTopaM DA, = 3 (b + c)

uA,A=d-— %E’. [TosTomy
_)_l i = ->_l-> - _ - l i l _l -
AN—Zaﬁ+c)+)& ﬁ a=(y 1)a+2xb+(2x 2y)c
Tak xak AN L DA, AN L A,A, 10
— — 1 L1 2 (1 1 \2\(7, o
AN-DA1=—((y—1)a+—xb+(—x Ey)c)(b+c)=
=—(y—1)ab+ (y 1)ac +- xb2+1x55+(x——y)85+
+( x——y) ¢? =0,

1 1 - - 15 _
AN-AZA:E((y—1)a+§xb+(§x—5y)c> a—Ec)_
=5 —1Da* - (y—1Dac+;xba—_xbc + (4x 4y) ca
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8 8
Orcrona
{6x +y=4,
x+ 4y =6.
18 32
Pemas aTy cucteMy, HaXoIuM X = =Y = CrnenoarenbHo,
AN = —(=3d +9b — 7¢)
35
nu
d(DAy,AA,) = |AN| =
= 1./942 +81b2 + 4932 — 2-27d@b + 2 - 214¢ — 2 - 63b¢ = 22
35 V35

Paccrosane mexxny menuanamu DA; u CC, BbMUCIAETCS aHAJO-
rudHo. Ero MOXHO HaWTH Kak paccTOsHHE OT TOYKH C IO TIIOCKOCTH

B = (C, DAD@), npoxopsmel depe3 mpsmyio DA; mapaueiabHO

npsmoit CC,. [Tycte CK — BekTOp, MEPIEHIUKYISPHBINA MIOCKOCTH [,

o —_— P —_—
KOHEI[ KOTOPOTo JISXKHUT B 3T0H Tuiockoctu. Torga CK = DK — DC, the

—_— e i ad s
BekTop DK KOMIIIaHapeH HEKOJUIMHEeapHbIM BekTopam DA, = 3 (b + c)

. )
uC,C =¢— E&. [TosTomy
1

CK=1s(b+8)+t(¢—1d)-c=—Zd+sh+(3s+t—1)c
2 2 2 2

2
TaKKaKfilm,EEl@?,To
CK-DA; =2(-d+2sb+(3s+t—1)¢)(b+¢) =
ac +3sb? +2sbé+1(3s+t—1)cb+
4 2 \2

Ortcroma
{Zt +3s =3,
3t +2s = 3.
[Mony4eHHas cucteMa UMEET pelieHue: t = § = S 3Ha4uT,
CK =~ (=3d+3b—27)
0

1
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d(DA,,CC,) = |CK| =

=2 9d2 + b2 + 2 — 2 9db +2 -3¢ — 2+ 3b¢ =

ay10

10
Mpumep 3.1.12. Jlan ky6 ABCDA,B,C;D; c pebpom 1. Haiinute

paauyc cdepsl,

Npoxonsiiell uepe3 BepIMHY A, LEHTp TIpaHu

A1B,CyD; u cepenunsl pedep CD u BB;.
Pewenue. Tlycte M — cepenuna pedpa CD, N — cepenuna pebpa
BBy, L — uenrp rpanu A;B;Ci{D; (puc. 3.12). IlpumeM BeKTOpPHI

Bi

mzd,ﬁzl_)), DD, = ¢ 3a Bekro-

Torma |d| = |E| =
db=adc¢=bc=0

pel  0asuca.

=|E =1, u
DM = b, DN =DB + BN =

= (DA+DC)+5BB, =d+b+:7¢
DL =DD; + DyL = é+%(d+b).

Eciu DO = xd + yb + z& — pa-
auyc-Bextop nenrpa O cdepsl, TO

|04] = [0M| = |oN| = |0L]|
um 0A2 = OM? = ON? = OL2, rie

OA=DA—-D0=(1—-x)d— yB—zf,
OM =DM —D0 = —xd + (; - y)b - 2,
ON—DN—DO—(1—x)a+(1—y)b+(%—z)5,
ﬁ=ﬁ—m=G—x)&+(%—y)l_))—(1—z)é’.

C;
! L
D, .
H AA
1 /
I,’
} -
/1 //
i — o - - —
Ve
157
D A
Puc. 3.12
Brranciss

> ey 2
04% = (1 —x)*+ y* + 22, 0M2=x2+(l—y) + 22,

ON?=(1-02+1-y2+ (E-2),

o1 = (2-x)’

OpHUXOJUM K CUCTCME
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24 (1 2, 2 2 24,2
x +(E—y) +z-=(1-x)"+y*+z°
2
(1—x)2+(1—y)2+(%—z) =(1-x)*+y*+2z%

k(%—x)2+(%—y)2+(1—z)2=(1—x)2+y2+zz.

2x —y =

)

, Pemras ee, Ha-

NN %, N V)

OTa cucremMa paBHOCHJIbHA CUCTEME 2y+z=

kx—y—Zzz—%.
13

X0, I/IM'x_17 = Z—9 Otkyna
AUM: X =8 Y T2 2 T 2% YA

oa = (1-3) + () + () =5

V371
CrnenoBarenbHO, paanyc chepsl paBeH e - O

Mpumep 3.1.13. Jlana mpa-
BHJIbHAsl YCTHIPEXYTOJIbHAS MMHPaAMU-
na SABCD, y xotopoii cTopoHa oOc-
HOBaHUS UMeeT JUHHY 1, a 60KoBOe
peopo — mmny 2. Cdepa kacaercs
MJIOCKOCTH OCHOBAHUS MUPAMHJIBI B
BepmmHe A u OokoBoro pebpa SB.
Hatinure paguyc chepsl.

Pewenue. Tlycte P — 11eHTp ce-
pe1, Torma PA = PE, tne E — ocHOBa-
HUE TIEPICHINKYIIIPa, ONMYIIEHHOTO U3
Touku P Ha ipsimyto SB (puc. 3.13). Puc. 3.13

OcHOBaHHEM TMUPaMUbI SIBIIS-
eTcsi KBagpaT co cTopoHoi 1, moatomy AC = V2. U3 MPSIMOYTOJIEHOTO
TpeyronbHuka ASO, tne O — uentp kBagapara ABCD, no teopeme ITu-

2
¢aropa Haxomgum SO = |22 — (g) = ?.

BuiGepeM BekTopsl SA = @, SB = b, SC = & B KauecTBe BEKTOPOB
6asuca. [1o ycoBuro 3a1aun

G? =52 = & = 4, 4B = BC? = 1.

Bexkrop
S0 =-(SA+5C) = (@+0),
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2
?) =7 Orkyma ac = 3. U3 tpe-

nostomy SO2 = %(& +0)? = ( .

yroneHuka ASB mo Teopeme kocunycoB AB? = SA? + SB? — 25A -
SBcosASB nwmm 12 = 2% + 22 — 2ab. Orciona db = % AHAJIOTHYHO U3
TpeyronbHuka BAC naxonmum: be = % Takum o0pazom, TabiaMIa CKa-

JIAPHBIX HpOI/I?’BC}IeHI/If/i 0a3uCHBIX BEKTOPOB MMECT BU.

a 3 ¢

a 4 7 3

g 7 42]_ 7

b 2 2

¢ 3 7 4
2

Pamuyc PA cdepbl NMEeprneHANKYISPEH MIOCKOCTH OCHOBAHUS ITH-
PaMUIBL, CIICIOBATEIBHO, BEKTOp PA KommiHeapeH Bekropy SO
PA = xS0 u PA? = x250% = %xz.

IIycTe SE = y§§ = yB. Torga

PE = SE - SP = SE — (SA + 4P) = SE — (SA - PA) =
—yb—(di-@+0)= (t-1)a+yb+

—_—

Bexrop PE OPTOIOHAJIEH BEKTOPY SB = E, nostomy PE - b =0, T. e.
£ _ N - E S\ 7 _ f _ g —)2 E 57 _
((2 1)a+yb+zc>b = (2 1)ab+yb +2cb =0.
3aMeHsIs CKaJIsipHbIC TPOU3BEACHHS 0a3MCHBIX BEKTOPOB MX 3HAYCHH -
MI/I,I/IMGGM%(E— 1)+4y+%-;—c= Owm7x+8y—7=0.

c.

I NIR

U3 pasenctBa PA = PE cnenyer, uto PA? = PE?, 1. e.
2 2
xV14 _ X - i X -
( ) —((;—1)a+yb+5c>.

2
Otkyna %xz=(2—1)252+(§)252+2—252+2-£(2—C—I)&B—

X (X - > 7 7> )
-2 5 (5 - 1) ac — gxbc WM C YYETOM 3HAUYCHHUI CKaJIIPHBIX ITPOU3BE-

JleHnii Ga3uCHBIX BEKTOPOB 4y2 + 7xy — 7x — 7y + 4 = 0.
Takum 00pa3om, X U Y MOTYT OBITh HalZICHbI U3 CHUCTEMBI
{4y2+7xy—7x—7y+4 =0,
7x+8y—7=0.
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BrIpazuM U3 BTOpOro ypaBHEHMsS X 4Yepe3 Yy M MOACTaBMM B IEPBOE
yYpaBHEHUE:

8
x—l—;y,

2 8.) — _8,) = =
4y*+7y(1-2y)-7(1-2y) -7y +4=0
Pemmast mosydeHHoe KBajpaTHoe ypaHeue 4y2 — 8y + 3 = 0, Haxo-
UM y; = %, Y, = 2 Bropoii KOpeHb SBISIETCS MOCTOPOHHUM, T. K. B

sToM ciyuyae cdepa kacaercss He pebpa SB, a ero npojomkenus. Ilo-
2
8 1 3 ==, 7/(3 9 3
3TOM x=1——-—=—1/1PA2=—(—) = — Orcriona PA =—. 0
y 7 2 7 2\7 14 A Via

Ipumeuanue. Hanbonee MOITHO MPUEMBI WCIOIH30BAHUS BEKTOPHOH aii-
TeOpEI TP PEIICHUN BRIYUCIUTENBHBIX 33/1a9 10 CTCPEOMETPHUH PACCMOTPEHEI
B yueOHOM mocobmun C.A. lllecrakoBa [17]. B 3ToM mocoOuu maHbl 0OpasIisl
peIIeHUs] BEKTOPHBIM METOJIOM Pa3HOOOpa3HBIX 3a/1a4, TPAIWIIMOHHO BCTpe-
YABIIUXCS HA BCTYMUTEIBHBIX 3K3aMCHAX B BY3bI U BOIICANINX CETOTHS B Ba-
puantel EI'D mo maremaruke. B mocoOuu mMmeercst mpekpacHas moa0opka 3a-
Jlad pa3HOW CTEMEHW TPYAHOCTH JUISI CaMOCTOATENLHOro pemieHus. Kcrarw,
aBTOpP MOCOOMS OTMEYAeT M YOCIUTEIbHO JOKA3hIBACT, YUTO BEKTOPHBIA METOJ
HEpEeAKO I03BOJIAET KOMIIEHCHPOBATh HEAOCTaTOYHO pPa3BUTOE IPOCTPAHCT-
BEHHOE BOOOpakeHHe, 0e3 KOTOpOro, Kak M3BECTHO, PEIIEHHE TPYIHBIX CTe-
PEOMETPUYECKUX 337a4 YHCTO FCOMETPUUYCCKUMHU METOJIJAMH BBI3BIBACT 3HAYU-
TENBHBIC 3aTPYTHCHUA.

3apaum onA camoCTOATENbHOro peLieHusn

79. JIBe MemaHBl TPEYTOJIbHUKA PaBHEL. J{OKaKHTE, YTO TPEYTrOb-
HUK paBHOOEIPCHHBIH.

80. JlokaxuTe, 4TO CyMMa KBaJIpaTOB JHAaroHajeil Mapasuienno-
rpaMMa paBHa CyMMe KBaJIpaTOB BCEX €0 CTOPOH.

81. JlokaxxuTe, 94TO CyMMa KBaJIpaTOB JHAroHaJeH Iapauiesiennu-
nesa paBHa CyMMe KBaJIPaTOB BCEX €0 CTOPOH.

82. Jlokaxkute, 9TO CyMMa KBaJIPaTOB JIaroHaliell Tpaneuy paBHa
CyMMe KBapaToB OOKOBBIX CTOPOH M YJIBOSHHOT'O IIPOM3BEIICHUSI OCHO-
BaHUI.

83. Jlokaxxure, 4TO CyMMa KBaJpaToOB PaCCTOSHUI OT BCEX BEPIIMH
KBajipaTta J10 IpsIMOH, IPOXO/IAIIEH Yepe3 ero HeHTp, He 3aBUCUT OT BHI-
Oopa npsMOoid.

84. Jlokaxxute, 4TO CymMMa KBaJpaTOB PAacCTOSHHN OT HPOM3BOJIb-
HOW TOYKH, B3STOH B IUIOCKOCTH TPSMOYTOJBHUKA, 10 BEPIIUH 3TOr0
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MPSIMOYTOJIbHUKA B JIBa pa3a 0oJbIle CyMMbI KBAAPaTOB PACCTOSHHUN OT
9TOM TOUKH JI0 TPSIMBIX, COAEPIKALMX CTOPOHBI MIPSIMOYT OJIbHUKA.

85. JlokaxkuTe, YTO CyMMa KBaJIpaTOB PACCTOSHUU OT (HUKCHPO-
BaHHOH TOYKH, B3STOW B IJIOCKOCTH JAHHOW OKPY>KHOCTH, /10 KOHIIOB
MPOU3BOJIFHOTO JTHAMETpa 3TOH OKPY)KHOCTH HE 3aBHUCHUT OT BHIOOpa
TUaMeTpa.

86. B ky0 Bnucana cdepa. Jlokaxute, 4TO CyMMa KBaJpaToB pac-
CTOSIHMIA OT JF00OW TOYKM c(hepbl 10 BEpUIMH Ky0a HEe 3aBUCHT OT BbI-
Oopa 3Tol TOYKH.

87. Touxku M u N — cepenunsi cropod AB u BC kBangpata ABCD,
E — Touka mepecedenus orpe3xoB CM u DN. JlokaxuTe, 4TO OTPE30K
AE paBeH CTOpoHE KBajpaTa.

[Tpsimyto, epeceKaronyo MIOCKOCTh, HO HE MEPIEHANKYISIPHYIO K
HEH, Ha3bIBAIOT HAKJIOHHOU K 3TON IIOCKOCTH.

88 (meopema o mpex nepnenouxyaspax). Jloxaxure, 4TO €CIH
npsiMasi, JIeKalasi B TUIOCKOCTH, TIEPHEHINKYIsIpHA HAKJIOHHOW, TO OHa
NEePHEHANKYISIPHA U OPTOrOHAJIBHON MPOEKUIMH Ha IUIOCKOCTh TOH Ha-
KJIOHHOM, 1, 00paTHO, €CIM IpsAMasi, JIeKaIas B TNIOCKOCTH, MEPHESHIH-
KyJISipHa OPTOrOHAJBHOM MPOEKIMH HAKJIOHHOM, TO OHA IMEepIeHANKY-
JISIpHA U CaMOM HAaKJIOHHOM.

89. B Tterpasape ABCD Bce miockue yribl npu BepivHe D mps-
Mble, G — ienTpoua rpanu ABC. Jlokaxure, 4TO

DG? = §(DA2 + DB? + DC?).

90. Touka G — uenTpoua TpeyroinsHuka ABC, P — nmpou3BoJbHas
Touka. Jlokaxxure, 4To:

a) PG% = §(PA2 + PB% + PC?) —§(GA2 + GB? + GC?);

6) PG2 = §(PA2 + PB% + PC?) —é(ABZ + BC? + CA?).

91. JlokaxkuTe, 4TO CyMMa KBaJapaToB pebep TeTpasapa paBHA
YYETBEPEHHOH CyMMeE KBaJpaTOB PAcCTOSHHUN OT BEPIIMH TOTO TEeTpa-
31Ipa J0 ero HeHTPOUIA.

92. Jlokaxwure, uto B TeTpaipe ABCD:

a) cos 2(AB,CD) = A;CD (AD? + BC? — AC? — BD?);

6) MN = %\/ABZ + BC2+CD? + DAZ — AC2 — BDZ, rne M, N —
cepenunbl pedep AC, BD COOTBETCTBEHHO.
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93. B pombe ABCD co cropoHoii 6 BeuuuHa yria BAD pasna 60°.
Ha cropone BC B3sTa Touka E Takas, utro EC = 2. Haiiaure paccros-
HUE OT TOYKH E 10 IIeHTpa CHMMETpUU pomoa.

94. BpumcauTe pacCTOSHUE MEXIY HPOTHUBOIOIOKHBIMH CTOPO-
Ham# pom0a, eciv IJIMHBI er0 qUaroHajell paBHbl 2a u 2b.

95. B octpoyromsHoM TpeyrombHuke ABC cropoHsl AB =5,
AC = 7 u Boicota BH = 4. HaiiauTe AnuHy NMeprneHauKyspa, omyuieH-
HOTO U3 BepUIMHBI B Ha MenaHy, MPOBEACHHYIO M3 BEPIIUHBI A.

96. Otpesku AL, AM, AH SBIAIOTCS COOTBETCTBEHHO OMCCEKTPH-
COM, MeJTMaHOH U BBICOTOM BHYTPEHHETO yIJla HepaBHOOCIPEHHOIO Tpe-
yroipuuka ABC. Haiigure ornomenune A = (HM,L), ecou AB = c,
AC=Db,BC = a.

97. Haiigure yron Mexay MeJMaHaMH KaTeTOB PaBHOOEIPEHHOTO
MPSMOYTOJIEHOTO TPEYTOJIbHUKA.

98. B tpeyronsuuke ABC meanana BD nepreHuKyJsipHa CTOPOHE
BC. Haiigure yron ABD.

99. B pombe ABCD Touku M u N — cepeaunnl ctopod BC u CD.
Haiture yron MAN, ecma £ABD = 60°.

100. Mennana u BbICOTa, MPOBEICHHBIE U3 OJHOM BEpPIIMHBI Tpe-
YroNbHUKA, Pa3ieNiin Yol MpH 3TOM BEpIIMHE Ha TPU PaBHBIX yria.
HaiinyuTe BeIMUMHBI YIII0B TPEYTOJIBHUKA.

101. OxpyxHOCTb, TOCTpOEHHass Ha CTOpoHe AB TpeyroibHHKa
ABC, nepecexaet croponbl BC, AC B Toukax M u N COOTBETCTBEHHO.
Haiiqure yriae! Tpeyromsauka, ecimi BM: MC = 1:2, AN: NC = 1: 3.

102. CropoHBI OCHOBaHMS MPSMOYTOJBHOTO Tapaulesienuea
ABCDA{B,C,D; paBHbI a, b, BbicoTa paBHa c. Haiimute yrom mexmy
JUMaroHasIMU [apajulesenuiea, JexauMu B rockoctd A4, C.

103. PeOpa mpsMOyroJbHOTO Tapaelenuriesa paBHel a, b U C.
Haiinute yriel MeXay CKpELIMBAIOLIMMUCS IUaroHAJIMM CMEXHBIX
rpaHel napansesenune/a.

104. Henepecekaromyiecsi JHAroHAM JIBYX CMEXKHBIX OOKOBBIX
rpaHeil MPsMOYTOJBHOTO Mapauiesienunena o0pa3yioT C IUIOCKOCTBIO
OCHOBaHUs yIIIbl @ U 5. HalimuTe KocHHYyC yria y Mexay STHMH JAHAro-
HaJIAMHU.

105. Bce pebpa napasuienenuriena paBHbl @, a MJIOCKUE YTJIbI, TIPH-
JIeXKAaIMe K OJJHOU BEPIINHE paBHBI 45° 60" u 90°. Haiinure 0ObeM ma-
paJuienenumnena.
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106. Han xy6 ABCDA{B;C;D; c pebpom 4. Haiinure paccrosaue
OT cepeanHbl pedpa AB 10 MIIOCKOCTH, MPOXOJSIIEH Yepe3 ITruaroHalb
B;D; rpanu A;B,CD; u cepenuny pedpa AA;.

107. B ocHoBanuu npsimoit npusmel ABCA,B1(;, BeIcOTa KOTOPOIi
paBHa 4, nexut TpeyronbHUK ABC, B xoropom AB =3, AC=2 u
£BAC = 45’. Touku K, L, M npunannexar pedpam A,B;, A,C;, AB
cooTBeTcTBeHHO, mpmuem AK:KB; =2:1, A{L=LC,, AM:MB =
= 1:2. Haiigure 00bEeMbl MHOIOI'PAaHHHUKOB, Ha KOTOpBIE IIOCKOCTb
K LM pa30uBaeT qaHHYIO IPU3MY.

108. Hau terpasap ABCD. Touku K, L, M npuHannexar pedpam
BC, CD, AD cootBerctBenHo, npuueM BK:KC = 2:3, CL:LD = 1:2,
AM:MD = 3:1. Haiigure oTHolieHHe O0BEMOB 4YacTel, HA KOTOpHIC
mockocTh K LM pa3OuBaeT JaHHBIN TETpadIp.

109. Pe6po ky6a ABCDA,B,C.D; pasHo /8. Haiinure pammyc
cdepsl, mpoxosiiel yepe3 cepeaunbl pedbep AA;, BB; u uepe3 Bep-
muHbl A 1 C;.

110. Ccepa pammyca V6 ¢ meHTpoM Ha pebpe AD NPaBUIBHOTO
terpadpa ABCD xacaercst rpanu ABC u nepecekaeT peOpo BD B Touke
M raxoii, uro BM: MD = 3:+/6. Haiiure pe6po TeTpasipa.

111. B npaBumbHON TPEYroibHOW MUpamMuie IjMHa OOKOBOro ped-
pa B Tpu pasa OoJbllie AJMHBI CTOPOHBI OCHOBaHUs. Halinure Benmmuuny
JIBYTPaHHOTO yTJ1a mpu OOKOBOM pedpe.

112. B npaBunbHoi nupamuie SA1A4; ... Ayp_1 HaAWIUTE Yroi Me-
K11y OOKOBBIM peOpoM SA; U cTopoHoi ocHOBaHUS Ap Ay, 1.

§ 3.2. /IByrpanHbie 1 TPpeXrpaHHbIe YIJIbl

3.2.1. [JeyepaHHbIU ye0n. /lgyepannbiv yeiom Ha3bIBacTCs (Gu-
rypa, o0pa3zoBaHHast IBYMS MOMYILIOCKOCTSME & U f§ ¢ OOIIel rpaHuIie a
(puc. 3.14). IomyrmiockocTr, 00pa3yrONIMe ABYTPAHHBIA YTOJI, Ha3hIBAKOT-
Csl €T0 ZparsMu, a 00IIasl TPaHuIla — MpsMast a — €ro peopom. JIByrpaHHbIi
YIOJI ¢ peOpOM a ¥ TPaHsIMU &, 3 YCIOBUMCS 0003HaYaTh aaf.

BennumHa nByrpaHHoro yria aaf u3Mepsercs BeIMYHHON ero JH-
HEIHOro yriia, KOTOPBIA onpenersieTcs cieayrommm oopazom. [Iycts O
— IpOU3BOJIbHAS TOUKa pedpa a, myun 0A, OB (A € a, B € ) neprieH-
TUKYISpHBL pedpy a (puc. 3.14). Jlunetinbiv yenom NBYTPaHHOTO yTIia
HaspBaercsi yron AOB. OueBuaHO, YTO BENIMYMHA JIMHEWHOrO Yyria
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JIBYT'PaHHOTO yriia aaff He 3aBUCHT OT BbIOOpa TOYKH O, a IIOCKOCTh
0000 JIMHEHHOr 0 yrila MepHeHIuKYIsIpHa peopy a.

a I a
A
5 o A % O
B 1
. M
B a
Puc. 3.14 Puc. 3.15

3apaya 3.5. Touka M JIEKUT BHYTPH JBYTPAHHOrO yIiia BEJIHYH-
HBI (0 U yJAJICHHA OT ero IpaHell Ha paccrosHus a U b. Haiimure pac-
CTOSIHHE OT TOUKU M 110 pebpa ABYrpaHHOIO yria.

Pewenue. Tlyctb alf3 — nannblii qByrpaHHbli yron, A u B — mpoek-
1 Toukd M Ha rpanu a u f§ (puc. 3.15). Torna MA=a, MB=b u
iockocTh MAB neprnenaukyispaa peopy [. O003HaYMM TOUYKY Iepe-
ceuenus miockoctu MAB ¢ pedbpom I OykBoit O.

Bribepem BeKTOpPBI MA u MB B xadecTBe GasHCHBIX BEKTOPOB
mockoctu MAB. )Inﬂ STHX BEKTOPOB

MA? = a?, MB = b% MA MB = ab cos(n @) = ab cos @.

Pa3znoxuM BekTOp MO 1o BEKTOpaM MA, MB:

MO = xMA + yMB
Haiinem Koaq)(bnuneHTbI X My 3TOr0 pazjIoXKeHHUs. BeKTop MA oproro-
HaJIeH BEKTOPY AO noaTOMy, YMHOXasi BEKTOP MO = MA + A0 Ha
MA, MIOJTyYUM MO MA = a? ; YMHOXasl BEKTOp MO = MB + BO na
MB, ananormano naxomum: MO MB = b2. C y4eTOM Hai/IeHHBIX CKa-
JSIPHBIX TPOM3BEJCHUH YMHOXXHM TIO YacTSIM BEKTOPHOE DPAaBEHCTBO
MO = xMA + ym CHaJaJla Ha BEKTOp MA, a sarem na BEKTOP ME.
[Ipu sTOM NoITy4nMm:

a? = xa? + y abcos @, b?> = x abcos ¢ + yb?.

CrnieioBaTenbHO, X U Y SBISIOTCS PELICHUSIMU CHCTEMBI

{xa + y bcosgp = aq,

xacos@ +yb = b.
a—bcos @ __b—acos g

Cucrema umeer PELICHUC X = , IOOTOMY

asinZ ¢ ' bsin2 ¢
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MO = (S20) 77 4 (522) g,

asin? ¢ b sin? ¢
A2 a—bcos ¢ 2 T2 b—acos ¢ 2 752
MO* =(———) MA*+(———) MB“+
asin? ¢ b sin? ¢
a—bcos b—acos VeV
+ (250 (B2 2) MA MB =
asin? ¢ bsin? @
1 ((a—bcos @)?
" sint g a?
(a—bcos @)(b—acos @)

+ o abcosgo) =

(a2(1 —cos? @) + (1 — cos? @) — 2abcosp(1 — cos q;)) =

+(b alc)osqo) b2

sm4
_ aZ+b?-2abcosp
- sin? ¢
— Ja?+b2—2abcosg
Hcxomoe paccrosane MO = VM0?2 = ¥—————
sin“ ¢
3apaya 3.6. Touku A u B npuHajJIekKaT rpaHsM IBYTPAHHOTO yT-
na alf, BennunHa koroporo paBHa ¢. Touku A, u By — opToroHanbHble
MPOSKIMU ITUX Touek Ha peopo [ (puc. 3.16). Haliqure mmuHy oTpe3ka

AB, €CJIn AA]_ =a, BBl =b I/IA]_B]_ =C.

Puc. 3.17

Pewenue. Boibepem Bextopsl A;A, B;B, A{B; B xauecTtBe 0Oa3uc-
HbIX. TabJuIa CKaJISIPHBIX MPOU3BEICHUN ITHX BEKTOPOB OyIET UMETh
CICAYIOIUN BUT:

A4, B,B A;By
A A a? ab cos ¢ 0
B,B ab cos @ b? 0
1B, 0 0 2

JmHa oTpeska AB paBHa JUIMHE BEKTOpa AB = A1B — A,A. Bek-
top A1 B = A, B, + BB, nostomy
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AB = A,B, + B,B — A,A.
OTKyza ¢ y4eToM TaOJMIIbI HAXOUM:

SN 2
AB? = 4,B, + BB+ A,A% —24,AB,B =
=c?2+a? + b%? — 2abcos ¢.

Taxum o6pasom, AB = VAB2 = \[c? + a? + b2 — 2ab cos . O

buccexmopnoii nonyniockocmulo IBYTpaHHOTO yIila Ha3bIBAETCS
MOJYTUIOCKOCTD, TPaHUIIEH KOTOPOH sBJIseTCs pedpo AaHHOTO JABYrpaH-
HOTO yrila ¥ KOTOpas AEJIUT €T0 Ha JjBa PaBHBIX ABYI'PaHHBIX yria (puc.
3.17). Jlrobast Touka, MpHUHAAJIECKAIAS OUCCEKTOPHOM IMOYIIOCKOCTH
JIBYTPaHHOI'O yria, OAMHAKOBO yAaJieHa OT rpaHei sroro yria. Creno-
BaTEJIbHO, LIGHTPHI BcexX cep, Kacaronmxcs rpaHeil IByrpaHHOro yria,
HPUHAJIEKAT er0 OMCCEKTOPHOMN MOYIIOCKOCTH.

3.2.2. TpexapaHHbIlU y2osn. TeopeMbl KOCUHYCO8 U CUHY-
coe 0151 mpex2paHHo20 yana. Ilycts uMeercsi n > 3 IJIOCKUX YIJIOB
A PA,, A,PAs, ..., A, PA,, HUKaKue JIBa 13 KOTOPBIX HE MUMEIOT OOIIMX
TOYEK, OTJIMYHBIX OT UX OOIIel BeplMHbI P Wik 00Iel CTOpOHBI, U HUKa-
KUe J[Ba YIJia, IMEIOIIMe OOIIyI0 CTOPOHY, HE JIeKaT B OJHON IIIOCKOCTH.
Qurypy, 00pa3oBaHHYIO 3TUMH YIJIAMH, HA3bIBAIOT N-2PAHHbIM YelOM W
obozHauator PAA, ... A,. B Tex ciydasx, korjga n He yKa3pIBaeTCsl, JUIs
Hee YIoTpeOsIeTCsl Ha3BaHUE MHO2OSDAHHbILL Y2011

IInockue yrner A{PA,, A,PAs, ..., A,PA, Ha3bIBAIOTCS epansmu
n-rpanHoro yrina PA;A, ...A, , ux croponsl PA;, PA,, ..., PA, — ero
pebpamu, a Touka P — ero epuuHoii.

JIBe rpaHM MHOTOTPaHHOTO yTiia, IMErmIuMe obmee pedpo, Ha3bI-
BAIOTCSL CMEJCHbIMU. JIBYrpaHHBI yroia MeXIy CMEXHBIMU TI'paHSIMH
HA3BIBACTCS 08YSPAHHBIM Y2NOM MHO20SPAHHO20 Y2ld.

MHororpaHHbl€ YIJbl ObIBAIOT BBITYKJIBIMA U HEBBIMYKJIBIMU. by-
JIEM paccMaTpUBaTh TOJIBKO BBIIYKJbIE MHOTOIpaHHbIE YIibl. MHOrO-
TPaHHBIA YTOJ HA3BIBACTCS GbINYKIbIM, €CIA OH PACTIONOXKEH MO OAHY
CTOPOHY OT IJIOCKOCTH Ka)JO0H CBOEU rpaHH.

EctectBenHo, uTo 0cob0€e MECTO CpeAd MHOTOTPaHHBIX YTJIOB 3a-
HUMaeT mpexepannvlli yeon. Eciam ABYrpaHHBI Yron B H3BECTHOM
CMBICJIE MOXXHO CYUTATh MPOCTPAHCTBEHHBIM aHAJIOTOM OOBIYHOTO yTJia,
TO TPEXTPAaHHBIN YTOJl — MPOCTPAHCTBEHHBIM aHAJIOTOM TPEYTrOJIbHUKA.

BennunHbl NI0CKUX U IBYTPAaHHBIX YIJIOB TPEXTPAaHHOrO yria Ha-
3BIBAIOT 21EeMEHMAMU MPEeXSPaAHHO20 Y2ia; BeINYUHBI IBYTPaHHBIX yT-
noB nipu pedpax PA, PB, PC tpexrpannoro yria PABC o6br4HO 000-
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3HavarorT A, B, C, a BeNMYUHBI IPOTUBOIOIOKHBIX UM IIJIOCKHX YTJIOB
BPC, APC, APB — a, (3, y coorBeTcTBeHHO. PeOpa PA, PB, PC Tpex-
TpaHHOrO yIiia 4yacTo 0003HavaloT a, b, ¢, a cam yron Pabc.

TpexrpaHHblii yroin ¢ paBHBIMH TUIOCKUMH YTJIaMH Ha3bIBAETCSI
npasunbHbiM. TPEeXTpaHHBIA YroJl, BCE IUIOCKHE YTl KOTOPOTO SIBIISI-
I0TCS IPSIMBIMH, HAa3bIBACTCS NPSAMbIM MPEXSPAHHBIM V2TIOM.

Mpumep 3.2.1. BrcCeKTpUCHI IBYX TUIOCKHMX YTJIOB TPEXTPAHHOTO
yria neprneHauKyIsapHbl. JlokaxuTe, 4TO OUCCEKTpHCa TPEThEro ILIoC-
KOT'0 yriia NepHeH MKy sIpHa EPBbIM ABYM OHCCEKTPUCAM.

Pewienue. Ilycts 6uccextpucsl miockux yrioB APB u APC tpex-

—_ — —_—
rpanHoro yrina PABC neprnenaukyisipabl. O003HaYUM depes eq, €, U €3
eIMHUYHBIC HampaBJisitonye BekTopsl pedep PA, PB u PC coorBetcT-

— —_— — —_— —_— —
BeHHO. Toraa BeKTopwl €1 + e,, e; + e; u e, + e3 OyIyT HalpaBJsIIo-
MU BeKTOpaMu ouccektpuc yrinos APB, APC, BPC u
—_— — — —
(el + 62)(6’1 + 33) = 0
—s2 —_— — —_— —> —_ —
Otrcionae; +ej-e3+e,-ef+e,-e3=0u
—_— — —_— — —_— —
el°ez+€1-e3 +ez‘63 :_1
C y4eTom HaliICHHOTO COOTHOIICHHUS
— 2 —_—
(e1+e)(e;+te)=el-e;tej-es+e, +e-e3=1-1=0,
= 2
(ef+e(ez+e)=e-e;+e-es+eg-e;+e” =1-1=0.
3OT0 03HavaeT, 4yTo Onccekrpuca yriaa BPC nepneHauKyssipHa Ouccek-
Tpucam yrinoB APB u APC. O

Mpymep 3.2.2. BucceKTprchl INIOCKKX YITIOB @, 3 ¥ Y TPEXTPaHHOIO
yria PABC sistoTcst peOpaMu MPaBUIILHOIO TPEeXIpaHHOro yriia. Hariaure
3aBUCUMOCTh MEKITY IIOCKUMH yTJIaMHy TpeXrpaHHoro yria PABC.

Pewenue. BHOBb eMHIYHBIE HAIIPABJIAIOIINE BEKTOPHI pedep PA,
PB u PC TpexrpaHHOro yriia 0003HauuM 4epes3 ey, e; U €3 COOTBETCT-
BeHHO. Torna

—2 =2 _ =2

e =e =eés =1, el e, = cosy, el e; =cospP, e, - e; =cosa.
Bexkropsr l3 =e; + e, lz =e +en ll = e, + €3 SBISIOTCS HAIPaB-
JSTIOIIMMU BeKTopaMu ouccektpuc yrioB APB, APC, BPC, npu 3tom

= (6 +6)2=2+2cosy =4 ¥ _ 4cosz)2/

—2 —2
[, = (& +&)? =4cos? 51" = (&5 +5) = 4cos?2,

LG =EE =T = @G+ E)E+E) =
=(e; tez)(eg +e) =(e; +e3)(e) +e) =
=14 cosa +cosf + cosy.
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o ycnoswuto 3amauu [y 1, = Iy I3 = [, I3, mosromy

Py

cos(_l: T;) =cos (Tﬁ;) = cos (i; T;)

(1+ cosa + cosf + cosy) i 7 . y)=0,

4 cos—cos-  4C0OS_COs
2 2 2 2

(1+cosa+cosﬁ+cosy)< i 7 2 y)=0.

4COS; COS; 4 COSE COSE
CrenoBatenbHO, IUIOCKHME YIIIbI TpexrpanHoro yrina PABC mubo ynoie-
TBOPSIIOT YCJIOBHIO
cosa + cosf + cosy = —1,

00 — YCIIOBUSIM:

a
COS—= COSE = COSZ.
2 2 2

IMockompky 0 < @ < 1, 0 < f <1, 0 <y < 1, TO BO BTOPOM CITy4ae @ =
= [ =y, T. e. TpexrpanHbiii yron PABC sBisieTcs PaBUIBHBIM. O

JJ11 MHOTOIpaHHOT'O YIJla BBOIUTCS IIOHSTUE NOJAPHO20 €MY MHO-
TOrpaHHoro yria. PaccMoTpum, kak BBOAUTCS MOJSIPHBINA yroJl, Ha MPHU-
Mmepe TpexrpanHoro yria PABC (puc. 3.18). Ilnockocts rpaau BPC pas-
OWBaeT MPOCTPAHCTBO Ha J[Ba MOIYIIPOCTPAHCTBA. B OIHOM M3 3THX MOITy-
MpOCTpaHCTB pacnonoxkeHo pedpo PA. IIpoBenem u3 BepumHbl Py
P A4, nepnieHAUKYJSIPHBIA TI0CKOCTH BPC W nexamuii B MOJTyIpOCTpaH-
CTBe, JIOMIOJIHUTENILHOM K TOMY, B KOTOPOM JISKHT peOpo PA. AHAIOrHIHO
noctpouM nyun PB;, PC,, nepneH Ky sIpHbIe II0CKOCTsM yrioB APC u
APB cootBercTBeHHO. Tpexrpansbiii yron PA;B;C;, peOpamu KOTOpOro
cinyxar ayad PA,, PBy, PC;, Ha3bIBaeTCs noiApHulM K JAHHOMY TpEX-
rpanHoMy yriy PABC.

OTHolIeHre TOISIPHOCTU TPEXTPAHHBIX
VIJIOB B3aUMHO: eCau MpexspaHHulii Y20
PA{B.C,; nonspen mpexepaHHomy yeuy
PABC, mo yeon PABC nonspen mpexepa-
Homy yeny PA1B4(;.

B camom nene, narpumep, peopo PA yr-
ma PABC OmHOBpPEMEHHO JIEKHWT B TPaHIX
APB u APC. I'paau AP B meprieHIuKyIsIpHO
pedbpo PC; yrma PA,B,C;, a rpanu APC —
pebpo PB; aroro yrma. Otcrona cregyer, 94ro

Puc. 3.18
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pebpo PA paHHOro yria nepreHauKyispHo peopam PC;, P B, mOnspHOTO
yria. IToatomy pebpo PA mepneHIuKyIspHO miockoctd By PC;. Takum
00pa3oM, pedpa JaHHOTO YTJia NEePHEHAUKYISIPHBI IPaHsIM OIS PHOTO.

W3 ckazanHOTrO CciemxyeT, YTo IJIOCKHE YIIIBI MONSIPHOTO yriia Jo-
TOJHSIOT COOTBETCTBYIOIME JABYIPAHHbIE YIJIbI JaHHOro yria a0 180°,
Kak ycnoBumnch, BeTMYUHBI MIIOCKUX YIIIOB Mpu pedpax PA,, PBy, PCy
TpexrpanHoro yrina PA;B;C; o6o3nauum A;, By, C;, a BEITUYUHBI ITPO-
THUBOIOJIOXKHBIX UM TUIOCKHX yriioB B, PCy, A{PCy, A{PB, — aq, 1, V1-
Torna

A+a; =180 ,B+ B, =180",C+y, =180°. (3.11)
Tak ke TOYHO ABYTrpaHHBIE YTIIBI MOJSIPHOIO TPEXTPAHHOrO yria J10-
MOJTHSIOT COOTBETCTBYIOIIME IJIOCKUE YTIIbI JTAHHOTO:

a+ A, =180, 8+ B; =180,y + C; = 180°. (3.12)

Bakneinryto posis mpu U3y4eHUH CBOICTB TPEYrOJIbHUKOB UTPAIOT
TE€OpeMBbI KOCHHYCOB M CHHYCOB, ITO3BOJISIIOIINE HAXOAUTh B3AaUMOCBA3ZH
MEXIy pa3MYHbIMU dJIEMEHTaMU TpeyroibHuKa. OKa3pIBaeTcsl, aHaIO-
TUYHBIE TEOPEMBbl UMEIOT MECTO W JISl TPEeXrpaHHbIX yrioB. [lozHako-
MHMCS C 3TUMH T€OpEMaMH.

3apaya 3.7 (nepBas Teopema KOCMHYCOB ANS TPexXrpaHHOro
yrna). Ilycemo a, B, y — naockue yeawl mpexepannozo yena Pabc, C —
BEIUUUHA 08YSPAHHO20 Veid, NPOMUBOAEAHCAUE20 NIOCKOMY Veny V. Ho-
Kaxcume, 4mo

cosy = cosacosff + sina sinf cosC. (3.13)

Pewenue. Ha peOpax maHHOro
TpexrpaHHoro yria Pabc oTnoxum
€IMHMYHBIE  BEKTOPHl €, = PA,
e_2’=ﬁ, e_3’=P_C), re A€ a,
B € b, C € c. Uz touek A u B omyc-
TUM NeprneH uKysipsl AM u BN Ha
pebpo c (puc. 3.19), Torna

MA = |W| = |ﬁ|sinﬁ =sinf,
NA = |N4| = |PB|sina = sina
Puc.3.19 uMA,NB = C. [TosTomMy
MA - NB = |MA| |N4| cos C = sina sin g cosC.
C apyro#l CTOpOHBI, YYUTHIBAs, YTO PM - NB = 0, |17ﬁ| =cosa,
OyneM UMeTh:

118



M7 -NB = (PA — PV)NE = PA-NB — PM - NB = PA- NG =
— PA(PB — PN) = PA - PE — PA - PN = |PA| [PB| cosy —
—|_137f| |73—ﬁ| cosff =cosy —cosacosf .
Takum 006pa3zom, cosy —cosa cos f =sina sin 8 cos C wim
cosy =cosacosf +sina sinf cosC. O
3agada 3.8 (Teopema CUHYCOB AN TPEXrpPaHHOro yrna).
Ilycmo «, B, Yy — niockue yenvt mpexepannozo yena Pabce, A, B, C —

npomueoiescaujue um OG)/ZpaHHble yaibl. ,ZZOKanClee, ymo
sina sin sin
= b sny (3.14)

sin A sin B sinc’
Pewenue. Bozbmem Ha peOpe ¢ HEKOTOPYIO TOUKY C U OMYCTUM U3

Hee nepreHuKyisip CC;, Ha TUIOCKOCTh yriia y. B rpansx yrioB a u f§
npoBeneM u3 Touku C nepneHaukyisapsl CA u CB x pedpam a u b wim
UX TPONOJDKEHUSM COOTBETCT-
BeHHO (puc. 3.20).

Hailinem nmByms criocobamu
IHy nepnesaukyisipa CCi. U3
NPSMOYTOJNBHBIX TPEYrOJIbHUKOB
PAC u AC;C COOTBETCTBEHHO
umeem: AC = PCsinf3, CC, =
= AC sin A. Orcrona

CC; = PCsin Bsin A.
N3 tpeyromsaukos PBC u BC,C

AHAJIOTHYHO TOIYyYNM: Puc. 3.20
CC, = PCsinasinB.
[ToaTomy
sin fsin A = sina sin B,
Y 3HAYMUT,
sina _ sinp
sinA  sinB’
sina siny
PaBenctBo — = JIOKa3bIBaeTCs aHAJIOTHYHO. O

sind _ sinC
Mpumep 3.2.3 (BTOpas TeopeMa KOCUHYCOB AS1S TpeXrpaHHo-

ro yrna). Iycts A, B, C — AByrpaHHbIe yIIIbl TPEXIPaHHOrO yria Pabc,
Y — BeJIMUMHA [IJIOCKOTO YIJIa, MPOTHBOJIEKAIIETO ABYTpaHHOMY yriy C.
JoxaxwuTte, 4To
cos C = —cos AcosB + sinAsin B cosy. (3.15)
Pewenue. [IpumeHnM TIEpBYIO TEOpEMY KOCHHYCOB K TPEXTPaHHO-
My yrity Pay b;c;, monsspHoMy AaHHoMY yriy Pabc:
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CO0Sy; = COS a4 cos 1 + sin a4 sin f; cos C;.
Orcrona, yuuTsiBasi, 4To u3 cootHomeHuit (3.11), (3.12)
a,=n—Apf=n—-B,y,=n—-C,C;=m—Y,
MOTY4UM
cos(mt — C) = cos(m — A) cos(mr — B) +
+ sin(m — A) sin(w — B) cos(m — ).

C nomotpio GopMyJ1 IpUBEAECHUS MIPUXOAUM K paBeHCTBY (3.15),
KOTOpOe TpeOyeTcs JoKa3aTh. O

Mpumep 3.2.4. Tlycth @, 8, Y — IIIOCKKE YIJIbI TPEXTPAHHOIO yTila
Pabc; a, b, ¢ — yribl, oOpa3oBaHHBIe peOpaMu a, b, ¢ C MIOCKOCTSAMH
IIPOTUBOIOJIOKHBIX UM I'paHel. Jlokaxure, 4To

sina sina = sin  sinb = siny sinc.

Pewenue. Ha pucynke 3.20: € — Touka pebpa ¢, CC; — nepnenu-
KyJIsIp, ONYIICHHBIA W3 3TOH TOYKM Ha IUIOCKOCTh yria Y. [loaromy
2CPC; = cu CCy = PCsinc. Ho Torna u3 pemienus 3aaaun 3.8 cieny-

eT, uyTo sin § sin A = sin a sin B = sin ¢. OTciona HaXxoauM:
. sinc . sinc
sinA =—,sinB = —.
sin 8 sina
Ecnu ananormaHo BHIOpaTh TOYKU Ha peOpax b, @ W OMYCTHTh U3 HHUX
MEPICHUKYIISIPI HA MJIOCKOCTH TPaHei, MPOTHBOMOIOKHBIX 3TUM PeO-

paM, MOKHO IMOJTYYUTb COOTHOUICHMA:

. sinb . sinb
sinA =——,sinC =
siny

sina’
sina

sinB = Sl_ﬁ, sinC = —.
siny sin 8
W3 HallieHHBIX PABEHCTB 3aKII0YACM:
sinasina = sinf sinb = siny sinc. 0

C moMomIpo TOKa3aHHBIX TEOPEM OTKPBIBAETCSI BOSMOYKHOCTD H3Y-
4aTh CBOMCTBA IUIOCKUX U JIBYI'PaHHBIX YIJIOB TPEXI'PAHHOIO yIija, yc-
MENTHO pelaTh BBIYMCIHMTENBHBIC 33/]a4d Ha BBIYHCICHHE TUIOCKUX H
JIBYTPaHHBIX YTJIOB MHOT'OrPaHHUKOB.

Mpumep 3.2.5. BenuurHa J1000r0 MIOCKOTO yrila TPEXTPaHHOTO
yrjla MEHBIIE CyMMBbI BEJIMYMH JIBYX JIPYTHX €ro IUIOCKHX YIJIOB, HO
0oJIbIlIe MX Pa3HOCTH.

Pewenue. TlpoBeneM noka3arenbCTBO IS TUIOCKOTo yria y. Tak
Kaka <, <m,y <m,Tonpu a + § = 7 ABOWHOE HEPABEHCTBO

a—-B<y<a+f
oueBuaHO. [lokaxkeM ero ams ciydas a + < m. Byaem nipu aTom cuu-
Tath, uTo § < a. U3 cootHomenus (3.13) nmeem:
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cosC = cos y.—cos-a cosfB
sinasin 8
HByrpannsii yron 0 < € < m, nosromy —1 < cos C < 1 u, 3Hauwr,
1< cosy.—cos-a cos B <1
sinasin 8
VYunteiBas, uTo sin a sin § > 0, 0TCr0J1a MOCIIEI0BATENBEHO 3aKITFOUACM:
sinasinf < cosy —cosacosf < sinasinf;
cosacosf —sinasinf < cosy < cosacosf +sinasin f3;
cos(a + B) < cosy < cos(a — fB).

Ha mpomesxytke [0, 7] byHKus y = coS X MOHOTOHHO yObiBaeT. Ilo-
sToMy npu & + 8 < T JIBOMHOE HepaBeHCTBO & — f§ <y < a + f§ Tak-
JKe CIIPaBeUIMBO. O

Mpumep 3.2.6. B Terpasnpe ABCD pebpa DA, DB, DC pasHsI a,
b, ¢ cooTBeTCTBEHHO, a MPOTHBOJISHKAIME UM IUIOCKHE YIJIbl IIPH BEp-
muHe D — a, 8, y cootBercTBeHHO. Haliure o0bem Terpaszpa.

Pewenue. Ilycte AH — BbIcOTa Terpa’apa, AE — BbIcoTa rpaHu
ACD. Torga o Teopeme o Tpex nepnenaukymsipax HE L DC u DEH —
TWHEWHBIN Yo IByrpaHHoro yria ¢ peopom DC.

Haiinem Beicory AH terpasmpa.
o ycnoButo £ ADC = (. VI3 mpsamo-
yrojapHOro TpeyroinbHuka ADE Ha-
xomuMm: AE =asinf. Benuuuny B
yrnma DEH o0o3Haunm depe3 ¢. U3
IEPBOM TEOPEMBI KOCHHYCOB ML [
TPEXTPAHHOIO YIJIa UMEEeM:

E
__cosy—cosacos 8
cose = sinasinf P 3(2:1
Orcrona ue. 3.
. _ __ (cosy—cosacos B)z _
sing _\/1 ( sina sin 8 -

=; s 2 102 _ — 2
Sinasinﬁ\/SIn asin? f — (cosy — cos a cos 3)2.

U3 tpeyronpauka AHE naxomum: AH = AE sin . Utak,
AH = ﬁ\/sin2 a sin? B — (cosy — cosa cos )2.

1 .
ITnomane rpanu BCD Sgep = > bc sin a. CnemoBaTeNnbHO,

1 bc [ -
Vagep = gSBCD -AH = %\/sm2 asin? B — (cosy — cosacosf)? =
_ abc
T 6

J1—cos?2a —cos? i —cos?y +2cosacosficosy. O
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Mpumep 3.2.7. B mnpaBHIBbHOW YETHIPEXYrOJBLHOH MUpPaMHUIC
SABCD nnockuii yron mpu BepumHe S paBeH . Haiiaure: a) nByrpan-
HBIA yron npu pebpe ocHOBaHWs, 0) JBYrpaHHBIA yroy Mpu OOKOBOM
pedpe, B) yroy Mexay OOKOBEIM peOpOM H ITIOCKOCTHIO OCHOBAHHMSL.

Pewenue. OcHOBaHMEM MPaBHIIBHOW YETHIPEXYTOJIbHON THPAMHE/IBI
SABCD sBnsiercst kBagpat ABCD, ee GOKOBBIe TpaHU — paBHOOEIPEH-

o Y a
HbIE TPEYTOJBHUKHU C YIJIOM & B OOLIeH BEpIIMHE U C YIIaMu 5~ 5 1P

S OCHOBaHWHM. JIBYrpaHHBII yrom mpH
pebpe ocHOBaHHMSI, IBYTPaHHBIA yTrod
npu OOKOBOM peOpe M Yrojl Mexmy
OOKOBBIM peOpOM U IIOCKOCTBIO OC-
HOBaHMS NMUpPaMUIbl 0003HAYMM dYe-
pe3 @, Y U Y COOTBETCTBEHHO.

a, 0) B tpexrpannom yrie
ASBD nBa TUIOCKMX YIJla paBHBI

T a « o o

— — —, TPETUH TUIOCKHI YToJ IPSIMOH.

Puc. 3.22 2 2

JIByrpaHHbIE YTIIBI @@ U 1 1ipu pedpe

OCHOBaHHSI M TIpU OOKOBOM peOpe MOXKHO HalTH TI0 MEpPBOH TeopeMe
KOCHHYCOB JUISl TPEXIPAHHOIO yIJia.

B aToM TpexrpaHHOM yriie peOpo ocHoBaHwus, Harpumep AD, je-

JKHUT IPOTUB TIOCKOTO yria £SAB = g - % (puc. 3.22), mosTomy

cos(z—g)—cos(g—g) cosZ sinZ
2 2 2 2 2 _ St a

U ¢ = arccos (tg%).
BokoBoe pedpo SA nexut npotus npsimoro yriaa BAD, mosromy

P
MTCE Fce R

1P = arccos (—tg2 %)

B) Yroi y MOXHO HaiiTh U3 TpexrpanHoro yria ACSD no BTopoit
TeopeMe KOCHHYCOB. B 3TOM TpeXrpaHHOM yrIiie JBYTpaHHbIE YIJIBI IPU
pedpax AC, AS, AD paBHBI g, % U ( COOTBETCTBEHHO; yroia LCAS = y
nexuT npoTuB pedbpa AD. [loaromy

n 4
cos (,0-+-C052COS2 _ cos @ _ Cos @

LT, - .
sm—sm£ smE 1-cosy
272 2 2

cosy =
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V2 tg% NZ3 sin%

B /1+tg2%_ COS%
M Y = arccos (\/f sing). O
Mpumep 3.2.8. B tpexrpanHom yrine PABC TmuiocKue YIJibl

£APB = 60°, £BPC = 45°, nByrpausslii yron ¢ pedpom PC mpsMOii.
Haiinure BenmmuuHy AByrpanHoro yria ¢ pedpom PA.

a N a
cos = NG3 sin

sin ZzBPC
Pewenue. Tlo TeopeMe CUHYCOB JI TPEXTPAHHOT' O yIJia A
= APE oy kyma sin A = SEESNEBEC pr s 0Bt 3anaum coetyer
~ sinc YA " sinzaPB Y A AYET,
V3 V2

yro SinZAPB = PY sinZBPC = Py sinC = 1. CienoBaTeabHO,

. 2 . 2
sinA = \/;I/IA = arcsm\/;. O

Mpumep 3.2.9. lokaxuTe, YTO B TPEXTPAHHOM yIJE: a) CyMMa
JBYT'PaHHBIX YIJIOB OoJblIe 77, 6) CyMMa IUIOCKUX YTJIOB MEHbIIIE 2TT.
Pewenue. a) Ilo BTOpoii Teopeme KOCHHYCOB IJISI TPEXTPAHHOTO

yria cos C = —cos A cos B + sin Asin B cosy. IIpeoOpa3zyem mpaByro
94acTh 3TOTO PAaBEHCTBA:
cos C = —cosAcosB +sinAsinB —sinAsinB + sinAsinB cosy =

= —cos(A + B) + sinAsin B (cosy — 1).
Orcrona
cos C + sinAsinB(1 — cosy) = cos(mr — A — B).
Tak xak sind > 0,sinB > 0,1 —cosy > 0, To
cos C < cos(m— A — B).
IloatomyC >m—A—BuA+B+(C >m.

0) [Byrpannsie yrisl A4, By, C; Tpexrpannoro yrina PA,BC;, no-
JISIPHOTO TaHHOMY TpeXrpaHHomy yriy PABC, v TIOCKUE yTibl JaHHO-
T'O CBsI3aHBI cooTHOMmeHusIMHA (3.12):

a+A;=n,B+B, =m,y+(C =m.
Orcrona a + f +y = 3m — Ay — B; — C;. Ilo nokazannomy A; + By +
+C; < m,mostomMmy a +  +y > 2m. O

3.2.3. TpexzpaHHbIU y2os1 u cghepa. BUcCeKTOpHBIE TOIY-
MIJIOCKOCTH JBYTPAHHBIX YTIIOB TPEXTPAHHOTO YIJIa UMEIOT OOIIHMN Ty C
HavaJlOM B BEPIIMHE TPEXTPAHHOTO YTIIa, KOTOPBIHA JIEKUT BHYTPHA STOTO
TPEXTPAHHOIO yria. ITOT JIyd HA3BIBACTCS OUCCEKMPUCOU MPeXSPaHHO-
20 yena.
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Cdepa Ha3BIBACTCH 6NUCAHHOU 8 MPEXePAHHbIL Y20, eCIIA OHA Ka-
caercs Bcex ero rpaneit (puc. 3.23). IlenTpsl Bcex cdep, BIUCAHHBIX B
TPEXTPaHHBIN YTOJI, JIe)KaT Ha OUCCEKTPUCE 3TOTO YIiia.

Puc. 3.23 Puc. 3.24

Hapsiny co cdepamu, BNMCaHHBIMH B TPEXT'PaHHBIA YTOJ, 4acTo
paccmatpuBatotcs cepsl, kKacaromuecs Bcex ero pebdep (3.24). Heko-
TOpbIE aBTOPBI HA3BIBAIOT TAKHE CEPbI NOTYENUCAHHBIMU 6 MPeXePaH-
noltl yeon. LleHTpHl Beex cdep, MOIMyBIUCAHHBIX B TPEXTPAHHBINA yrod,
MPUHAIJIEKAT JIydy C HAa4aJloM B BEPUIMHE TPEXTPAaHHOTO YIiia, 1Mo KO-
TOPOMY TIEPECEKAIOTCSl MONYIUIOCKOCTH, MEPHEHANKYISIPHBIE TPaHsIM
TPEXTPaHHOrO Yrila ¥ MPOXoAslIre Yepe3 OMCCeKTPHUCHI TNIOCKUX YTIIOB,
JIeKANMX B ATUX TPAHSIX.

PaccmoTpuM cxemy paccyxaeHWH, MO3BOJISIONIMX HaWTH cdepy,
BIIMCAHHYIO B TPEXTPAHHBIA YroJjl, 3Hasl €0 JIEMEHTHI.

ITycts cdepa S paamyca r ¢ 1ieHTpoM B Touke O KacaeTcsl rpaHei
PBC, PCA, PAB tpexrpannoro yriaa PABC B Toukax A4, By, C; coot-
BeTcTBeHHO (puc. 3.23). Paccrosaue ot meHTpa chepbl O 10 BEPUIMHBI
P TpexrpaHHOTro yria 0003Ha4uM uepes d.

Pamuyc chepsl, mpoBeieHHBI B TOUKY KacaHUs chepbl U MIOCKO-

—_—

CTH, TIEPIEHIMKYIIAPEH 310l miockoctd. Ilostomy BekTopsl 0A; = d,
— - —— N o
OBy = b, 0C; = ¢ 6yayr HOpMaJIbHBEIMHU BEKTOpaMHu Tutockocreit PBC,

PCA, PAB cootBerctBeHHO. Ilpu sTOoM ib=m— C, ac=m—B,

bé=m— A, the, kak o0braHO, A, B, C — AByrpaHHbIE YIIbl TPEeXrpaH-
Horo yria npu pedpax PA, PB, PC COOTBETCTBEHHO.

> 7T >
BriOepem BekTOpHI d, b, C B KauecTBe 0a3uCHBIX. Ta0yuIa cKasp-
HBIX POU3BEJICHUI STHX BEKTOPOB OYEeT HIMETh BH/I:
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a b ¢
a r2 —r2cosC —r?cosB
b —r2cosC 2 —r2cosA
¢ —r2cosB —r2cosA r?

—
Paznoxxum BexkTop OP 110 6a3UCHBIM BEKTOPAM:
— -
OP = xd + yb + zC.
Haiinem ko3¢ duIreHTs! 3Toro pasnoxeHus. Bocmoiab3yemcs i 3Toro
TEM, YTO BEKTOPBI

PA; = 04; — OP = d — OP,

PB, = 0B, — OP = b — OP,
PC,=0C, — 0P =¢&— 0P
OPTOrOHABHbI BEKTOPaM d, b, ¢ COOTBETCTBEHHO:

(@—0P)d=0,(b—0P)b=0,(¢—0P)é=0.
Orcroza cnemyer, 4To
OPG=ad?=120Pb=b%2=1r20PC=C%=r?2

WJIM C YU4€TOM TaOJUIIBI CKaJSIPHBIX TPOU3BECHUI 0a3UCHBIX BEKTOPOB
x—ycosC—zcosB =1,
—xcosC+y—zcosA=1, (3.16)
—xcosB —ycosd+z=1.

Takum ob6pazom, 9T0OBI HaWTH KOIDPHUIIMEHTH pa3IOXKEHHUs] BEKTOpa

OP 110 6a3ucHbIM BEKTOpaM HeoOXoauMo pemmuth cuctemy (3.16) Tpex
JIMHENHBIX YPaBHEHUN C TPEMsI HEU3BECTHBIMU X, Y, Z. T€, KTO 3HaKOM ¢
npasuiioM Kpamepa nnn metogom 'aycca (MeTomom mociie1oBaTesbH o-
r'0 MCKIIFOUSHUSI HEU3BECTHBIX), MOTYT CAEJATh 3TO JOCTAaTOYHO JIETKO U
ObicTpo. OcTallbHBIM TMpeAiaraeTcsi MpoBepuTh, yTo cucrema (3.16)

UMEET pelIeHHe:
(1+cos A)(1—cos A +cos B+cos C)

1—cos? A—cos2 B—cos2 C—2cos A cos Bcos C'

X =

(1+cos B)(1+cos A —cos B+cos C)
> > > , (3.17)
1—cos“ A—cos“ B—cos“C—2 cos Acos B cosC

y:

(14+cos C)(1+cos A +cos B—cos C)
1-cos? A—cos? B—cos? C—2cos A cos B cos c’

3ameruM, 49to BekTop OP nexur Ha OUCCEKTpHUCE TPEXIPaHHOTO
yrma PABC, T. e. Ha ny4e, 10 KOTOPOMY TIEPECEKAIOTCsl OMCCEKTOPHBIE
MOJIYTUIOCKOCTH €I0 IBYIPaHHbIX YIJIOB.
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Paccrosiaue ot nentpa cdepsl O 10 BeplIMHBI P TpeXrpaHHOro yr-

Ja paBHO d = v/ 0P2. CrienoBateibHo, paccrosinue d u paguyc cepsl
CBSI3aHBI COOTHOILICHUEM:

d? =r2(x?+y%?+ 22— 2xycosC — 2xzcos B — 2yz cosA).
Hatins pemenne cucremsr (3.16) 1 3Has OAHY W3 STUX BEITUYHH, MOKHO
BBIYUCIUTH APYTYIO BeNMUUHY. Pemienue 3Toil 3agaun B o0mieM Buie
CONPSHKEHO C TPOMO3KUMH BBIYUCIICHUSIMH, TIO3TOMY TIPOBOJIUTH HX HE
OyneM. 3aMeTHM JIMIITb CIISAYIONIEe.

s pemieHns 3amad ¢ KOHKPETHBIMU YHMCJIOBBIMH JaHHBIMH HET
HEOOXOJMMOCTH 3allOMHHATh BHUJI cucTeMbl (3.16) u, Tem Ooinee, dop-
My1ibl (3.17). B momo0HBIX ciydasix Ha OCHOBE JIAHHBIX, COAEPIKAIIUXCS
B YCJIOBUH 3a]la4u, OOBIYHO MPOCTO BOCIPOU3BOISAT C HUMHU MPOBEICH-
HbIe 00IINE pacCyKICHUSI.

Mpumep 3.2.10. Chepa pamyca 1 BOMcaHa B TPeXTPaHHBIA yrod,
JIBa IUIOCKHX yTJIa KOTOPOTO paBHLI =, a TPeTUil yroma — — HaI/IIlI/ITe pac-
CTOSIHHE OT LIEHTPa cepsl 10 BepHH/IHBI TPEXTPaHHOTO yrna.

Pewenue. Bocrionb30BaBIIUCH MEPBOM TEOPEMOM KOCHHYCOB ISt
TPEXTPaHHOro yria, HalJeM JBYTrpaHHBIE YIJIbl JAHHOT'O TPEXTPaHHOrO
yrina. O6o3naunm ero PABC w OyneMm cuutath, uto £LBPC = a = %,

LAPC=f = g LAPB =y = g Torna

T ™ s
COS;—COS;COSE
co0SA=cosB =———F3+—%2=

al-

mT . T

Sin—Ssin—

3 2

s s s
COSE_COSECOSE 1
cosC =—=—F237—"3=—-,
sin—sin— 3
3 3

Teneps 3aga4a cBeneHa K 3a1a4e, pacCCMOTPEHHOM B 001IIEM BUJIE.
[Tycts O — uentp cdepsl u oHa Kacaercs rpaneit PBC, PCA, PAB

TpexrpanHoro yria PABC B toukax Aq, By, C; coorBercTBeHHO. HCcKO-

MO€ paccTosiHUE OT LeHTpa chepsl O 10 BepUIMHBI P TpeXrpaHHOro yria

o6o3naunm uepes d. Bekropel 0A; = d, OB, = b, 0C; = C BbiOepeM B
- 7 ?')
KadecTBe OasucHbIX. Torma a2 =b?=c?=r? =1, ab=n—-C,

=3 =3 .
ac=m— B, b¢ =m — A, u TabimIia CKaJIIPHBIX MMPOU3BEICHUIN Oa3nc-
HBIX BEKTOPOB OY/IET BBITTISACTD CIACAYIOMUM 00pa3oM:
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a 3 ¢
a 1 _L
1 3 V3
T 1 1
¢ | _1 L 1
V3 V3

Pasnokum BekTop OP 110 6a3iCHBIM BEKTOPaM:
OP = xd + yb + z¢.
[ToBTOpsis paccyxkeHHs, MPOBEACHHBIE B OOIIEM cliydae, MpUIeM K
cucTeme

x+ly—%z= 1,

BI)Ipa?)I/IM U3 TPETHEro ypaBHeHI/ISI CI/ICTCMLI HCU3BECTHOC Z YCPE3 HCU3-
BECTHBIC X, Y U IIOJACTaBUM B HepBI)IC ZLBa YpaBHCHUA:

—x—1+\r,
_y=1+F
kz—1+Fx+‘/_y

OTCIO,Z[a CJICOYET, UTO CUCTEMA UMECT €AUHCTBCHHOEC PEIICHUC X =Y =

= 3+‘/§, z = 2 + /3. CnenoBareisHo,

0P =L+ 2 BF 4 (24 43)¢,

Otkyna ,
0P = (225) +(3+2—ﬁ) +(2+v3)" +2 (3+‘F) +
~2(2E)(2+v3) - f(3+f)(2+\/_)—5+2x/_

2
nd=+0P2=/5+2V3.0
[Tpn Bemcennn paccrosiaus d ot meHtpa O chepsl paguyca 1,
Kacaromeiics pebep Tpexrpanaoro yria PABC, moTpeOyeTcst TOMOTHA-
TEJFHO 3HATh PACCTOSIHUE OT BEPLIMHBI yTiIa P 10 To4ek KacaHus. 31ech
o011as cxema pacCykKIeHUH BBITTBAUT CIETYIOIM 00pa3oM.
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[Tycts cdepa S paguyca r ¢ ueHTpoM B Touke O Kacaetcst pebep
PA, PB, PC tpexrpannoro yria PABC B Toukax A;, By, C; cooTBeTCT-
BeHHO (puc. 3.24). ByneM cuuTaTh 3alaHHBIMU BEJIMYMHBI TUIOCKHX YT-
noB PBC, PCA, PAB tpexrpannoro yria PABC; ux, kak 00bI9HO, 000-
3Ha4aTh @, 3, Y COOTBETCTBEHHO. PaccTosiHue ot menTpa cdepsl O 10
BepUIMHBI P TpexrpaHHoro yria obozHaunM OykBod d. Ortpesku PAq,
PB{, PC; xacaTelbHBIX, IPOBEJICHHBIX U3 TOYkU P k cdepe S, Oyayr
paBHbBI; 0003HAYUM WX JUTHHY OYKBOH P.

IMockombKky WM3BECTHHI BEIMYUHBI IUIOCKHX VIJIOB TPEXTPaHHOTO
yria, TO TeHeph B KauecTBE 0a3MCHBIX BEKTOPOB yIOOHO BHIOpATh BEK-

—_— e - — N 5o —)2 52 2 =
topel PA; = d, PBy = b, PC; = ¢. Torna a* = b* =c“ =p“ ab =v,
= =3 .
ac = f, b¢ = a, u TabaMIA CKATSIPHBIX MPOU3BEICHUI 0A3MCHBIX BEK-
TOPOB UMEET BUI:

a b ¢
a p? p? cosy p? cos B
b p? cosy p? p? cosa
¢ p? cos B p? cos a p>

Haiinem xoaddunmeHTH pa3ioxKeHns BEKTopa
PO = xd + yb + z¢

o BekTopam 6asuca. Pamuycel OA{, OBy, OC; cdepbl nepneHuKyisp-
HbI KacarensHbM PA, PB, PC k atoii cepe. [loaTomy BekTOpHbI

0A; = PA; — PO = d — PO,

0B, = PB, — PO =b - PO,

0C, = PC, PO = é — PO
OpPTOrOHAJILHBI BEKTOPaM d, b, ¢ COOTBETCTBEHHO:

(@6—-P0)d=0,(b—P0O)b=0,(¢-P0)é=0.
Ortcrona cnenyert, 4To
PO d=d*>=p? PO b=b*=p? PO =% =p?
WU C Y4ETOM TaOJIHILIBI CKAJISIPHBIX ITPOU3BEICHHUI 0a3MCHBIX BEKTOPOB
x+ycosy+zcosfB =1,
xcosy+y+zcosa =1, (3.18)
xcosf +ycosa+z=1.

Sl
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Takum obpazoM, k03huUIMeHTs! X, Y, Z pasnoxkeHus Bekropa PO mo
0a3HCHBIM BEKTOpaM SIBIISIFOTCS petieHreM cuctemsl (3.18). TIposepsTe,

qTo pemeHHe J3TOM CUCTEMBI MOYKHO 3aIlicaTh B BUIC:
(1-cos a)(1+cos @ —cos f—cosy)

x =
1—cos2 a—cos2 f—cos2 y+2 cos a cos B cos y’

y= (1—cos B)(1—cos a +cos f—cosy) (3.19)

1—cos2 a—cos2 f—cos2 y+2 cos a cos B cosy’

(1-cosy)(1—cos @ —cos B+cosy)
1—cos? a—cos? f—cos? y+2cos a cos B cosy’

MHoKecTBO BceX TOYEK IIPOCTPAHCTBA, PaBHOYAAJIEHHBIX OT JBYX
JTAaHHBIX MTEPECEKAIOIINXCS IPSIMBIX, €CTh JIBE MJIOCKOCTH, TEPIEHINKY-
JSIpHBIE IIJIOCKOCTH, B KOTOPOH JIeXKAT 3TU MPsAMbIE, U IPOXOJALINE Ye-
pe3 OMCCEKTPUCHl YIVIOB JaHHBIX MPSIMBIX. PaccMOTpHM ILIOCKOCTH,
MPOXOIAIINE Yepe3 OMCCEKTPUCH! IUIOCKUX YIJIOB TPEXTPaHHOTO yria
PABC nepneHauKyIapHO MIOCKOCTM 3TUX yrioB. [lnockocTs a4, mpo-
xomImas uyepe3 ouccekrpucy yria BPC meprneHIuKyISpHO TIOCKOCTH
3TOr0 YIJIa, SBIISETCS MHOXECTBOM TOYEK OAWHAKOBO YNAJEHHBIX OT
pebep PB u PC wim ux nponoivkeHuid. Tak ke TOYHO, TUIOCKOCTh f31,
poxoJiAIas yepe3 ouccekrpucy yria APC NeprneHAuKyYISPHO TUIOCKO-
CTH 3TOT0 yIJa, SBJISAETCS MHOXKECTBOM TOYEK OAMHAKOBO YAAJECHHBIX
ot pebep PA u PC wnu ux npopoinkenuii. [loaToMy Bce TOUKH MpsSMoOX,
MO KOTOPOU MepeceKaroTcsl TNIOCKOCTH @4 U [, OyayT OJMHAKOBO yna-
JieHsl OT pedep PA u PB wiau uX NPOAO/DKEHUH, M, CJICIOBATEIIbHO,
MPUHAJIEKAT TIOCKOCTH Y;, MPOXOJsAIIed depe3 OMCCEKTpHUCy yria
APB mepneHIuKyJIspHO TUIOCKOCTH 3TOro yria. JImHuio mnepecedeHus
TUIOCKOCTEU (1, B1 ¥ Y4 YaCTO HA3BIBAIOT OUCCEKMOPHOU NPAMOTL TPEX-
rpaHHOro yria (He ImyTaTb ¢ OMCCEKTpHUCOH TpexrpaHHoro yria). U3
CKa3aHHOTO CJEIyeT, 4To Touka O NPHHAUIEKUT OMCCEKTOPHOU Mpsi-

—_
Moii Tpexrpannoro yrna PABC, a Bektop PO siBsieTCsl HallPaBIISIONIIM
BEKTOPOM 3TOH IPSIMOM.

Paccrosiaue ot nenTpa cdepsl O 10 BepMHBI P TPEXTpaHHOro yr-

—
ma paBHo d = v PO2. CrenoBarenbHo, d U JJIMHA P OTPE3Ka Kacarelb-
HOW K cdepe S, MPOBEJACHHON U3 TOYKU P, CBSI3aHBI COOTHONICHUEM:

d? = p?(x? + y? + z%2 + 2xy cosy + 2xzcos f + 2yz cosa ).
Pammyc r cdepsr u oTpe30k KacaTembHON K cdepe, POBEACHHON W3
BEPIIMHBI P, SBIAIOTCS KareTaMu NPSMOYTOJbHOI'O TPEYrOJIbHHKA C
runoreny3ort PO. CnenoBarensHo, o Teopeme [lnudaropa
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r? +p? =d%

ITosTomy, 3Hast ABE U3 BEJMYHUH 7', P U d, MOKHO HaXOJIUTh TPETHIO.

Mpumep 3.2.11. Cdepa kacaercs pedep TpeXrpaHHOIO yriia, Iio-
CKHE YTJIbI KOTOPOTO PaBHBI %, g, u g Paccrosiaue ot neHTpa cdepsl 10
BEPILMHBI TPEXIPAHHOTO yria paBHo v 17. Haitnure pamuyc chepsr.

Peuienue. O603naunM Tpexrpansbiii yron PABC u OyneM cuuTarb,
yto £BPC = %, 2LAPC = g, 2APB = g ITycts O — neHtp cdepsl, 1 oHa
kacaercs pedep PA, PB, PC TpexrpanHoro yria B Toukax A, By, C;
COOTBETCTBEHHO. Bribepem Bektopsl PA; =d, PB, =b, PC, =¢C B
KadecTBe 0a3ucHbBIX BekropoB. O6o3naunB PA; = PB; = PC; = p, co-
CTaBUM TaOJMILY X CKAJISIPHBIX MTPOU3BEICHHIA:

a b ¢
a p? 0 %pz
b 0 p? gpz
i 2 p2 P’

Haiinem ko3 guImeHTh pa3ioKeHus: BEKTOpa
= -
PO = xd + yb + zC.
nmo 0a3uMCHBIM BEKTOpaM. Terepb, OBTOPSS PACCYXKICHHUS, POBEICH-
HBIE B OOIIIEM CTydae, IOIYyYUM CUCTEMY:

( x+lz=1,
| 2
4 y+\/7§z=1,

|
1 V2
k— x+—y+z=1.
2 2
Bripaxkas u3 TpeThero ypaBHEHUS CUCTEMBI Z YEPE3 X, Y U MOACTABILA
B IIEPBLIE IBa YPaBHEHMUS, IIOJIyYUM CUCTEMY:

3x —\2y =2,
—V2x +2y =4-— 22,

—1_ly_¥2
k z=1 SX—S V.

U3 mepBBIX JBYX YPaBHEHMi CHCTEMBl HAXOMMM: X = V2, y = 3 —+/2.
[loncTaBuB HaliieHHBIE 3HAYEHWSI X, Y B TPETbE ypaBHEHHE, MMEEM:

z=2—2/2. Hraxk,
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PO =+2d + (3 —V2)b + (2—2v2)2.
Orcrona
P02 = 2p2 + (3—V2) 2 + (2 — 2v2) 'p? +V2(2 — 2V2)p? +
+V2(3-v2)(2 - 2v2)p? = (5 - 2v2)p2.
To ycnosuto 3anaun (5 — 2v2)p? = (\/ﬁ)z, otkynap? =5+2v2u

r= |7 —p2=V17-5-2y2=\12-22. 0

Mpumep 3.2.12. PaccrosiHue or meHTpa cepbl, BIUCAHHOW B
MPaBUJIBHYIO TPEYTOJbHYIO MHUPaMUAY, 10 BEPLIMHBI MUPAMHUIBI B /B
pasa Oobinie paguyca cepsl. Haiimure: a) BenmMUuHY JBYTPaHHOTO yT-
Ja mpu OGOKOBOM pebpe mupamufpl, 0) BEIMUUHY IUIOCKHX YIJIOB IIPH
BEpUIMHE NMUPAMHJIBI B) BEIWYMHY JIBYTPAHHOTO yIJla MEXKAY IIOCKO-
CTBI0 OOKOBOW TPaHU U TJIIOCKOCTHIO OCHOBAHUS.

Pewenue. a) Ilycte SABC — nanHas npaBuiibHasi nupamuna, O —
[IEHTp BIHCAHHOU B paMuny cepsl, r — paauyc chepsl, @ — BEIMIH-
Ha PaBHBIX IUIOCKUX YIJIOB NPU BEPLIMHE NUPAMHIbI, () — BEJIMYMHA
PaBHBIX JIBYTPAHHBIX YTJIOB ITpHU OOKOBOM peOpe MHUpaMUIbL.

Touku kacanust cepsl ¢ OokoBeMU Ipansimu SBC, SCA, SAB mu-
pamuabl o0o3HauuM A, By, C; cooTBeTCTBEHHO. BBIOEpEeM BEKTOPHI

N e fd B N
da, OB; =b, OC; =C B kauecTBe BeKkTOpoB Oasuca. Torma

- 57 5> 7>
=b?=c¢%=7r? db=dac=bC=m— @, n TabIMUA CKAIAPHBIX
NpOU3BE/ICHHI 0a3UCHBIX BEKTOPOB OyeT BHIMVIAETH CIELYIOIMM 00-
pasom:

da b ¢
a r? —r2cosq | —r?cos @
b | —r%cosg r? —r2cos ¢
¢ | —r?cos —r? 2
%) r2cos T

IIycts 0S = xd + yE + z¢. Cucrema (3.18) B nmanHOM ciyuyae
NPUHUMAET BUJ:

X—ycosp —zcosp =1,
—xcos@+y—zcosp =1,
—xcos@—ycosp+z=1.

CpaBHuBas paBble YaCTH YPaBHEHUH CHCTEMBbI, 3aKJIFOUAEM, 4TO
cosQ # %

X=yV=z=
y 1-2cos ¢’
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Taxum oGpazom, 0S = (a +b+ c) u
1-2cos <p
1t 2
052 = T zcosp)? (3r2 — 612 cos ).
[To ycrnoButo |OS | = 27, O3TOMY
3-6cos¢p 4
(1-2cos@)2

[Ipeobpaszyem momydeHHOE TPUTOHOMETPUIECKOE YpaBHEHHE:
3—6cos@ =4(1—2cosp)?
16 cos?¢p —10cosp +1 = 0.
Ortcrona cos @ = g, cosp = %; HO COS @ #+ %, MIO3TOMY () = arccos %.
6) U3 BTOpOI TEopeMbl KOCHHYCOB ISl TPEXIPAHHOTO yria HaXo-
M
cos p+cos? ¢ %"‘a

1
cosa = = = -
sinZ ¢ -7

1
CJICOO0BATCIIBHO, & = ArcCosS ;

B) IlycTh Y — BenMuMHAa ABYTPaHHOTO YTJia MPU Pedpe OCHOBAHMUS
nupamMuiel. B ocCHOBaHMM NPAaBUIIBHOW TPEYTONBHOM MUPAMHUIBI JIE€KUT
PaBHOCTOPOHHHUH TPEYroJbHUK, IOITOMY OAMH U3 YIJIOB IPH BEPILIUHE
OCHOBaHMS NMHUpPaMUJIbl paBeH g BokoBele TpaHu mupaMHabl — paBHO-

OelpeHHBIE TPEYTONBHUKH C YIJIOM ¢ nipu BepumHe. [losromy nsa npy-
T a 9
THX YIJa TPH BEPIIMHE OCHOBAHWS DABHBI —— . 3HaYUT, U3 MEpBOU

TEOPEMBI KOCUHYCOB IJIsL TpexrpaHHoro yrijia UMEEM:

(G-3)-cosgeos(5-5) _ sing—sing
costp = cos(5— cos3 cos\z—3) _ simp—gsiny _ itgg
sin sm(——g) NEP V3 ©2’
2 2 2 2

1
1—cos(arccos;)

1 1
Tak xkak tg% =tg (5 arccos 7) =

1
1+cos(arccos;)
s
cosy = - I/I Y = 30
3apaum AnAa caMoCcToATENbHOro peleHuns
113. Jlar nByrpaHHBIA yron BenM4uHHL @@. Ha omHOI rpanm 3Toro

yria JeXHUT Touka A, ylaJieHHas Ha paccTosiHue d OT APYrod T'paHw.
Hatigure paccrosHue oT TOYku A 10 pedpa ABYrpaHHOIO yria.
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114. Touku M u N npunamiexar pedpy, a Touku A u B rpansam
JIBYrpaHHoro yria, npu stoM MA = MB = NA = NB = AB. Haiinure
BEJIMYMHY JIBYTPAHHOT'O yria.

115. Touku M u N npunaiexar pedpy, a Toukd A u B rpansm
JIBYTPAaHHOTO YTJIa, BEIMYMHA KOTOporo paBHa ¢ (¢ < 90°). U3BecTHo,
yto MA L MN, £BMN = «. Haiinute kocunyc yria AMB.

116. Hoxaxxute, uTo Mrobast TOUKa, MpHHAJIEKAIIAss OUCCEKTOPHON
MOJYTUIOCKOCTH IBYTPaHHOrO yriia, OIMHAKOBO yJajeHa OT rpaHel 3To-
ro yria.

117. Touka O npuHaANEKUT pedpy ABYTPAHHOrO yria, Touka M —
ero OMCCEKTOPHOM MONTyIUIOCKoCTH. JlokaxwuTe, uTo npsmas OM obpa-
3yeT paBHBIC YIJIbI C TPAHSIMU ABYTPAHHOTO yIJia.

118. Cdepa pagmyca R kacaercsi rpaHeil MPSIMOTO JBYTPaHHOTO
yrna. Haiimure: a) paccrostHue oT 1ieHTpa cdepsl 10 pedpa ABYTrpaHHOro
yria, 0) paccTosiHuEe MEXIy TOYKaMH KacaHusl.

119 (Teopema CUHYCOB ANS ABYrpaHHOro yrna). B oxmoii u3
rpaHeil IBYIpaHHOTO YIJia, BEJMYMHA KOTOPOTO paBHA ¢, MpPOBEACHA
npsMas, oOpasyrolias yroin a ¢ pedpoM AByrpanHoro yria. Haiimure
YTOJI HaKJIOHA 3TOH MPAMOM K JpYyroil rpaHu.

120. lan nByrpanuslii yron BemmuuHbl @. Cdepa pamryca R xaca-
eTcsl TpaHel MaHHOTO JByTrpaHHOro yria. Haiinure: a) paccrosHme OT
neHTpa chepsl 10 pedpa IBYrpaHHOrO YIiia, 0) pacCTOSHHE MEXKAY TOY-
KaMHu KacaHusl.

121. 3 Bepumnbl P mipssMoro TpexrpanHoro yria PABC mpoBeneH
ny4a PM, obpasyromuii ¢ pedpamu yrisl «, f uy. Jlokaxure, 4TO

cos?a + cos? B + cos?y = 1.

122. JlokaxxuTe, YTO €CIIM JBYTPAaHHBIC YIJIBI TPEXTPAaHHOI'O yriia
HpsIMBIE, TO €0 IUIOCKUE YTIIbI TOXKE MPSIMBIE.

123. Haiigure yroi Mexay OMCCEKTPUCAMU IIOCKUX YTIIOB MPSIMO-
r'o TPEXIPaHHOTO YTJIa.

124. Jlokaxxute, 94TO B MPOU3BOJIBHOM TPEXTPAHHOM YTJIE OUCCEK-
TPUCHI ABYX IUIOCKUX YTJIOB M yIJIa, CMEKHOTO C TPETBUM IUIOCKUM yT-
JIOM, JIeXKAaT B OAHOU IJIOCKOCTH.

125. TlnockocTh mepecekaer pedpa IpsIMOro TPEeXrpaHHOTO yTiia B
toukax A, B u C. [lokaxwuTte, 9T0 TpeyronbHUK ABC 0CTPOYTONBHBIMA.

126. Touka M TpUHAJICKUT BHYTPEHHEW 00JIACTH MPSIMOTO TPEX-
TPaHHOTO yIJia M yAajeHa OT ero rpaHell Ha paccTosHus a, b u ¢. Haii-
JUTEC paCCTOAHUE OT TOUKH M J10 BEPIIMHBI TPEXTPAHHOI'O YTJId.
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127. JlokaxkuTe, 4TO €CJIM MO KpaiHEH Mepe JBa IUIOCKHX YTiia
TPEXTPaHHOro yIiia He MPSMbIE, TO TPH IUIOCKOCTH, KaXJast U3 KOTOPBIX
MPOXO/IUT Yepe3 pedpo TPeXIpaHHOro yria MepHeHIUKYISPHO K III0C-
KOCTH ITPOTUBOIIOJIOKHOM I'PaHu, IEPECEKAIOTCS IO OHON MPSIMO.

128. Jlokakure, YTO TIOCKOCTH, KaKAas M3 KOTOPBIX MPOXOIHT
gyepe3 peOpo TPEXTPaHHOrO yriia U OMCCEKTPUCY MPOTHBOIOJIOKHOTO
ILUTOCKOT'O yTJia, IEPECEKAIOTCS 110 OIHON NPSMOM.

129. B tpexrpannom yrie PABC muockue yrist APB u APC pas-
Hbl. JIokaxuTe, 4T0 OMCCEKTOPHAS MOMYIJIOCKOCTh JIBYTPAHHOTO yIila ¢
pedpom PA nepnennukynsipHa rpanu PBC.

130. /loxaxkure, 94TO B TPEXIPaHHOM YTIJIe MPOTUB DPaBHBIX JIBY-
T'PaHHBIX YIJIOB JIEKAaT PaBHBIC IUIOCKHE YIJIbI M, 0OPaTHO, IIPOTHUB PaB-
HBIX TUIOCKUX YTJIOB JISKAaT pPaBHBIC IBYTPAHHBIC YTIIBL.

131. Jlokaxkute, 4TO B TPEXIPAaHHOM YTrJie MPOTHB OOJIBIIETO JBY-
TPaHHOTO YTIJa JISKHUT OONBIIMI TUIOCKUI yroil H, oOpaTHO, NMPOTUB
OOJTBILIETO TUIOCKOTO YTJIa JISKUT OOJIBIIHIA IBYTPAHHBINA YTOJL.

132. Jlokaxkute, YTO €CIIM BCE TUIOCKUE YIJIBI TPEXTPAaHHOTO YTIia
TYIIBIE, TO M BCE €T'0 IBYTPAaHHBIC YTJIbI TOXKE TYTIBIC.

133. loxaxkure, 9TO €CJIM BCE ABYTPAHHBIC YTIIbI TPEXTPAHHOTO YT-
JIa OCTpBbIE, TO U BCE €T0 IIOCKHUE YIIIbl TOKE OCTpBIE.

134. CymMMa MIIOCKHX YTIIOB TpeXrpaHHoro yria pasna 180°. Jo-
Ka)XHTE, BCE TUIOCKHE YTIIBI OCTpPHIE.

135. JlokaxkuTe, 4TO CyMMa JIBYTPaHHBIX YTJIOB TE€Tpas/pa Oombiie
360"

136. B tpexrpannom yrie PABC mnockue yrinst BPC, CPA, CPA
paBubl 90°, 45°, 60° cooTBeTcTBeHHO. HaiimuTe BeMuMHy JBYrpaHHOTO
yria ¢ pedbpom PC.

137. B TpexrpaHHOM yriie OJMH M3 MJIOCKUX YTIIOB MPSMOH, a Me-
Pl TIPUIIEKAIIMX K HEMY JIBYTPaHHBIX YIJI0B paBHbI 45°. Haiimure Mepy
TPETHhEro ABYTPAHHOTO yIJIa.

138. B tpexrpannom yrie PABC mepsl miockux yrinos APB, BPC
¥ JIBYrpaHHOTO yria ¢ pedpom PC pasubl 60°. Haitaure Beuuuny aBy-
I'paHHOTro yria ¢ peopom PA.

139. B tpeyronsHoit nupamuae SABC 6okoBeie pedpa SA, SB, SC
paBHbl, LASC — mpsivoit, £BSC = 60°. Haiiaure Mepy ABYrpaHHOTO
yria mpu pedpe ocHoBaHuS AC.
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140. B TpexrpaHHOM YTj€ JBa IUIOCKHMX YIJla OCTpbIE M PaBHBI «,
TpEeTHH TIOCKUH yroi paBeH . Haiinure yroin ¢ Mexay rpaHbio yria
Y TIPOTHBOJICIKAIINM el peOpoM.

141. Han Ttpexrpannbii yron PABC Ttakoif, uro £BPC = «,
2APC = 8, £LAPB = y. HalinuTte KOCUHYC yriia @@ Mexay pedpom PA u
ouccextpucoit yrma BPC.

142. Tlnockuii yron npH BepIIMHE MPaBUIBHON YETHIPEXYTOJILHON
nupamusl pased . Haiiaure yros Mexay IUIOCKOCTSIMU MPOTUBOIIO-
JIOKHBIX OOKOBBIX TpaHeil.

143. Nana tpeyrompaas mupamuna SABC Takas, uro SA = a, SB =
=b,SC =c, £BPC = a, LAPC = 3, £LAPB = y. Haiigure miommanp S
ocHoBanus ABC.

144. Jlana npaBuiibHas N-yronsHast nupamua. Haiinure:

a) IBYrpaHHBIE YIJIbl MPA OCHOBAHUH MHPAMUJBI, €CJIM IUIOCKHE
YTJIBI IPY OCHOBAHMM OOKOBBIX I'PaHEl paBHHI &

0) yryiel OOKOBBIX I'paHEH, €CIIM IBYIpaHHbIE YTIIbl IIPH OCHOBAHHH
MUPaMU/IbI PaBHBI A;

B) JIBYTpaHHBIE YIJbl MPH OCHOBAHWU MUPAMUJBI, €CIId OOKOBBIC
pebpa 00pa3yroT ¢ MIOCKOCTHI0 OCHOBAHHUS YIJIbI Q]

T') ABYTPaHHBIE YTIIBI IPH OOKOBBIX pedpax MUpaMHIbI, €CIH JBY-
TpaHHbBIC YTkl TPU OCHOBAHWH PaBHEI B;

Jl) ABYTPaHHBIC YTIIbI IPH OCHOBAaHMH NHPaMHUBI, €CIIU JBYTpaH-
HBIE YTJIbI IPH OOKOBBIX peOpax paBHEI ('

€) ABYrpaHHbIE YIibl IpH OOKOBBIX pedpax, €Ciu IUIOCKUE YIJIbI
MIPU BEPIIMHE MMPaMUJIBI PaBHBI .

145. TInockue yrilbl TPEXTPAaHHOTO yIiia paBHBI &, 3, ¥, IPOTUBO-
JieKalle UM ABYTpaHHbIe YIibl paBHBI A, B, C cooTBercTBeHHO. J[oKa-

J)KUTE, 4TO
sina _ sin a sin 8 siny

sind \J1—cos2 a—cos? f—cos? y+2 cos acos f cosy’

146. Jlan Tpexrpansbii yron PABC Ttakoir, uro 4BPC = a,
LAPC = f8, LAPB =y. Jlya PM o0pa3syer ¢ peOpamMu TpeXTPaHHOTO
yrIiia yriiel, paBHbie @. Haiinure tgo.

147. Cdepa xacaercst Bcex pedep MPpaBHILHOrO TPEXTPAHHOTO YTIia
C MJIOCKUM YTJIOM g Haiimure pamuyc cdepsl, eclii paauychl OKPYKHO-
CTel, IO KOTOPBIM TPaHH TPEXT'PaHHOTO yIJja IepecekarT chepy, pas-
HEI 1.
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148. llana cdepa pamuyca 2. Uepes ee MEHTp MPOBEIEHBI TPU T10-
MapHO MEPIeHANKYIIpHBIE TTockocT. Haitmute pamuyc cdepsl, KOTo-
past KacaeTcsl BCeX ITUX IUIOCKOCTEH M IAHHOW Cephl.

149. Cdepa pamuyca 1 kacaercs Bcex pedep TPeXTpaHHOIO yIiia ¢

T T 2T o
TUIOCKUMH YIJIAMH =, —, —=. Haiinure paccTosiHie OT BEPIIUHBI yIIIa 10
eHTpa cepsl.
) V3
150. B nByrpaHHbIi yroj, BeJMYMHA KOTOPOI'O paBHA 3 BITHCAHEI

IBE Kacaromyecs: Ipyr apyra cgepsl paguyca R. Haiiaute pagumyc
TpeThel cdepbl, BIUCAHHON B JIJAHHBIA YroJl ¥ Kacaroleicst 00enx JaH-
HBIX chep.

151. Pebpo xyda ABCDA,B,CyD; paBuo 1. Hatinure pammyc cdepsl,
IIPOXOIAIIel uepe3 BepumHy C 1 Kacatorneiics peoep A1 By, A1D; nAA;.

152. Cepa, npoxonsmias uepe3 BepmHbl C, D u cepenunbl pedep
AB, BC npasunsHOro Terpasupa ABCD, umeer panuyc +/11. Haitmute
pebpo Terpasmpa.

153. Yepes kaxmoe peOpo NBYrpaHHOTO yriia MPOBEJEHA TLIOC-
KOCTb, MEPIEHANKYISIpHAs TUIOCKOCTH €r0 MPOTHBOIOJOKHOW T'paHH.
JIOKaKuTe, YTO 3TU TPHU IIIOCKOCTH UMEIOT OOIIYIO MPSMYIO.

Vka3aHHbIE [IOCKOCTH 4aCTO HA3bIBAOT 6bICOMHBIMU NIOCKOCHIA-
My TPEXTPAHHOI'O YIia, a NPSIMYIO X EPECEUEHUS — €r0 OPIMOOChHIO.

§ 3.3. 3ameuaresibHbIe TOUYKH TPEYTrOJbHUKA U TETPAdIPa

B § 2.3 Obum n3ydeHbl BEKTOpHBIE COOTHOLICHUS AJIsI LIEHTPOMIOB
TPEYroJbHUKA U TETPad/ipa U JIaHbI IIPUMEPhI UX TIPHIMEHEHHS IIPH pellie-
HuM 3a1a4. B arom maparpade paccMarpuBaioTCs HEKOTOPBIE COOTHOILIE-
HUSI JUTSL ICHTPOB OKPY)KHOCTEH, ONMCAHHBIX OKOJIO TPEYTrOJbHHUKA U BITH-
CaHHBIX B HETO; BBOJMTCS TMOHITHE OPTOLEHTPHYECKOrO TETparapa; U3y-
YaloTCsl 3aBUCUMOCTH MEKIy 3aMevaTeNIbHbIMA TOUYKAMH TPEYTOJIbHHKA
3amMevaTebHBIMU TOYKaMH OPTOLIEHTPHUYECKOTO TETPadIpa.

3.3.1. Om mpeyzonbHuka Kk mempaadpy. Ilycts ABC — nan-
HBIA TpeyroibHUK. Bynem, kak 0OBIYHO, CUUTATh, YTO AJHMHBI €T0 CTO-
pon BC, CA, AB paBHbI a, b, ¢ COOTBETCTBEHHO, & MIPOTHUBOJICIKAIIIHE
YM yTII6I paBHBI A, B 1 C COOTBETCTBEHHO.

3apava 3.9. Jokaoscume, umo npu n1obom evibope mouku P:

——
— paouyc-eekmop PO yenmpa O oxpyscHocmu, onucantol okoJo
mpeyeonvuuxa ABC, umeem 6uo

136



sin 2,4.1 PA+51n-2 B PB+-sm2 C PC; (3.23)
. sin 24 +sin 2B +sin 2C

— paouyc-eexkmop Pl mouxu I nepeceuenus 08yx buccexmpuc mpe-
yeonvruka ABC umeem 6uo
+7 _ aPA+bPB+cPC,

PI

50 =

a+b+c (3.24)

— paduyc-sexmop PH mouxu H nepecevenus Oeyx evicom Henpsi-

MmoyeonvHo2o mpeyeonvhurka ABC umeem 6uo
ﬁ_i — tg A PA+tgB PB+tgC PC (325)

tgA +tgB +tgC

Pewenue. Bocrionb3yemcsi Uil TOKa3aTeNbCTBA COOTHOLICHHUI
(3.23) — (3.25) omopHoii 3amaueit 2.3 npenpiayiei rnabl. CoriacHo
pe3yapTaTy 3TOH 3a1a4yu, eciu Ha npsaMbix CA u CB, comepkammx cTo-
poHbl TpeyronbHuKa ABC, B3STHI COOTBETCTBEHHO TOYKU By U A4, KO-
TOpbIE JIEJAT CTOPOHBI TpeyrojbHuka B ortHomieHusx (CA,B;) = A,

(CB,A;) = u, To ipu J1F060M BBIOOPE TOYKH P pagnyc-BEKTOp PD Tou-
KU nepecedeHns npsmeix AA, u BB, nmeer BUL:

——  APA+uPB+PC
pp = 2ATRor e
A+u+1

a) Ecim O — neHTp oKpy>KHOCTH, ONFICAHHON OKOJIO TPEyTOJIbHIKA
ABC, a R — ee pamuyc, To O0A = 0B = OC = R. lenrp O sBisercs
TOUYKOW MEPECeUCHMsI CEPeIMHHBIX NEPIEHIUKYIISIPOB K CTOPOHAM Tpe-
yrompHuKa. Korja TpeyroipHHK OCTPOYTONbHBIH, LEeHTp O JeXUT
BHYTPH TPEYTOJbHUKA, KOTJ]a — MPSIMOYTOJBHBIN, — HA CepeJIHE TUIIO-
TEHY3bl, U KOT'/Ia — TYIOYTOJIbHBIN, — BHE TPEYTOJIbHUKA.

IlycTp mnaMeTp ONHCaHHOM OKOJIO
TpeyronsHuka ABC OKpY>XKHOCTH, IpO-
BEJICHHBIN Yepe3 BepIImHy A, nepeceka-
eT cropoHy CB B Touke Aq, a Tuamerp,
MPOBENEHHBIN Yepe3 BepmnHy B, mepe-
cekaet cropoHy CA B Touke Bj.

PaccmotpuMm ciywyail ocTpoyrosb-

Horo TpeyrojbHuka (puc. 3.25). Oge-
CAy _ ScAA; _ ScoAq
BUAHO, 4YTO —— = ——=——1 TI¢
A1B - Saa SajoB Puc. 3.25
Scaa,» Sa,as» Scoa,» Sa,op — TIOWANH

TpeyronbHuKoB CAAq, Sy ap, COA;, A1OB cootsercrBenHo. Otcrona

ITo-

o . CA; SCAA1—SCOA1 Saoc
Ha OCHOBaHMH CBOMCTB IIPOIIOPLHUHN —— = = .
A1B  Sp,4B—Sa0B  SaoB
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CKOJIBKY IIeHTpanbHbI yron AOC onupaercs Ha Ty e IYyTy OKPYXKHO-

CTH, yTO U BrucaHHwll yron ABC, To £LAOC = 2B, u 3HauuT, Syco =
1 . 1 .

= ERZ sin2B. Ha ToM e OCHOBaHHU Sypop = ERZ sin 2C. Tlostomy

CA; _ sin2B

A;B  sin2C’

sin 2

B
T. €. (CB,Al) = Sin 2C

. AHamorm4HEIM 00pa3oM 3aKITFova-

CB sin24 o
eM, uto (CA, B;) = — = ——. CaMOCTOATENLHO YOEAUTECH, YTO Hali-
’ 1 B1A  sin2C ’

JICHHBIE OTHOILEHUS UMEKT MECTO JJIA IPSAMOYIOJIBHOIO U TYIIOYI'OJIb-
HOT'O TPEYTOJIbHUKOB.

IloncraBnsst B onopryto ¢opmyny O BMecto D u HaiiieHHbIE OT-

sin2A ﬁ_‘_ssz PB+PC

—_—
— sin2C sin2C
HOIIEHNUs, oTydyuM PO = $iB2e— L sin2B W
sin2C" sin2C
PO — Sin24 PA+sin2 B PE+sin2 ¢ PC
sin 2A +sin 2B +sin 2C '

0) Ilycts Ouccextpucet AA; u BB,

c TpeyronsHuka ABC mepecekarorcss B

touke I (puc. 3.26). B cmy 3amaum 3.3

Aq OocHOBaHue B; Owuccexrpuckl BB, nemut

B: cropony CA B otHomenun (CA, By) = %,

a ocHoBaHue A; OuccekTpucel AA; —

A o CTOpoHY BC B ornomenun (CB,A,) = %‘
Puc. 3.26 TlosTomy Pl = % WA

%37 _ aPA+b PB+c PC
PI = a+b+c )

B) [lycts ABC — HenpsIMOYTOJIbHBINA TPEYroibHUK, H — TOUKa Tie-
pecedenns ero BeIcOT AA; u BB;. Ecau TpeyrolbHUK OCTPOYTOJIBHBIN,
TO TOUKa H HaxomuTcsi BHyTPH TPEYrojbHUKA, & €CIIH — TYIOYT OJIbHBIH,
TO — BHE TpeyrojbHuka (puc. 3.27).

B nepBom cirydae

CAl = AAl Ctg C, AlB = AA]_ Ctg B,
CB]_ = BB]_ Ctg C B]_A = BB]_ CtgA

ctg C tgA ctgC _ tgB
Orciona (CA,By) = L~ (CB. A1) = g5 " e

Bo BTOpOM ciydae
CA; = AA; ctg(m— C) = —AA; ctgC, A;B = AA, ctg B,
CBy =BByctg(m— C) =—BB; ctgC,B;A = BB; ctg A.
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A

/T

Puc. 3.27

HOCKOJ’IBKy TOYKHU Ala B1 ACIAT Tenepb CTOpOHBI Tpey1"0J'IBHI/IKa BHCIII-
HUM 06pa30M TO TAKXEC HOJ'IyLII/IM
ctg C _t A ctg C tg B
(CA,By) === =22 (CB,4,) === =22
ctg A t c’ ctg B tgC
[ToncraBnss B o0myto opmyiny H BMecto D v HaliieHHBIC OTHOIIICHUS,

ﬁﬁﬁg—B PE+PC

DI tgC
Haxomam: PH = =755 WM
tgC tgC
—77 _ tg APA+tg B PB+tg C PC
P — & g g

tg A+tg B+tg C
Ecmu B popmynax (3.23) — (3.25) B kauecTBe TOUKH P B3SITh Bep-
mnHy C TpeyronbHuka ABC 1 MONOXKUTh CA=b ,CB = d, TO TOTy4UM

_ — —— N -
paznoxenus Bektopos Cl, CH, CO 1o BexTopam d u b:
=4 sin2 B - sin24

CO = — : ——d + — ; ——b, (3.26)
sin2A +sin 2B +sin2C sin2A +sin 2B +sin 2C
- b a e
cl= a+ b, (3.27)
a+b+c a+b+c
=3 tgB N tgA
CH = g i+ £ (3.28)
tgA +tgB +tgC tg A +tgB +tgC

Crnenyer 3aMeTHTh, YTO MIPU PELICHUH 3a/1a4 3TH Pa3JIOKEHHS HCIOTb-
3yIOTCs ropaszio vaiie, ueM dpopmyisl (3.23), (3.24), (3.25).
3amensis B popmynax (3.23), (3.24), (3.25) Touxy P toukamu I, H,
O COOTBETCTBEHHO OyYHM BEKTOPHBIC PABCHCTBA:
sin24 OA + sin2 B 0B +sin2C 0C =0,
alA + bIB + cIC = 6,

— —

tgA HA+tgB HB +tgC HC = 0.
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[Ipu paccMoTpeHNHU MpUMEHEHNH TeopeMbl UeBbl ObUIN TOKAa3aHBI
TEOPEMBI O IepeceueHHH OUCCEKTPUC U BBICOT TPEYTONBHUKA. DTH TEO-
PEMBI MOXHO JI0Ka3aTh, OMUPAsCh HA pe3yNbTarhl 3a1aun 3.9.

Mpumep 3.3.1. JlokaxuTe, 4TO OMCCEKTPUCHI TPEYTONIBHIKA MTepe-
CEKAIOTCS B OTHON TOYKE.

Pewenue. Ilycts Ouccekrpucel AA;, BB; yrioB A u B Tpeyroib-
Huka ABC nepecekatorcs B Touke I (puc. 3.26). Jlokaxkem, yTo OUCCeK-
Tpuca CC; yrna C Taxke IpOXOAUT uyepe3 TOUKY /.

VYcranoBuM KoimMHEapHOCTh BekTopa CCy Bektopy CIl. B cumy

——=> _aCA+bCB
dopmynsr (3.10) CC; = i Kak ObIIO OTMEYEHO, pa3ioKeHHe
— _arh_
Bekropa CI no Bekropam CA, CB MOXHO MONy4YHTh, €clid B (popmyne
a CA+b CB

(3.23) B kauyectBe TOuku P B3sTh BepumHy C, torma Cl = i hic

IMoaromy (a + b)C_Cl) =(a+b+ c)FI) WIN
¢l =22 ¢c,. (3.29)

at+b+c
Takum 06pa3oM, BEKTOPEI CC,ucCl KOJUIMHEapHbI, a 3HAYHUT, OUCCEK-
Tpuca CC; yrna C TaxKe MPOXOANT depe3 TOUKy /. O

Touka | SBISIETCS YyeHMPOM OKPYHCHOCIMU, BNUCAHHOU 8 MPEY2Oolb-
Hux ABC.

Teopema o mepeceueHNH BBICOT TPEYrojbHUKA JTOKA3bIBACTCS aHa-
noruuHo. IlpoBemute 3TO MOKA3aTENBCTBO CaMOCTOATENHLHO. MBI ke
paccMOTpHM €eIlie OAWH CIOco0 ee JOKa3aTeNbCTBA.

Mpumep 3.3.2. JlokakuTe, YTO MPSMbIE, COACPIKAIINE BHICOTHI
TPEYroJibHUKA, IEPECEKAIOTCS B OJHON TOYKE.

Pewenue. Ilycts npamble, copepxamnwe BoicoTbl AA;, BB; Tpe-
yronparka ABC mepecekatorcst B Touke H (puc. 3.27). JlokaxeM, 4To
npsiMasi, coiepaiiiasi TpeTbio BhicOTy C(Cy TpeyrojbHHKA, TAKKe MPO-
XOIUT 4yepe3 TOUKy H.

Tax xak BC L AH, CA L BH, 10 BC - AH =0, CA- BH = 0. Boc-
MoJib3yeMcsl MepBbIM M3 TOXKAECTB OMOpHOHM 3amaun 3.1. BosemeMm B
3TOM TOXKIECTBE B KauecTBE TOUKU D Touky H:

— e —— =5 ——

AB-CH+BC-AH+ CA-BH = 0.
Brtopoe u TpeThe ciaraembie B 3aECaHHON CyMME PaBHBI HYJIIO, CIIE/O-
BaTENbHO, AB-CH=0. Orciona crnenyer, uro AB L CH, n 3HauwT,
npsMasi, comep)kamasi BBICOTY TpeyronbHuka ABC, omymeHHyo H3
BepIMHBI C, TaKXKe TPOXOAUT yepe3 Touky H. O
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HanomuumM, uto Touka H Ha3bIBAETCS OpHOYEeHmMpOM TPEYTOIbHUKA.

Mpumep 3.3.3. Jlnamerpbl oMUcaHHOW OKOJIO TpeyronbHuka ABC
OKpPY>KHOCTH, IpOBEACHHbIE depe3 BepminHbl A, B, C TpeyronbHHKa,
nepecekarr ero cropousl BC, CA, AB B Toukax A4, By, C; cooTBeTcT-
BeHHO. Haliute OTHOIIEHNS, B KOTOPBIX MEeHTp O OMHMCAHHOW OKPYXK-
HocTH AemmT oTpe3ku AA,, BBy u CCj.

Pewenue. B xone pemrenust 3amadn 3.9 ObUIO yCTaHOBIIEHO, YTO

sin 2B
(CB,A1) = sin 2C

—— sin2B —-—— . ., . N
T — sipoAB _ sin2BAB +sin 2CAC
1 145in2B sin 2B+ sin 2¢

sin2C
[Moncrasisis B popmyiy (3.23) A Bmecro P, mony4daem:
- sin2 B AB+sin2 C AC
AO = - : —
sin2A +sin 2B +sin 2C

CrenoBaresbHo,
(sin2B +sin 2C)A4; = (sin24 +sin2B + sin2C )40,
(sin2B + sin 2C)(Z§ + OAl) = (sin24 + sin2B +sin2C )Zﬁ

- sin 2B+ sin 2C ——
Otkyna A =—0A;u
sin 24
sin 2B+ sin 2C
(AA{,0) = ——.
sin2A
I1o aHamorum HaxoauM
sin 2A+sin 2C sin 24+ sin 2B
(BB,0) =———(C(,,0) =————.

sin2C
Mpumep 3.3.4. HaI/umTe OTHONICHUS, B KOTOPBIX OWCCEKTPHCHI

TpeyronbarKa ABC nensTcst TouKoi | ux mepeceueHusl.
Pewenue. Tepenumem cootHomenue (3.29) B BHe

= (Ci+ Ic,).
a+b - 312+L> a+b 5+
Orcroma (1-=22)C1=-221¢], 1. e. CI =*21C;. Crenora-
tensHo, (CCy, 1) = ﬂ. AHalOTMYHO  HAXOOATCS  OTHOIIEHHS
(BB 1) = &2 (a4, 1) =25

ﬂpmmep 3.3.5. HaI/I,III/ITe OTHOIIICHHUS, B KOTOPBIX BBICOTHI HEMPSI-
MOYTOJIbHOTO TpeyronbHuka ABC aenarcs Toukod H ux mepecedeHusl.
Pewenue. CHOBa pea3yeM HIEIO0, UCIOIB30BaHHYIO B JIBYX IIPEIIbI-

tg B
JyIHIEX 3a1a4ax. Yuuteias, uto (AB, C;) = tz—A (3amaua 3.4), nmeeM:

——=> tgACA+tgBCB
CC,=2—""5"—
tg A+tg B
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Bribupas B (3.25) B kauecTBe noitoca To4Ky C, OTyduM:
=1 tgA C7+tg BCB
CH=—"——"7">——
tg A+tg B+tg C
Orcrona (tg A + tg B)CQ =(tgA+tgB+tgC)CHn

tg A+tg B
CH=—282782 ¢c).
tg A+tg B+tgC
IMepenucrpiBast HaliIECHHOE COOTHOILICHUE B BH/IE
- tg A+tgB (A | T
CH=—2""8"_(CH + HC,),
tg A+tgB+tg C
——  tgA+tgB tg A+tg B
Haxomum: CH = iH(,’l, 1. e. (CC,H) =282 Ornowenns
tg A+tg C tg B+t
(BB;,H) = i , (AA,H) = gg—Ag BBIYUCIISIOTCS AHAJIOTMYHO. O

CXO,Z[CTBO CBOI/ICTB MEeJMaH U LIEHTPOMJIOB TPEYTrOJIbHUKA U TETPadIpa,
a TaKKe METO/IOB MX JIOKa3aTeNIbCTBA MPUBOAUT K MBICIIH, YTO aHAJIOIHYHAs
CUTYyalsl BOSHUKHET U IIPU U3YYEHUH CBOWCTB OCTaJIbHBIX 3aMeyaTelIbHbIX
TOYEK W JIMHUHA TeTpaspa. ITa MbICIIb MOAKPEIUIETCS TEM, YTO OUCCEKTPH-
Cbl TPEXI'PaHHBIX YIJIOB TETpadJpa MEpeCceKatoTCsl B OHOM TOYKE — LIEHTPe
BIIMICAHHOU B TeTpa’xap c(epbl, a IJIOCKOCTH, TepHeHINKYIpHbIe pedpam
TEeTpaspa U NPOXOLILIME Yepe3 UX CEPelUHBI, IEPECEKAtOTCs B OHOM TOY-
Ke — [IeHTpe c(hepbl, OIMIUCAHHON OKOJIO TeTpadIpa.

[TosTomMy moOcTaBMM 3ajady, HaliTh aHajoru pasnokeHuit (3.27) —
(3.29) w151 TeTpasapa.

Paccmorpum tetpasnp ABCD. Bynem cuutarh, 4TO OH 3a1aH TpeMs
pebpamu, MHIIMICHTHBIMU OJTHOW BEpPIIMHE, U YIJIAMU MEXTy HUMH. [1ycTs,
Hanpumep, DA =a, DB =b, DC=c, «4BDC=a, <«CDA =,
£ADB =y. Buibepem Bekropsl DA = d, DB = b, DC = ¢ B Kkauectse
0asucHbIX. B coOTBeTCTBUM € MPUHATHIMH JOMOBOPEHHOCTSIMU TaONHIIa UX
CKAJISIPHBIX TIPON3BEICHHI OyJIeT IMETh CIICTYIOIINA BUT:

d b ¢
a a? ab cosy accosf
b ab cosy b? bc cosa
¢ ac cos bccosa c?

Haunem co chepsl, onucanHoON OKOJIO TeTpadapa. MHOXeCTBO BeeX
TOYEK IPOCTPAHCTBA, PABHOYAAIEHHBIX OT JBYX AAHHBIX TOYEK, €CTh
MJI0CKOCTb, MIPOXOAAIAsl Yepe3 cepeIMHy OTpe3Ka ¢ KOHIIAMHU B JaHHBIX
TOYKaX MEPNEHIUKYSIPHO 3TOMY OTpe3Ky. Jlerko mokaswiBaeTcs, 4To
BCE IIJIOCKOCTH, MEPHEHINKYISIpHBbIE peOpaM TeTpadipa U TMPOXOISIIHe
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yepes UX CepeAUHbl, MIEPECEKAIOTCS B OJTHOM TOYKE. JTa TOYKA U SBIIS-
€TCsI IEHTPOM Cepbl, OMMCAHHOW OKOJIO TETPadIpa.

[Tycte O — neHTp, R — pammyc che-
Pbl, OMUCAHHOM OKoJNo TeTpadapa ABCD
(puc. 3.28). Torma OA = 0B =0C =
= 0D = R. Uenrp chepsr O ompene-
JsieTcsl  TIEPeceYeHrneM  IIOCKOCTEH,
MPOXOIAIINE Yepe3 cepeauHbl pedep
DA, DB, DC nepneHAUKYJSIPHO STHM
pedpam.

Haiinem nms mpumepa pasznoxe-
HUEe BEKTOpa C Ha4yajoM B BepuinHe D
TEeTpa3apa U C KOHIOM B IeHTpe O
cepsbl 1o 6a3uCHBIM BEKTOPAM:

U3 paBeHcTB

NMCEM .
DO? — 04% = 0,D0%2 — 0B2 = 0,D02 — 0C% =0
NN
(DO - 04)(DO + 04) = 0, (DO — 0B)(DO + 0B) = 0,
(DO - 0C)(D0 +0C) = 0.
Tax kak 0OA = DA—DO =d —DO, 0B =DB—D0 =b — DO, OC =
= ﬁ - m = E - m, TO IMOCICOAHUC CKaJ'IHpHLIC HpOI/ISBe,I[eHI/IH MOX-
HO nepeanaTL CJ]CILYI-OH_II/IM o6pa30M:
(2D0 — d)d =0, (2D — b)b = 0, (2D0 — ¢)é = 0.
Orcrona
DO d =§a2,ﬁ5 =§EZ,D—0’5=§52.
BI)I‘{I/ICJ'[)IH CKaﬂHpHI:IG HpOI/I3B€I[€HI/ISI B JICBBIX 4YaCTiaX OTHUX paBeHCTB,

NPUXOAUM K CHCTEME TPEX JMHEHHBIX YpaBHEHUH ¢ TpeMs HEWU3BECT-
HBIMHU X, Y U Z:

{xa+ybcosy+zccos,8 =

)

xacosy +yb + zccosa =

)

N]jaN|[TN|Q

VcacosﬁJ + ybcosa + zc =
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Ay A,
Cucrema UMeeT pelieHre X = —, y = =<, z = X rre

A= % (asin? a + b(cos acosﬁ — Cos y) + c(cosa cosy — cos f)),
A= % (bsin? B + a(cosa cos B — cosy) + c(cos B cosy — cosa)),
A,= az—b (csin?y + a(cosa cosy — cos 8) + b(cos f cosy — cos a)),

A= abc(1 — cos? a — cos? B — cos?y + 2 cos a cos B cosy).
ITocne BecbMa rpoMO3JKUX BBIYUCIIEHUN HAWJIEM:

R=+D0o2 ="
2D

riue
E = a?sin® a + b?sin? B + c¢? sin? y + 2ab(cos a cos f — cosy) +
+2ac(cosa cosy — cos8) + 2bc(cosff cosy — cos a),
D =./1—cos?a—cos? s —cos?y + 2cosacosf§ cosy.

TToHSATHO, YTO 3aMIOMHHATH HaiICHHbIC (OPMYIIBI HE UMEET HUKAKOTO
cMbicia. OHAKO caMa cxeMa PacCy KICHHI TIPH PEIICHHHN 3a/1a4 ¢ KOHKPET-
HBIMH YUCJIOBBIMH TAHHBIMH MOXET OBbITh BeCbMa 3 (HEKTHBHOIA.

Kpome Toro, mpocTyro [yist 3allOMUHAHKUS U TIOJIE3HYIO (pOPMYITY MOXK-
HO TOJTy4HTb, €CJIN HAITH FeOMETPHYECKHii cMbIC BbIpakernii D u VE.

U3 pesynprara nprmepa 3.2.6 cpasy 3aKirodaeM, 9To
6V

abc’

rae V' — o0beM TeTpaspa.
INonoxum Teneps BC = a;, CA = by, AB = ¢;. Torna o teopeme

KOCHHYCOB JUA TPEYrOIIbHHKA
b 2

+c2-a? 2_p2
cosa =———, cosf =

Z _a?+b?-c}

,cosy =———+,
[Toaromy

E = a?sin?a + b%sin? B + c?sin? y + 2ab(cos a cos f — cosy) +

+2ac(cosa cosy — cosB) + 2bc(cosf cosy — cosa) =

(1= ) ) 1 (B0 - ()

+2ab (b%+c2-a?)(a?+c?-b?) _ a2+b2—012)

2bc-2ac 2ab
(b%2+c%-a?)(a?+b%-c?) a®+c?-b?

+2ac ( L L 1)
2bc-2ab 2ac

(a?+c?-b?)(a?+c?-b?) b%+c%-a?

+2bc( L L— 1).

2ac-2ac 2bc

PackpbiB ckoOKH 1 TTpHBEISI IOMOOHBIE WICHBI, HAIEM:
E = 2a%a3b?b?+2a%a3c?c?+2b?bic?c2-a*at-b*bf—c*ct
- 4a2p2c2 '
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Orcrona
4a%b%c’E = 4a%a?b?b? —
—2a?a?b?b? + 2aa?c?c? + 2b?b?c%c? — a*af — b*bf — ctct =
= 4a%a?b?b? — (a%a? + b?b? — c?c})? =
= (2aa;bb; + a?a? + b?b} — c?c?)(2aa,bb;, — a?a? — b?b? + c%c?) =
= ((aa, + bb,)* — c*cf)(c*c} — (aa; — bb,)?) =
= (aay + bb; + ccy)(aay + bby — ccy)(aa; — bby + ccy)(—aaq + bby + ccy) =
= 16p(p — aa,)(p — bb;)(p — ccy),

raep = %(aal + bb; + ccy). CnenosarensHo,

VE = ——\/p(p — aa)(p — bb) (0 — ;) = —,
rje, corsacHo (opmyse I'epoHa, S — miomais TpeyroibHUKa CO CTOPOHAMHE
aaq, bby, cc;.
Taxum o6pazom,

R=< (3.30)

6V

Mpumep 3.3.6. Okoio MpaBUIIBHOTO TETpajdapa omucaHa cdepa
paamuyca R. Haiinure peGpo TeTpasapa.

Pewenue. Tlyctb ABCD — nanHBI TETpasAp, €ro rpaHd — Ipa-
BHJIbHBIE TPEYTobHUKA. O003HAUNM JIJIMHY peOpa TeTpasapa OYKBOH a
¥ BEKTOPEHI DA=d DB=b,DC=¢ BBIOEPEM B Ka4eCTBE OA3MCHBIX.
Tabmiia ux CKaJISIPHBIX TIPOU3BEICHUI OY/IeT UMETh BUI:

- - =3
a b C
a a2 a2 az
2 2
i 2 2
b a a2 a
2
=
a2 a2
C a a a2
2 2

[TosToMy KO3 PULIMEHTHI Pa3TIOKEHUS BEKTOPA
DO = xd + yB + zC,
rae O — pajnyc ONMCaHHON OKOJIO TeTpadjpa cephl, OYAyT perieHrneM
CHCTEMBI

1 1 1
|(x+5y+zz=5,
1 1 1
{Ex+y+—z—5,
1 1 1
Gx+sy+z=7
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111
Cucrema uMmeer CANHCTBCHHOC PCUICHUE (Z ) Z ) Z) ", CJICA0BATCIIbHO,
—~~ 1/ >
DO =-(d+b+7),
4
1
16

D02 =L(d+b+¢) =

16
2R\6
— - H

6a% =3 g2
~a’.

Orcrona R? = Zaz na =

Tenepsr paccMorpuM cepy, BnmcaHHyio B Terpasmp. [lycts [ —
LeHTp cdepsl, BnucaHHoi B TeTpasap ABCD, r — ee paguyc. BHOBb He-
TPYAHO AOKa3aTh, YTO HEHTP [ cdepsl SBISETCS TOUKOW MepecedeHus
OUCCEKTOPHBIX TOMYIUIOCKOCTeH (OMCCEKTPHC) TpPEXTPaHHBIX YIJIOB
Terpasapa. OTpe30K OMCCEKTPHCHl TPEXTPAHHOTO YIia TeTpa’apa, co-
CAMHSIOMINN BEPIIMHY TETpa’pa ¢ TOYKOW MPOTHUBOIOJIOKHON I'paHu,
Ha3BIBAIOT OUCCEKMPUCOU mempalaopa.

s Toro 4ToOBI HAWTH pa3loKEeHHE BEKTOpa DI mo BEKTOpaM
DA =G, DB = b, DC = ¢, pelunM clIe/yIOLIyIo 3a1a4y.

Mpumep 3.3.7. JokaxkuTte, 9TO0 OMCCEKTOpPHAS TMONYIIOCKOCTh
JBYTPAHHOTO YTJa IpH peOpe TeTpas/pa IeIUT IPOTUBOIOIOKHOE Ped-
PO Ha YacTH, MPONOPLUOHANBHBIC IJIOMAsIM TpaHed TeTpaszapa, 3a-
KITFOYAIOIINX 3TOT yTOJ.

Pewenue. Tlycts nan terpasap ABCD. PaccMoTpuM OHCCEKTOP-
Hyto nomymiockocts AA1D, A, € BC nByrpaHHoro yria, Hampumep,
npu pedpe AD (puc. 3.29). [Mupamuasr DAA,C n DAA,B umeror 06-
1y BepmmHy D, a uX OCHOBaHHS Jie)KaT B OJHOM 1ockoctu. Cremo-

BaTeJIbHO, OHH HMMEIOT OOIIYI0 BBICOTY, & UX OOBEMBI OTHOCSTCS Kak
o Vpaajc _ Saac

IUIOIIAN OCHOBaHWii: ———— = ———. [Ipu rom TpeyronbHuku AA;C
VpaaiB  SaaB

n AA; B umeror obmnyto BepumHy A, a

X OCHOBAaHUS JIE)KaT Ha OJHOM Ips-

Saa;c _ CA4

MOH, TI03TOMY Hrax,

Saa g A1B
Vpaa;c _ CA4

VpaaB  A4B

C npyroil CTOpOHBI, Touka A;
MIPUHAJJICKAT OWCCEKTOPHOM ITOJTy-
IJIOCKOCTH JIBYTPAHHOTO yTria IIpH
pebpe AD, a 3HAUUT, OHA PaBHOY/A-
neHa ot mwiockocteit ABD u ACD. Or-
CI0Jla CIIEAYET, YTO BBICOTHI TETPad/I-

Puc. 3.29
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Vpasic _ Spac
POB, OIYLLEHHBIE U3 BEPIUIUHBI A;, paBHBL, U ——— = ==,
Vpaa,B  Spas
CA; _ S
Takum o6pazom, — = =24<
A1B  Spap

Ecnu cpaBHUTH J0Ka3aHHOE YTBEPXKIEHHE C TEOPEMOil 0 Ouccek-
TpHUCE yIia TPEYroJbHUKA, TO BUIUM, YTO MEKIYy HUMHU CYLIECTBYET
oIpejieNieHHas! aHaJIOTHsL.

Bepnemcst k moctaBiaeHHOU 3anade. J[JI1 KpaTKOCTH BBEIEM Clie-
IyIolue O0O3HAYCHMS IUIOMIAAeH TpaHed TeTpasapa: Sgpc = Sq,
Sapc = 52, Sapp = 53, Sapc = Sa-

W3 yTBepxIeHus, T0Ka3aHHOTO B ipuMepe 3.3.7, 3aKimovyaeM:

S3 S3 S2
(BC,Ay) ==, (AC,By) ==, (AB,Cy) ==,
S2 S1 S1
rae Aq, By, C; — TOUKH miepeceueHusi OUCCEKTOPHBIX MONYIIOCKOCTEH
npu pedpax DA, DB, DC c mpOTHUBOIIOIOXKHBIMUA peOpaMu TeTpasapa.
W3 nepBOro OTHOLICHUS CIEAYET, UTO
PBLI3FHE -
——  DB+IDC g pig

DA]_ = 52

1433 Sp+S3
S2

BTopoe u TpeTbe OTHOIICHUS TO3BOJSIFOT BBIPA3UTh BEKTOP OMCCEKTPHU-
CHI TETPad/Apa, IPOBEICHHON U3 BEPLIUHEI D

S255+335¢+DA ,
DR = 5, PB+5 PCADA g gis,b4s,¢
= 53 =
—“4+—=41 Sl+SZ+S3
S1 S1

(3amaua 3.2).
Awnanoruuno vaxomum (DB, C,) = i—z, (DC,By) = §—3 Orkyna
4 4

S258.53p¢ R
[N S4DB+S4DC S,b+S5¢
DL =345+ = .
2442541 Sy+S3+S,
S4 S4

Bexkrop D_I), rae | — uentp I chepsl, BimcanHoit B rerpasnp ABCD,
C OJJHOM CTOPOHBI, KOJUIMHEAPEH BEKTOPY DK:
DI = uDK.
C nmpyro#t cTOpoHBL, TOUYKa | EIUT OTPe30K AL B HEKOTOPOM OTHOIIIE-
HUH A, CYUTAs OT TOYKU A4, T. €.

DI = DA +-2DL.
e L 1421
[lostomy uDK = mDA + mDL WIH

u(S;@+5,b+536) 1 - . A [ S;b+S5¢
Si+Sy+S; 144 1+A\S,+S3+5, )
Ortcroma
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uS, 1 usS, _ AS, uSs _ AS3
S1+S5,+S3  (1+A)' S1+5,+S3  (1+A)(Sp+S3+5,)" S1+S,+S3 (144 (S, +S3+5,)

Sp+55+S. 5,145,485
nl==2=2""y=—1"223_ Taxum 00pa3om,
S S1+S,+S3+5,
=3 5;d+S,b+S5¢
DJ = $12+52b+53C (3.31)
S1+S,+S3+5,

g rerpasapa nomyder ananor Gpopmysl (3.27). MOXHO MONTH 1aib-

we. ITycte P — mpou3BosibHAsI TOYKA IPOCTPAaHCTBA. Torna U3 HalJeH-

$,(PA-PD)+S,(PBE—PD)+(PC-PD) Cre-
Sy+S,+53+S,

HOM (OpPMYJIBI UMEEeM: Pl —PD =

JIOBaTeJbHO,
Pj = S1PA+S,PB+S3PC+5,PD (3.32)
Sy +S,+S3+S,

Crnenyer 3aMeTHTb, YTO MOJydeHHbIE (POPMYIIBI IPH PELICHUN 3a-
Ja4, B KOTOPBIX paccMaTpHUBaroTCsi cepbl, BIMCAHHBIE B TETPAdIp, UC-
MOJIB3YIOTCA KpaifHe penko. B aTux 3amavax, Kak MpaBHIIO, IPUMEHSET-
cst popmyna

= 3v ,
S1+S,+S3+5S,

Il 7 — paJinyc BIIUCAHHOH B TeTpasap cdepsl, V — ero oovem. Ilonesno

TakKe 3HaTh (YOPMYIIBI JJIsl BBIYMCIIEHHS 00beMa, TPUBEACHHBIC B 3a]1a-
ge 159.

Eme Gosbliee pa3ouapoBaHue Mo-

D JKeT BO3HUKHYTH IPU M3YyUCHUH B3aHUM-

HOTO PACTOJIOKEHHUS MPAMBIX, COJEp-

JKallluX BBICOTHI TeTpa’apa. Ecnu B mro-

OOM TpeyroibHUKE TpsMbIE, COJIEpKa-

IIME €ro BBICOTHI, MEpeceKarTcs B OJl-

& HOH TOYKE, TO CPeAU TETPa’ApoB CyIe-

A CTBYIOT Taku€, y KOTOPBIX BBICOTHI

(TouHee, conepXkKalMe WX TMpsMBIE) B

C OJIHOU TOUKE HE [IEPECEKAtOTCS.

Puc. 3.30 PaccmoTpum, Hampumep, TeTpasup

ABCD, y xoroporo yron A rpanu ABC He siBIsieTcs TpsAMBIM, a pedpo

AD mepneHIUKyISIpHO TUIOCKOCTH 3Tol Tpanu (puc. 3.30). Beicora 3T0-

ro TeTpa’apa, MPOoBeJeHHAs u3 BepmuHbl D, nexut Ha mpsmoin AD, a

BBICOTA, OIYIIIEHHAs M3 BEpPIIUHBI , IexuT B mmockoctu ABC (o mipu-

3HAKY MEePHEHIUKYISIPHOCTH IBYX IUIOCKOCTEH, mmockoctu ABC u ABD

nepreH MKy sIpHbl). Tak Kak yroia A He SBISETCS MPSMBIM, OCHOBaHHUE
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C1 BBICOTBHI, ONMYIIEHHON W3 BepIIMHBI (, HE COBNANAET C TOUYKOM A.
CnenoBarenbHo, AD, CC; — CKpelMBarOIMKecs MpsMEbIE.

TeTpasapsl, y KOTOPBIX MPSAMBIE, COAEPKAIIE BHICOTHI, TepeceKa-
IOTCSI B O/IHOM TOYKE, HAa3bIBAIOT opmoyenmpuyeckumu. Todka nepece-
YEeHHS BBICOT OPTOLIEHTPHUUYECKOTO TETpad/pa Ha3bIBAETCA €Tr0 Opmo-
yenmpom. CBOWCTBAa OPTOLEHTPUIECKUX TETPAdIPOB, Kak OyaeT moka-
3aHO B 3aKJIIOYUTENFHOM IYHKTE 3TOro maparpada, BO MHOIOM aHallo-
FHHHBICOOTBeTCTByKHHHNICBOﬁCTBaNITPGYFOHBHHKOB.

Bmecre ¢ Tem, Terpasapsl oOLIET0 BHA TaKXKe HUMEIOT HEMAJIo
CBOWCTB, CXOJHBIX C COOTBETCTBYIOLIMMHU CBOMCTBAMU TPEYTOJIbHUKOB.
B cepenune XIX Beka BO3HUKIIA TaK Ha3bIBaeMasi MHOIOMEpPHAas €BKIIH-
noBa reomeTpusi. Jlonroe Bpems TeoMeTphl, 0000I1asi CBOWCTBa U3BECT-
HBIX ABYMEPHBIX U TPEXMEPHBIX (pUTryp, BBOAUIM U U3y4adl HX MHOIO-
MepHble aHajord. Pasmmunple 0000IIeHNs 110 aHAJIOTUH U CETO/IHS OC-
TAlOTCSl OJHUM M3 MarucTpajbHBIX IYTeH Pa3BUTHA MaTEeMaTHKU. JTO
CTaJio OJHOW U3 MPHYMH TOT'O BHUMAaHUs, KOTOPOE B TOCOOMH YIEISIeTCS
AHAJIOTUSIM MEKITy CBOMCTBAMHU TPEYTOIEHUKOB U TETPAIPOB.

3.3.2. Cesizb Mmexdy 3ameyamesibHbIMU MOYKaMu mpe-
y2osibHUKa. PaccMOTpuM HM3BECTHOE BEKTOPHOE PaBEHCTBO, CBSI3BI-
Balolllee BEPIIMHBI TPEYrOJbHUKA, €r0 OPTOLEHTP M LIEHTP OMUCAHHOU
OKPY>KHOCTH.

3apaya 3.10. JJokascume, umo 015t NPOU3EOILHO20 MPEY2OTbHUKA
ABC umeem mecmo coomHouserue

— == =
OH = 0A+ 0B + 0C, (3.33)
20e H — ezco opmoyenmp, a O — yenmp onucarHoll OKpY*HCHOCMU.

Pewenue. V3 ycnoBusi 3aauu CIEAYET, YTO AHBC = 0, 0B? =
= 0C?. [epenu1ieM PaBEHCTBA B BUE

S —mm —— o ——

(0H — 04)(0C - 0B) =0, (0C + 0B)(0C — 0B) = 0.
CkamnsipHOe IpOM3BEAECHHE MUCTPUOYTHBHO OTHOCHUTEIBHO CIIOKEHHUS
BEKTOPOB, [103TOMY MU BEMUTAHUU STUX PABEHCTB MOy YHM:

(0H - 04 - 0B —0C)(0C - 03) (OH — 04 - 0B — 0C)BC = 0.

Ananornano u3 yenosuit BH CA = 0, 0A% = 0C? BbiTexaer pa-

BCHCTBO
(OH - 04— 0B — OC)(OA oc) (OH - 04— 0B — 0C)CA = 0.

Bexkrop OH—0A—-0B — OC nexanmi B miockoctu ABC, oka-
3a71CS O/IHOBPEMEHHO OPTOTOHANBHBIM IBYM HEKOILTMHEAPHBIM BEKTO-
pam BC u CA. I1o3TOMY 3TOT BEKTOP HYJIEBOU, 1
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OH =04+0B+0C. 0

Mpumep 3.3.8. [okaxwure, uyto neHTp O ONMUCAHHOH OKPY)KHOCTH,
ueHTpoua G M OpTOUECHTP H HEpPaBHOCTOPOHHETO TPEYrOJbHHKA MpPH-
HajuIekar OiHOM npsMoH, pu 3toM 0G: GH = 1: 2.

[Ipsimas, Ha xkoTopol nexar Touku O, G u H, Ha3bIBaeTcs npAamoi
Diinepa.

Pewenue. V3 popmynsr (2.14) nmeem: 306 = 04 + 0B + 0C.
CpaBHUBas BEKTOP 306 ¢ BekTOpoM OH, BimuM, uto OH = 306. IIepe-
IUILIEM 3TO PABEHCTBO B BUJE: 0G + GH = 30G. Otcroga GH = ZW, u
3HaunT, 0G:GH = 1:2. O

Mpumep 3.3.9. Jlokaxkute, 4TO TOUKU, CHMMETPHYHBIC OPTOIICH-
Tpy H Tpeyronbauka ABC OTHOCHTENHHO CEPEUH €0 CTOPOH, U TOYKH,
CUMMETpPUYHbIE OPTOLEHTPY H OTHOCUTEIBHO IPAMBIX, COAEPKAILUX
CTOPOHBI TPEYroJbHUKA, IPUHAJIEKAT OKPYKHOCTH, ONMCAHHON OKOJIO
3TOTO TPEYTOJIbHUKA.

Pewenue. Ilycte H{, Hy, H3 — TOUKH, CUMMETPUYHBIE OPTOLICH-
Tpy H Tpeyromsunka ABC otHocuTenbHO ctopoH BC, AC, AB cootBet-
CTBEHHO, a Dy, D,, D3 — TOYKH, CUMMETPUYHbIE H OTHOCUTEIBHO cepe-
JIMH 3THX CTOpOoH (puc. 3.31).

Jokaxewm, HampuMep, 4TO
Touku Hz, D; mpuHammexar ox-
PY)KHOCTH (), OIKMCAHHOM OKOJIO
tpeyronsauka ABC. U3 ycnoBus
3aJlaud CcIieJyeT, YTO BEKTOp Tm
JISKUT Ha JMaroHaJld Iapajieso-
rpamma, IOCTPOGHHOTO Ha BEKTO-
pax HA u HB:

HD; = HA+ HB.
Otcroa Mo OMpeAeseHUuIo0 Pa3Ho-
Puc. 3.31 ctn Bextopos OD; — OH = OA —

—0—H>+0—B)—0_H)I/I

OD; = OA + OB — OH,
e O — LEHTP OKPYXKHOCTH . YuuThBas, 4to OH = OA + OB + 0C, u3

MOly4eHHOTO paBeHcTBa 3akmodaem: OD; = —0C. Tlockombky
—_— —_— —_
|0D3| = |—OC| = |0C|, TO Touka D3 JeKUT Ha OKPY>KHOCTH W.
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HoxaxeM, uTo Touka H3 TakKe MPUHAJJICKUT OKPY>KHOCTH W. Y II-

BanBasi paBEHCTBO E—Cl) = TC‘l —HE, B KOTOpoM E — ocHOBaHHUE BBICO-
THI TPEYTOJIBHIKA, OMYIIEHHON Ha cTopoHy AB, a C; — cepenuHa 310U
CTOPOHBI, TOYIHM:

2EC, = 2HC, — 2HE = HD; — HH; = H,D5.
[ockonbky yron CEC; — npamoi, yron CH3D3 Takxe sBIseTca Ops-
MbM. Ho yron CH3;D; onmpaercs Ha auameTp CD OkpyXHOCTH w, TIO-
9TOMY TOYKa H3 JIEKUT HA 3TON OKPYKHOCTH. O

Mpumep 3.3.10. [lokaxkurte, 4TO CEPEAUHBI TPEX CTOPOH, OCHOBA-
HHUS TpEX BBICOT TPEYrOJIbHUKA U CEPENUHBI OTPE3KOB, COETUHSIOINX
OPTOLIEHTP C BEpLIMHAMHU, IIPUHAJUIEkKAT OJHOW OKPY)KHOCTH, & LIEHTP
9TOM OKPY>KHOCTH MPUHAAJICKUT IpAMON Jitnepa.

OKpy>XHOCTb, O KOTOpPOM I'OBOPUTCSI B 3TOM 3ajade, Ha3bIBACTCS
OKpYIHCHOCIBIO DliNepa NI OKPYICHOCIBIO O€BAMU MOYEK.

Pewenue. Ilycte H — oprotieHTp, O — LIEHTP OKPY>KHOCTH (W, OMH-
caHHON OKoJo Tpeyronbuuka ABC. OcHOBaHUS BBICOT, OIYIIEHHBIX U3
BepmH A, B, C Tpeyronsauka, 06o3nauum M;, M,, M3 cOOTBETCTBEH-
HO, TOYKH, CHMMETPUYHBIE OpPTO-
ueHTpy H OTHOCHTENBHO CTOpPOH
BC, CA, AB, — H,, H,, H;, a cepe-
nmuHbl otpeskoB AH, BH u CH — Ny,
N, u N3 (puc. 3.32).

Ilo ycnoBuro 3amaum HA =
= 2HN,, HB = 2HN,, HC = 2HN;.
Touky, CHUMMETPUYHBIE OPTOLIEHTPY
TPEYroJbHUKA OTHOCHTENIEHO CEPEIuH
€ro CTOPOH, U TOYKH, CUMMETPUYHbIE H,
OPTOLICHTPY OTHOCHTEIBHO MPSMBIX, Puc. 3.32
COZIEPKALLUX CTOPOHBI TPEYrOJIbHUKA,

MPUHAIEKAT OKPYKHOCTH, OMHMCAHHOM OKOJIO 3TOr0 TPEYroJIbHUKA (TpH-
Mmep 3.3.9). [loaromy

HH, =2HM,, HH, = 2HM,, HH3; = 2HMj;

HD, = 2HA,,HD, = 2HB;, HD; = 2H(;,
rae Dy, Dy, D3 — TOUKM, CAMMETPUYHBIE OPTOLEHTPY H OTHOCUTEIBHO
cepenuH A4, B1, C; cropoH Tpeyromsauka ABC.

Ha npsmoit Diinepa BoibepeM TOUKy @ Takyro, 4To

HO = 2HQ.
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Bpruurast 5T0 COOTHOIICHHE U3 TIPEIBITYIINX, TOTYIIM:
A~ H0 = 2(AN; — HQ), HB — HO = 2(HN; - Q)
HC ~ 170 = 2(7IF; - Q)
I, ~ H0 = 2(F¥, ~ ). A ~ HO = 2AH; ~ 0.
I, 70 = 2(W; — HQ);
D ~ 0 = 2(11A; ~ G), HD; - 0 = 2(FF; - G),
HD; — HO = 2(HC; - Q).
Orcrona
04 = 2QN;, 0B = 2QN;, OC = 2QN;;
OH, = 2QM,, OH, = 2QM,, OH3 = 2QMs;
OD; =2QA,,0D, = 2QB,, 0D3 = 2QC;.
Tak  xak  |0A|=|0B|=|0C| = |0H,| = |0H,| = |0H;| = |0D,| =
= |9—__l£| = |@’ _ T __L@_V‘J = [QN,| = [QN,| = @M, | = [QM,| =
= |QM;| = |QA;| = |@B;| = |QC,|. Mosromy Touku Ay, By, Ci, Ny, N,
N3, My, M,, M3 nipuHajuexar OIHOU OKPYXHOCTH ¢ LeHTpoMm Q. Ilpu
3TOM TOUKa () JEKUT Ha MpsMOH Difsiepa paccMaTpruBaeMoro Tpeyroib-
Huka ABC. O

3.2.3. OpmoyeHmpu4eckuli mempaadp. OproueHTpuye-
CKHI TeTpa’p, KaK yXKe OTMEYaJoCh, BBIICISETCS CPEOH TETPadIpoB
TEM, YTO €TI0 BBICOTHI TIEPECCKAIOTCS B OJIHON TOUKE.

PaccmoTpuM 11Ba TpH3HAKa OPTOLEHTPUYECKOro Terpadapa. Jlpyrue
NpU3HaKK JaHbl B 3a1ade 191 pasnena «3amgauu 1j1s1 CaMOCTOSATEIILHOTO Pe-
TICHHSD.

3apava 3.11. Tempasop sensiemcst OpmoyeHmpudeckum moa0a u
MOJILKO M020a, K020a 8bINOIHEHO OOHO U3 CIeOVIOUWUX YCAOBUIL:

(a) 0se napwi e2o npomueononoNCHLIX pebep nepneHOuKyIsApHoL (6
9MoM ciyyae mpembvs napa npomuonoNI0NHCHbIX pebep maxice nepneH-
OUKYIAPHA);

(0) ompesxu, coedunsiowue cepedunvl NPOMUBONOTIONCHBIX pebep
(bumeouannvt) pashi.

Pewenue. (a) Ilycts ABCD — opronentpudeckuii Terpasap u H —
ero oprouentp. Torma HA L BCD, HD 1 ABC (puc. 3.33), u 3Hauur,

BEKTOPHI HA, HD MIEPIIEHANKYIIIPHBI BEKTOPY BC. [TosTomy
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HABC=0,HD BC = 0.
Brruuras u3 mepBoro pa-
BEHCTBA BTOPOE, ITOIYUHM:

(HA-HD)BC =0
wm DA BC = 0. Orcrona
caenyer, uro DA 1 BC.
AHAIOTMYHO JOKa3bIBAIOT-
cd paBEHCTBa ABDC =0,
ACBD=0n MIEPIECHINKY-
JSIPHOCTH ~ COOTBETCTBYIO-
LIMX  IPOTUBOIOIOKHBIX
pebep.

Ob6patHo, mycTs B TeTpasape ABCD mnepneHAuKYISApHbI MPOTHBO-
nonoxHeie pedbpa AB u CD, AD u BC. Torna
ABCD =0,4D BC = 0. *)

Puc. 3.33

[ToaTomy
ACBD = (AB+BC)(BA+AD)=AB BA+ +BC BA +
+BC AD = (AB + BC)BA + AB AD = —AC AB + AB AD =
— AB(AD - AC) = ABCD = 0,
u, ciegoarensHo, AC 1 BD.

Jlokaxem, 4TO TIpsIMBbIE, COMEpXKAIie BHICOTHI TeTpaspa, repece-
KaloTcs B ofgHOM Touke. [IpoBemem uepe3 mpsimyro AD TIOCKOCTh «,
neprneHuKkysipayto BC (tak xkak AD L DC, 1o 310 BO3MOXHO). IlycTh
9Ta TIOCKOCTh nepecekaeT BC B Touke E. Boicorsl AP u DQ terpasapa
JIe’KaT B IJIOCKOCTH @ U ABJISIOTCS BhicoTamu Tpeyronbauka ADE. O6o-
3Ha4MM 4depe3 H TOUYKy IepeceyeHus 3TUX BBICOT.

[Mepenmiem AByMsi criocobamu epBoe U3 paBeHCTB (*):

(HB — HA)CD = 0, AB(HD — HC) = 0
WIH
HB CD— HACD =0, AB HD — AB HC = 0.
Tak kaxk HA 1 BCD, to HACD = 0. HOSTOMyH—g CD=0uHB 1 CD.
U3 toro, uto HD 1 ABC, umeeM: AB HD = 0. Ho TOrIa ABHC=0n
HC 1 AB.
Tenepb qByMs criocobamul EepenuileM PaBeHCTBO ACBD =0:
(HC — HiC)BD = 0, AC(HD — HE) = 0.
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Kak u BeI111€, orctoga monyuum: HC L BD, HB 1 AC.

Tak xak HB L AC u HB L CD, To HB 1L ACD, T. e. Touka H 1e-
KHUT Ha BBICOTE TETpad/pa, OMYLUICHHOW M3 BEpIIMHBI B. AHaIOrHYHO
JOKa3bIBAeTCs, YTO H JIEXUT W Ha BBICOTE TETPad[pa, OMYIICHHON U3
BepIHHEI C.

(6) B npumepe 2.2.2 6bUTO T0KA3aHO, YTO OTPE3KH, COCTHHSIOIINEC
CepelMHBl TPOTUBOIIONIOKHBIX pedep TeTpaszpa, MepeceKkatoTcsl B O/l
HOM TOYKe M AeNsATCs 3ToM Toukoi momonam. CoxpaHuM IJisl CepenH
pebep Tetpadnpa ABCD o6o3HaueHUs, IPUHATHIE B 5TOM mpumepe: K, L
— cepemuabl pedep AB, CD coorBerctBeHHO; M, N — cepenaussl pedep
BC, AD; P, Q — cepenunnl pebep AC, BD. Toraa aist mo60it Touku O:

KL = OL — OK =1 (0C + 0D — 04 - 0F) = 1 (4C + BD),

MN = ON — 0M = (04 + 0D - 0B - 0C) = 1 (B4 + CD),
W=@—O_P’=§(O_B’+O_D’—O_A)—O_C))=§(E+H5).
Uto0Os1 mokazatk, 4to orpe3ku KL, MN u PQ paBHBI, pacCCMOTPHUM pas-

HOCTH KBa/IpaTOB JUIMH 3THX BEKTOPOB:

—_—, —_— 1,/ ——\2 1/— —\ 2

KL* -~ MN?=-(AC+BD) —-(BA+(CD) =

=~(AC +BD + BA+ CD)(AC +BD — BA— (D) =

= ~BD(AC +BD + 4B + DC) = BD AC;

PO =300 D) (B4 TD)' =

=%&CLBDLABLCD£R'+E);AB— CD) =

=~AD(AC + BD + BA + DC) = AD BC.

B oprouenTpuieckoM TeTpasape, COrNIacHO MyHKTY (a), IPOTHBO-
MOJOKHBIE ~ pedpa  HEepPHEHANKYJIAPHBL,  [1O3TOMY BD AC = 0,
AD BC = 0. Ho Torna KL? = MN? = P—Q)Z, U, CIIEI0BATENIBLHO, OTPE3-
KH, COCIMHSIONME CepeIuHBl MPOTHUBOIOJIOKHBIX pedep TeTpa’apa,
PaBHEL.

OO0patHO, eciu paBHBI OTPE3KH, COCAMHSIONINE CEPEIUHBI MPOTH-
BOMOJIOKHBIX pedep Terpasapa ABCD, To paBHBI HYJIO HaiiJIcHHBIC
pasHoctu. OTKyna ciemyer, 4To BDAC=0, ADBC=0, u 3HAYUT,
IPOTHBOIMOJIOXKHBIE pedpa TeTpajipa neprneHMKyIspHbL. [loaTomMy co-
TJTACHO MPHU3HAKY (2) OH SBJISETCS OPTOIEHTPHIECKAM. O
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3apgava 3.12. Jlokasxcume, umo eciu H — opmoyenmp opmoyen-
mpuueckoeo mempaszopa ABCD u O — yewmp onucanHoil 0K0IO He20
cghepui, mo
OH = (04 + 0B + 0C + 0D). (3.34)
Pewenue. T1o ycmouro Touka O — neHTp chepbl, OMMCAHHOH OKOJIO
terpasapa ABCD, nmosromy
042 = 0B% = 0C* = 0D>.
Touka H — opToueHTp TeTpasapa, MOITOMY AH 1 BC D, m 3Hauwr,
AHBC=0, AHCD=0. Kak u B 3amaue 3.10, paBeHcTBa
AHBC = 0, 0C% — 0B? =0 cnavam HEPENUIIEM B BUJIE
(0Fi — 04)(0C - 0B) = 0, (OC + 0F)(0C - 0B) = 0,
a 3aTeM HalJeM UX Pa3HOCTb:
(0Fi — 04 — 0F — 0€)BC = 0.
[IpeobOpaszyem JeByIO YacTh MOTYYEHHOI'O PAaBEHCTBA!

(OH — 04 — 0B — 0C)BC =
0H——(0A+OB+0C+0D)——(0A+OB+0C OD))BC—

= (o
(0H—-(0A+013+0€+0D))BC——(0A+OB+OC 0D)BC =
( H—-(0A+OB+OC+0D)) C——(DA+OB+OC)BC=
<0H——(0A+OB+OC+OD))BC——DABC—

—~(0C +0B)(0C - 0B) = ( H——(0A+OB+0C+0D)>BC—
—EDABC—E(OC — 0B )

Yunteisasi, uto DA BC = 0 (IIpOTHBOIONOXKHBIC PeGpa OPTOLEHTPUYC-
CKOro TeTpasjipa nepreHauKynsapasl) 1 0C? — 0B? = 0, orciona ume-
em:

(07 — £ (04 + 0B + 0 + 0B) ) BC = 0.

U3 coorromennii AH CD = 0, OD? — OC? = 0 aHAJOTMYHO Ha-
XOJTM

(07 ~ 2 (04 + 0B +0C + 0D) ) €D = o.

Takum ke 00pa3oM, YUUTHIBAs, UYTO BHAC =0u04%—-0C? = 0, mmo-
JTyquM:
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(07 -1 (04 + 0B +0C + 0D) ) 4c = 0.
N3 Tpex HalWIEHHBIX pAaBEHCTB CIEAYET, YTO BEKTOp
OH — % (0OA+ 0B +0C + 0D) 0/HOBPEMEHHO OpTOrOHANIEH TPEM He-

KOMILTAHAPHBIM BekTOpaM BC, CD u AC. Ho 5TO BO3MOXHO TOrma
TOJIBKO TOIZA, KOIZIa 3TOT BEKTOp HyJeBoil. [loaTomy
OH =-(04+ 0B +0C + 0D). 0

Jlokaxem, 4TO OPTOLEHTPUUYECKUH TeTpasnp 001aJaeT CBOMCTBa-
MH, KOTOpPBIE AaHAJIOTUYHBI CBOMCTBAM TPEYTOJIbHUKA, PACCMOTPEHHBIM B
npumepax 3.3.8 — 3.3.10.

Mpumep 3.3.11. Jlokaxwute, uro 1eHTp O ONUCAHHOW Cdephl,
HeHTpoua G U opToLeHTp H OpTOLEHTPHUUYECKOro TETpasipa IpUHA-
JIEKAT OHOM TPAMOIA (npsavas Dinepa’ opmoyenmpuyeckozo mempa-
s0pa), ipu 31oM Touk O 1 H cMMMeTpHYHBI OTHOCHUTENIFHO TOUKH G .

3aiaua peraercs aHajgorudHo 3amade 3.2.8. U3 dopmyinsr (2.17)
40G = 0A+ OB + 0C + OD. ITooTomy Teneps 40G = 20H. Otkyna
206G =m+ﬁ,H3Haan,m =GH. o

Mpumep 3.3.12. Touka H — OPTOIIEHTP OPTOLIEHTPHIECKOTO TET-
pasapa, Touku G; u H; (i = 1,2,3,4) — COOTBETCTBEHHO IIEHTPOMIBI U
OpTOLEHTpPHI ero rpaHed. Jlokaxure, uro Touku M; u N; Takue, 4TO
H—M; = 3H—)Gl, H—N{ = 3H—H;, npuHaIJIekar cdepe, ONMMCAHHOUW OKOJIO
3TOTO TETpa’dapa.

Pewenue. Ilycts ABCD — nauublil Terpasap, H — ero opToresTp,
O — ueHTp onrcaHHOW cdeprl S, a G — TOUKa EePeceUeHHs] MEIUaH.

Paccmorpum, Hampumep, Touku M; u Ny, ompeneisemble ycio-

Busmu HM; = 3HG,, HN; = 3HH; COOTBETCTBEHHO, rje Touka G; —
uentpous rpaau ABC, a H; — ocHOBaHME BBICOTHI TETPad/pa, OMyIICH-
HOHM Ha 3Ty rpaHb U3 BepmuHbl D. Jlokaxem, uro Touku M; u N; npu-
Hajexar cepe S, onucaHHou okoJjo Terpalpa ABCD.
YcinoBue, onpenersonee TouKy M, , NepenuiieM B BUJE:
OM, — OH = 30G, — 30H.

Ortcrona 30—(;1)— 20H. Ho 30—Gl> =0A+0B+0C n JUIS. OPTOILICH-
TPUMECKOr0 TeTpasypa 2 20H = 0OA+ OB + 0C + OD. H03T0My

0M1 =04A+0B+0C—-04—-0B—-0C-0D=-0D.

* Ditnep JI. (1707-1783) — BoIIAIONIMICS MATEMATHK U MEXAHUK IBEHIIAPCKOTO
npoucxoxaeHus. Jloarue roapl xxun u pabotan B Poccun.
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N3 BexTopHoro paseHctBa OM; = —-0D cnenayet, uto OM; = OD.
CrnenoBarenbHo, TOUKa M, mpuHALJIEKUT cdepe S.

Touka G, mpunamrexut rpanu ABC, nmoatomy HH; L H;G,. OGe

yactu paseHctBa H,G; = HG; — HH; ymMHOXuM Ha 3, a 3aTeM BOC-
MOJIb3yeMCsl YCIIOBUSIMH 3a]1a4u:
3H,G; =3HG; —3HH; = HM; — HN; = N\ M,.

Taxum obpazom, HN1||HH1, N M; ||H1G1, U 3HAYUT, H—Nl) 1 m, T. €.
yron M; N;D pasen 90°. Orciona ciemyer, 4to Todka N; MpHHAIIEKHUT
OKPY>KHOCTH, JJIsl KOTOpoit orpe3ok DM, sBnserca nuamerpoM. Ho 3ta
OKPYXKHOCTB SIBJIIETCSI OOJBIION OKPYKHOCTBIO cepbl S, MO3TOMY
N; €S.

AHaJIOTUYHO JTOKA3bIBAETCS, YTO OCTAJNbHBIE IIECTh TOYEK TaKXKe
npuHaaiesxkar cpepe S. O

Mpumep 3.3.13. JlokaxxuTe, YTO IEHTPOUIBI YSThIPEX IPaHel, 0c-
HOBAHMS YETHIPEX BBICOT OPTOIEHTPHYECKOTO TeTpal’apa M TOYKH, KO-
TOpBIE JENSIT OTPE3KU, COCAMHSIONMINE OPTOLCHTP C BEPIIMHAMH, B OT-
HOmeHnu 1:2, cunTas OT OpTOIEHTpa, MPUHAIIEKAT OJHOU chepe, a
HEHTP 3TON cepbl MPUHAIISIKUT MpsMoit Ditepa.

Cdepa, 0 KOTOPOI TOBOPUTCS B 3TOW 3ajade, Ha3bIBaeTCs cghepoll
Diinepa N cgepoii 0senaoyamu modex.

Pewenue. Ilycte ABCD — oprouenTpudeckuii Terpasap. g nen-
TPOUJIOB TPaHE M OCHOBAaHUI BBICOT TETPadjpa COXpPaHMM O0O3Hadye-
HUS OpeAbIayIero npumepa. Touku, KoTtopele aensaT orpe3ku HA, HB,
HC, HD, coepuHSIOIE OPTOIEHTP C BEPIIMHAMH, B OTHOIICHUH 1: 2,
cumTas OT OpToIeHTpa, 00o3Hauum A4, By, C;, D; cootBerctBenHO. U3
YCIJIOBHH 331a4H U MPE/IbTYIIEro npuMepa:

HM = 3HG1,HN = 3HHL,
HA = 3HA1, HB = 3HBl, HC = 3HC1, HD = 3HD1

PaccmotpumM Touky Q Takyto, 4TO

HO =3HQ.
3aMeTHM, 9TO 3Ta TOYKA JISKHUT Ha TIPAMOU Diiiepa OpTOIEHTPUIECKOrO
terpasapa ABCD. Beuuras mo 4acTsM MOCJEAHEE COOTHOILICHUE U3
MPE/IbAYIIHX, TIONYSHM:
OM = 3QGl, ON = 3QHL,
04 = 3QA1, 0B = 3QBl, 0C = 3QC1, 0D = 3QD1
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T s [04] = [0 = [0c| = [05] = [0%]| = [0 10 [0 =
= |Q31| = |QC1| = |QD1| = |Q—G£| = |Q—H:| ITosTOMy nBEeHamUATH TO-
yek — Ay, By, Cq, D1, G;, H; — npuHaanexar oaHoi cdepe ¢ meHTpoM B
TOuKe (J, KOTOpas JIS)KHUT Ha IPSIMOKN Difllepa pacCMaTpuBaeMoro opTo-
HEHTPUUYECKOr0 TEeTpasapa. O

3.3.4. PaeHozpaHHbIli mempa3adp. Eciu B TpeyrojibHUKE
ABC xaxkue-nu0o0 aBe U3 3aMevaresbHbIX Touek G, O, I, H coBIamgaror,
TO TPEYTOJIbHUK MTPABUITBHBIN.

ITosTOMY €cTeCTBEeHHO MPEINOI0KUTh, YTO U TETPa’p, Y KOTOPO-
ro Kakue-mibo JBe 3aMeyarebHble TOUKH COBIAIAIOT, TAKXKe 00J1afaeT
KaKUMHU-TO CTICIU(HUECKIMU CBOWCTBAMHU. B MPOM3BOILHOM TETpasipe
ABCD peus, pazymeeTcs, MOKET HATH TOJIBKO O COBIAJEHUH TOYEK G,
O u I. BelsicHUM, KaKUMH CBOWCTBAMH 00JI3J1aeT TeTPadp, y KOTOPOro
JIBE U3 3TUX TOYECK COBIAIAIOT.

Bynem ucnions3oBark cienyromue obo3nauenus: DA = a, DB = b,
DC =c, BC =a;, CA= by, AB =c¢;y; S1, S;, S3, S4 — mionmamm rpa-
Hel, mpoTuBoiexamux sepmmHam A, B, C, D coOTBETCTBEHHO

Mpumep 3.3.14. B terpasape ABCD ueHTpOUI U IIEHTP ONUCAH-
HOM chepbl coBNaAaloT. BrisicHUTE, KAKUMH CBOWCTBAMH ATOT TETPAdIP
obnanaer.

Pewenue. Touka G sBiseTcs neHTpouoM terpasapa ABCD To-

raa U TOJBKO Torga, Koraa P—G) = i(ﬁ + ﬁ + Ff + P—D)), rme P —

npoun3BoJbHAs Touka. BeibepeM B kauecTBe Touku P Touky O. Ilo ycno-
BHIO TOUkH O U G COBMAAAIOT, TIOATOMY

0OA+ OB+ 0C +0D =0.
Ilpu stoM OA? = OB? = 0C? = OD2. U3 1epBoro paBeHCTBa CIEyeT,
qTOo 04 +ﬁ?) =-0C—-0D U, 3HAYUT, (m + ﬁ))z = (ﬁ +0—D))2
v OA2 + zﬁ’ﬁ’+ﬁ2 = 0C> + 2&’)0_D>+ﬁ))2. Orkyna
04 OB = 0C 0D.

V4uuTHIBas MOTy4EHHOE PABEHCTBO CKAISPHBIX TPOM3BENICHUM, IMEEM:

(04— 0B)” = 042 — 204 0B + 0" = 04° + 0B,

(0 — 0D’ = 0C2 — 20C OB + 052 = 0C + 05°.
CraenoBareabHo, (E‘f — ﬁ)z = (R’ — O—D))2 WM ¢, = C.

AHAJIOTMYHO JI0KA3BIBAETCS, UTO
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2 s 2 s —5\2 2
(oA-oc) =(0oB-0D)",(0A-0D) =(0B-0C)",
T.¢.by = b, a; = a.
Urak, eciim B TeTpadape UEHTPOUI M IIEHTP OMHCAaHHOH cgepsbl
COBITQIAIOT, TO €r0 MPOTHUBOIOJIOKHBIE peOpa PaBHBL
Oka3sbIBaeTcsi, IMEET MECTO 00paTHOE YTBEP)KICHHE: €CIIM B TETPa-
3/Ipe MPOTHUBOIIOJIOKHBIE pedpa paBHBI, TO €ro MEHTPOUT U IISHTpP OIHU-
CaHHOW chepbl COBIAIAOT.

B camom pene, ecm a; =a, by =b, ¢ =c, TO DA? = CB?,
— —, —_— —_—, — ——\2 — —\2
DB? =CA%, DC?=BA?. Orkyna (0A—0D) =(0B-0C),
— ——\ 2 — ——y 2 —> ——\ 2 —_— ——\2
(0A-o0C) =(0B—0D)", (0A—0B) =(0C—-0D) wu, cueno-
BaTEJIBHO,

04 0D = 0B 0C, 04 0C = OB 0D, 04 OB = 0C 0D.
CKalsipHO YMHOXHM BEKTOP 0G = i(O—A) +0B +0C + 075) Ha BeEK-
Topsi 04, OB, OC u OD:

040G =+ (042 + 0A 0B + 04 0C + 04 0D),

0B 0G = (OB 0A+ 0B+ 0B 0C + OF 0D),

0C 0G = 1(0C 04 + 0C OF +0C? + 0C 0D),

0D 0G =+ (0D 0A + 0D OB + 0D OC + 0D?).
Otcrona ¢ yueroM HalJAEHHBIX COOTHOIIEHUH MEXIy CKaJSIPHBIMH IIPO-
HU3BCACHUAMHN UMCEM!

0B 0G— 040G =0,0C 0G— 040G =0,0D 06— 040G = 0;
(0B - 04)0G =0, (0C - OA) 0G =0, (OD 04) 0G = 0;
AB0G = 0,AC 0G = 0, AD 0G = 0.

BunuMm, 4To TpH HEKOMIUTaHAPHBIX BEKTOpPa AB, AC w AD OJTHOBpE-
MEHHO OPTOTrOHAJBHBI BEKTOPY 0G. Ho 5T0 BO3MOKHO JIHIIb IpH ycIIo-

BHH, Korja Bekrop OG HyneBo, T. €. korna 0 = G.

Taxum obpazom, B TeTpasape ABCD nenrpoun G u nieatp O onu-
CaHHOHM cQepbl COBIANAIOT TOTJA M TOJBKO TOT/A, KOTAA JIMHBI €T0
MPOTHBOMOJIOXKHBIX pedep paBHBI. O

OueBUAHO, YTO B TAKOM TETPA3APE BCE TPAHU PABHBI I10 TPEM CTO-
poHawm (puc. 3.34).
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D
A H B
B /\\/\\
A HH
D, C D,
Puc. 3.34 Puc. 3.35

TeTpasnp, Bce rpaHu KOTOPOIO paBHbI, HAa3bIBACTCS PAGHOSDAH-
nuiv. [loaTOMY MONMY4YeHHBINH pe3ylbTaT MOXXHO c(hopMyIHpoBaTh Clie-
JYIOUTUM 00Pa3oM: 6 mempasope Yyeumpouo u yeHmp onucauHou cge-
bl COBNAOAOM Mo2da U MoJbKO mMo20d, K020d 3mom mempa’op Aejsi-
emcs pagHOSP AHHBIM.

3aMeTuM Takxe, 4To.

— pa3BepTKoOM paBHOTrpaHHOro Terpa’apa ABCD sBnsetcs Tpe-
yronbHuK Dy D, D3, otpe3ku BC, CA, AB B KOTOPOM SIBJISIFOTCSI CPEAHHU-
MU JuHUSAME (puc. 3.35);

— CyMMa IJIOCKMX YIJIOB MpPHU Ka)KAOH BEpIIMHE PaBHOTPAHHOI'O
Terpasapa papHa 1807

— BCE €r0 IpaHu — OCTPOYTOJIbHBIE TPEYTOJIbHUKU.

Mpumep 3.3.15. B Terpasmpe IEHTPHI OMMCAHHOW W BIMCAHHON
cdep coBnanarot. BeisicHITe, KaKiMI CBOHCTBAMH 3TOT TETpadIp o0Jia iaerT.

Pewenue. Ilycrs nentp O omnmcanHoit cdepsl Terpasgpa ABCD
COBIAJIAET C LIEHTPOM [ BIMCAHHOW. Toraa MiIoCKOCTH BCEX TpaHel TeT-
paszapa OAMHAKOBO YAaJeHbI OT ob1ero neHrpa cgep. [loaromy okpyx-
HOCTH, IO KOTOPBIM T'PaHH MEPECEKAIOT OMHMCAHHYIO cepy, paBHbI. Mc-
MOJIb3ys 3TO CBOMCTBO TETpasApa, MOKHO, HE mpuberas K BEKTOpaMm,
IIPOBECTHU CJIEAYIOLIUE PACCYKACHUS.

B paBHBIX OKPYKHOCTSIX PaBHBIE XODPJbl CTATHBAIOT PAaBHBIE IyTH,
a YIJbl, ONUpAIONINECs Ha paBHbIE AYTH, paBHBL. [lo3TOMY y JHOOBIX
JBYX T'paHel TeTpadjpa IUIOCKHE YIIIbl, JieKallie MPOTUB MX OOIIEero
pebpa, paBHbI (puc. 3.36). [Tyctb

¢2BDC = £BAC = a, £CDA = £CBA = (3, ZADB = LACB =v,
2ABD = £ACD = a4, £DCB = £DAB = 31, £DAC = 2£DBC = y;.
Torna B Tpeyroiasaukax ABC, DBC, ADC, ABD cOOTBETCTBEHHO:
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a+f+y=180", a+p; +y, =180°,
a, +B+y, =180", ay + B, +y = 180"

Puc. 3.36

CpaBHHBasi IEPBOE PABEHCTBO C TPETHUM, a BTOPOE C YETBEPTHIM, I1O-
JIY4UM

aty=atyna—-y=a,—7
Ortcrona cnenyert, 4To
a:al’y:]/1!ﬁ:ﬁ1'

Taxum 00pa3zoM, Kakaple Ba M3 PAcCMaTPUBAEMBIX TPEYTOJIbHH-
KOB MMEIOT OOIIYI0 CTOPOHY M COOTBETCTBCHHBIC YTJIBI B 3THX Tpe-
yroJbHUKAX, MpUJIeKaIe K o0meil cropone, paBHsl. [losToMy Bce oHI
paBHBI MeXIy coOOH. OT0 03HauaeT, uTo TeTpasap ABCD onsth sBis-
€TCsl PAaBHOTPAHHBIM.

Jokaxem o0OpaTHOE yTBEP)KIACHHUE, T. €. YCTAHOBUM, YTO B JIOOOM
PaBHOIPaHHOM TETpadApe HEHTPHI ONMMCAHHOW M BIMCAHHOHW cep coB-
nagaot. B paBHOrpanHoMm terpadape ABCD miomamu BceX TpaHen
paBHbI, O3TOMY U3 hopmys (3.32) umeem:

—_— 1 ,— _ —— Y

0l = Z(OA +0B +0C +0D).
CrnenoBarenbHO, LEHTp I cdepsl, BIUCAaHHON B TETpa’ap, HAXOAUTCS B
ero nearpousie G. Ho cormacHo 3anade 3.3.14, B m000M paBHOTPaHHOM
TeTpasape HEHTPOU/ 1 LIEHTpP ONMCAHHON cephl COBMATAIOT. O

U3 3amau 3.3.14, 3.3.15 BeITE€KaeT, 4TO LEHTPOWJ TETpa’apa
[EHTp BIIMCAaHHOU B HET0O c(epbl COBHATAIOT TOTa U TOIBKO TOTAa, KO-
TZIa 9TOT TETPadIp PAaBHOTPAHHBIN.

[pu peureHny 3a1a4, B KOTOPBIX BCTPEUAIOTCSI PAaBHOTPAHHBIC TET-
Pas3IpbI, IOJIE3HO 3HATH CIEAYIONHIN MPHU3HAK.

Mpumep 3.3.16. JlokaxuTe, 4TO TETPAdAP SBISETCSA PaBHOTPAH-
HBIM TOTJIa ¥ TOJIBKO TOT/Ia, KOTAa MpsMBIE, COAeprKallie ero OnMeama-
HBI, IIOIIAPHO MCPICHANKYJISAPHBI.
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Pewenue. Ilycte ABCD — paBHOTrpanHbIi TeTpa’ap; K n K; — ce-
penunsl pedep AB u CD; L u L, — cepeaunsl pedep BC u AD; M u M, —
cepenunsl pedep AC u BD. Torna

P —— 1 ,— P — —— 1 /= —
PK = E(PA +PB), PK; =~ (PC + PD),
rae P — npousBonbHas Touka. OTKyna
KK, = PK; - PK = - (PC + PD — P4 - PB).
AHaJOrMYHO HAXOAUM:
LL; = (P4 + PD — PB — PC), MM, =+ (PF + PD — PC — PA)

Jlokaxem, uro KK, LL, =0, KK, MM, =0, LL, MM; = 0. B

PaBHOTPAHHOM TETPAdPE, KaK cleayeT u3 npumepa 3.2.14,
a=a,b=b,c=¢
U, CJIEI0BATENBHO,
(PB—PC) =(PA-PD) ,(PA-PC) =(PB-PD),
(PA-PB) =(PC—-PD) .
Otkyna
) 2 2 2
(PB—PC) — (PA-PD) =0,(PA-PC) —(PB—PD) =0,
—_— —\ 2 — —_—\2
(PA-PB) —(PC-PD) =0;
(PB +PD —PA —PC)(PA+PB —PC—PD) =0,
(P4 + PD — PC — PB)(PA + PB — PC— PD) = 0,
(P4 + PD — PB — PC)(PA + PC — PB — PD) = 0.
", 3HA4YUT,
MM, KK, =0, LL, KK, = 0, LL, MM, = 0.
Takum oOpa3om, mpsiMble, coaepkamiue OMMeINaHbl PaBHOTPAHHOTO
terpasapa ABCD, nmonapHO nepreHuKyISPHBI.

UroObl JToKa3aTh OOpaTHOE YTBEPXKICHHE, JOCTATOYHO OOPATHTH
MIPOBEICHHBIE PacCy>KACHUS. O

HamomuuM, 9TO ecim uepe3 Kakaoe pedpo TeTpasipa MpPOBECTH
MJIOCKOCTh, MapajiebHYI0 MTPOTHBOMOIOKHOMY PeOpy, TO 3TH IIECTb
IIJIOCKOCTEH BBICEKAIOT Mapaulesieluie]l, KOTOphld OOBIYHO HAa3bIBAIOT
ONUCAHHbLIM Napaiielenune0omM AAHHOTO TeTpa’ipa. PeOpa terpasapa
JUISL ATOTO Mapajuiesienunea ciayXaT AUaroHaasiMu rpaHeit. Jlerko go-
Ka3arh, YTO ONMCAHHBIA MapajiesenuIe] PaBHOIPAHHOTO TeTpa’apa

SIBIISIETCS MPSIMOYTOIBHBIM (puc. 3.37). Ilpn 3ToM OMMenraHbl TeTpas -
pa paBHBI U MapajuienbHbl pedpam napauienenunena. [loaromy mpuem
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JOCTpauBaHUs TETPadpa 10 Mapajulelenuneaa pyu pelleHnn 3a1ad Ha
PaBHOTPAHHBIN TETPa’p UCIONIb3yeTCsl HauboIee 4acTo U BechMa -
(bexTuBHO.

. B
1 C ,/
1 e
A ; at
1 7
\\ l b /,’
2 .7 al |z
v .
N . b
e N /-
,/’D ~"‘~~
0 RN y
X C
Puc. 3.37

Mpumep 3.3.17. B Terpasape mpoTUBOIMOJIOKHBIE peOpa paBHBI

Y UMEIOT JUIMHEI @, b u c. Halimure o0beM TeTpasapa U paguyca OIHu-
CaHHOW M BIIMCAHHOU cep.

Pewenue. TIpoTrBONONIOXKHBIE pedpa TEeTpadipa paBHBI, TOITOMY

OH paBHOTpaHHBIA. [locTpomMm TeTpa’ap A0 mapaisienenumnena u 000-

3HaYUM pedpa mocieaHero uepes3 X, y u z (puc. 3.37). Ilo reopema [Iu-

(aropa

X% +y? = ¢?,
x?+72 = b?,
y? +2z% =a?

1
Ortkymax? 4+ y? +z% = 5(a2+b2 +c?)nm
1 1 1

x? = E(b2 +c?—a?),y? = E(a2 +c?2—b?),z% = E(a2 + b? —c?).

Uckompblit 00beM V' Terpasapa Oyaer paBeH pasHOCTH MEXIY 00b-
€MOM TapajUieJieuIe/la U yIeTBEPSHHBIM O0BEMOB IMPSIMOYTOJIBHOTO
TeTpaszpa, B KOTOPOM pedpa, o0pa3yromue mpsMoil TpeXrpaHHbIH yTod,

4 1

paBHBI pebpaM mapaiieienunena, T. €. V = xyz — ~XyZ = XYZ. ITo-

stomy V? = %(b2 +c?2—a?)(a*+c?*—b?)(a*+b?>—c*)n

NG3
V= E\/(b2 +c2—a?)(a%+c?2—-b2)(a?+ b2 —c?).
Jmaronanu mpsMOyToJIpHOrO Tapajuiesienuea PaBHbBl U TOYKOU
UX nepeceyenus aensrcs mnononam. [lostomy chepa, onrcanHas OKOJIO
TeTpaspa, OyJeT ONKMCaHa W OKOJIO MapajulesienuIena, Py STOM U a-
MeTp cdepsl OyleT paBeH MOJOBUHE TMATrOHAaJM Napaieienuieia, T. e.
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R= %\/x2 +y2 422 = g\/a2+b2 + c2.
[Tnomanp S rpaHu TeTpasapa MOXKET ObITh HaljeHa To (hopmyrie
I'epona:

S=plp-a)p—-b)(p—o).
[Tnomanu Bcex rpaHeld TeTpasapa paBHBI MEXTy COOOM, TIOITOMY pPajIv-

yC BIMICAaHHOMU C(ephl TeTpasipa

3V
r=-—.0
45

IIpu pemennn «3aja4 Ha PaBHOTPAHHBIA TETPadAP» KpPOMe JIOCT-
pavBaHHA €ro 10 MPSMOYTOJIBHOIO MapauiesienuIe/a CToIb ke dPPek-
TUBEH IIPHEM JIOCTPaWBaHMS PAaBHOIPAHHOTO TETpaj’apa 0 MpsSMO-
yronbHOro (cM. 3amaun 198, 199).

HaxkoHern, mycTh paBHOTPAaHHBIA TETpadap SIBISETCS OPTOLCHTPH-
4ecKuM. B Takom TeTpasape MpOTHBOIMOJIOXKHBIE pedpa paBHBI U HeEp-
neHaAuKyIsipHbl. ClleZIoBaTenbHO, €r0 OMUCAHHBIA Mapajulesienues —
KyO, a caM TeTpa’/p SBJIAETCS MPAaBIILHBIM. B mpaBUIbHOM TeTpasape
Bce ueThlpe Touku G, O, I nu H coBnagaror.

3apaum Ansa caMoCcToATeNbHOro peleHus

Bo Bcex 3amavax, B pOpMyIMpPOBKaX KOTOPBIX JIaH TPEYrOJLHUK
ABC, 6e3 IOMONHHUTEIBHBIX OroBOpok cumraercsa: BC =a, AC = b,

AB=c;p= %(a + b +c); S — mnomanp, R, r — paauychl OMHUCAHHON
U BIHMCAHHON OKpy>kHOCTeH, O, I — ux ueHtpsl; H — oproneHtp. Tak ke
TOYHO, B 3aJia4ax, B (HOPMYJIMPOBKAX KOTOpHIX JaaH Terpasip ABCD,
npuHsThl 06o3Hauenus: DA = a, DB = b, DC =c, BC = a,, CA = by,
AB =cq; 81, S2, S3, S, — nmomaay rpaHel, TPOTUBOJIEKAIIUX BEPIIHU-
Ham A, B, C, D coorBerctBenHo; V — oOwveM Terpa’apa; h; u m;
(i =1,2,3,4) — BBICOTHI ¥ MEIMAHbI TETPadApa, MPOBEIACHHBIC U3 BEp-
mwuH A, B, C, D coOTBETCTBEHHO; R, r — paguyChl ONMCAHHOW U BIIU-
canHoii cdep, 0, [ — UX HEHTPHI.

154. Jlokaxwre, 4TO

a(b + c)m + b(a+ c)ggf +c(a+ b)Z”_C_’; =0,

rae E, B—BL EEI — Ouccekrpucsl Tpeyronbauka ABC.

155. lokaxkute, 4TO

a?A4, + b?BB; + ¢2CC, = 0,

rae E, B—Bf, C—C{ — BBICOTHI TpeyroibHuka ABC.
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156. [okaxwure cienyromye GOpMyIIbl sl BBIYUCICHNAS TUIOLIAN
TpeyronsHuKa ABC:

a)S=pr,s=22.5=plp— )@ - b -0);
6)S = 1 (b2 sin 2B + a?sin 24);

B) S = ~R2(sin2A + sin 2B + sin 2C);

r)S = 2R?sinAsinBsinC;

nS =%R(a cosA+ bcosB +ccosC);

e)S = Rr(sinA +sinB +sin C);

xK)S = 4chos§cos§cosg;

3) S = \/abcp sin%singsing;

S =p(p - a)tgs;

K S = pPtgtg 2ty

n) S =/a2(b? + c2 — a?) + b2(c? + a? — b2) + cz(a2+b2;cz).
157. lokaxure, uTo ais Mo0oi Touku P pannyc-Bexrop PO 1ieH-

Tpa O omucaHHON OKojJO TpeyromsHuka ABC OKpY>XHOCTH MOXKHO
MPEeJICTaBUTH B BUJIE:

——  S;PA+S,PB+S;PC
PO — 1 2 3 ,
S1+S,+S3

rae Sy, S, S3 — mnomanu tpeyroiapankoB BOC, COA, AOB coorBetcT-
BEHHO.

158. Jlokasxkure, uto Jy1s r000ro TpeyronsHuka ABC:

a b c 14

a)R = = = R = .
) 2sinA 2sinB  2sincC’ 4cosg cosgcosg’

6)r = (p—a)tgs = (p— b)tg = (p — O)tgs,
A, B, C.
r=ptg; g tg

A B . C
B)T = 4R sinsin—sin E;

_ A B c
)7y =ptg, 1, = ptgo, e = ptgy,
B C A C A B
_ acos; COSE _ b COSE COSE _ CCOSE COS;
Ta = A o Tp = B o lc = C
COoSs— COoSs— COos—
2 2 2
TIE 1y, Tp, Tp — PAANYChl BHEBIUCAHHBIX OKPYXHOCTEH.
159. Hokaxute cienyronme (GopMysbl I BBUUCICHUS 00bemMa
terpasapa ABCD:
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a)l = %ablcl sin ZBAC sin a, rine a — yron HakioHna pebpa DA k
mwiockoctu ABC;
6)V = %ablcl sin ZBAD sin £CAD sin(AD);
B) V= 25,83 sin(DA),
3a ’

V= %aal d(AD, BC)sin 2(AD, BC);
WV =27(S;+ Sy + 53 +5,);
e) V= 6%, rae S — IUIOMaas TPEYrojdbHUKA, CTOPOHBI KOTOPOTO

YHCJIEHHO PABHEI Ady, bby, cc; (popmyna Kpenne®).

160. Ilmockue yriibl TpH OJHOW BEpIIMHE TeTpadjipa MpsMbIe.
IInomwanu rpaHed, MHUUACHTHBIE 3TOM BEpIIMHE, PaBHBI Sp, S,, S3.
Hatimure 00mem TeTpasmpa.

161. Beipazute 00beM TeTpadapa yepe3 JUIMHBI eTo pedep.

162. JlokaxkuTe, 94TO, CyMMa BEKTOPOB BHEIIHWX HOPMAJICH TIOC-
KOCTeW TpaHel TeTpasipa, JJIMHBI KOTOPBIX PaBHBI TUIOMAISIM COOTBET-
CTBYIOIIUX TPaHEH, paBHA HYJICBOMY BEKTOPY.

163 (Teopema KocuHycoB Ans TeTpasgpa). Jlokaxute, 4TO
KBaJ[paT TUIOIMAJN JFOOOW T'paHW TETpadpa PaBeH CyMME KBaJ[paToOB
IJIONMIAJICH TpeX OCTaJbHBIX TpaHEH Oe3 YIBOCHHBIX IPOM3BEICHUMN
MJIOIMaAed 3TUX TpaHed, B3ATHIX MOMApHO, ¥ KOCHHYCOB JIBYTPaHHBIX
yIJI0B Mexay HuMu. Hammpumep,

S2=5S2+S52+5%—25,S,cos(DC) — 25,55 cos(DB) — 25,55 cos(DA),
rae cos(DC), cos(DB), cos(DA) — KOCUHYCBHI JBYIPaHHBIX YIJIOB IIPU
pedpax DC, DB, DA COOTBETCTBEHHO.

164 (Teopema cuHycOB Onsl TeTpasgpa). Jokaxure, 9T0 OTHO-
IIEHUE TTPOU3BEICHUS JIJIMH JIBYX MTPOTHBOITOJIOKHEIX pedep TeTpadipa
K TIPOM3BEJICHNIO CHHYCOB JIBYI'PAaHHBIX YIJIOB MPU 3TUX pedpax OJHO U

TO K€ JIA BCCX TPEX Map IMPOTHUBOITOJIOKHBIX peGep:
aaq _ bb, _ ccy

sin(DA) sin(BC) - sin(DB) sin(AC) - sin(DC) sin(4B)’
165 (Teopema TaHreHcoB Ansa TeTpasgpa). Jlan Terpasmp
ABCD. Jlokaxxute, 9TO
a’? + a? + 2aa, ctg(DA)ctg(BC) = b? + b? + 2bb,ctg(DB)ctg(CA) =
=c? + ¢ + 2ccyctg(DC)ctg(AB).

* Kpemne AJL. (1780-1855) — HeMelKuii MaTeMaTHK ¥ apXUTEKTOP.
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166. [Jan npsmoyronbHbiid TpeyronsHuK ABC ¢ npsiMpiM yriom C.
Touka H — ocHOBaHHE BBICOTHI, OMYIIEHHOW M3 BEPIIMHBI MPSIMOTO YT-

na. Paznoxurte BekTOp CH 1o BEKTOpaM CA n C—B), ecu CA =D,
CB = a.

167. Jlan npsiMoyroybHbIi TeTpasp ABCD ¢ NpsIMBIMU TJIOCKUMHU
yrinamu npu BepumHe D. Touka H — OCHOBaHUE BBICOTHI, OMYIIEHHOMN
n3 BepmmwHbl D Ha mmockocTs Tpann ABC. Paszmoxute BEKTOp DH no
BEKTOpaM ch, DB u D_C), ecu DA =a, DB = b, DC = c.

168. B terpasape ABCD Bce 1uiockue yribl pu BepmHe D mps-
Mble. JlokaxkuTe, YTO OCHOBaHME BBICOTHI, OMYLICHHONW U3 BEPIIMHBI D
Ha rpab ABC — To4ka nepecedeHus BeICOT TpeyroapHuka ABC.

169. B terpasape ABCD Bce 1uiockue yribl pu BepumHe D mps-
Mble. JlokaxkuTe, 9YTO paguyc BIIUCAHHOW B TETpadap cepsl Ornpeess-
etcst popmynoi

_ S1+S,+53-5,
a a+b+c '
170. B Terpasape ABCD Bce mnockue yriwl npu BepmuHe D mps-

Mble. JlokaxuTte, 4To paauyc chepbl, ONMUCAHHON OKOJIO TeTpasapa, OIl-

penensiercs: Gopmymnoit
R = %\/az + b2 + c2.
171. B Terpasape ABCD Bce miockue yribl pu BepimuHe D mps-

MBbI€; IMHA BBICOTHI DH TeTpasnpa paBHa h,. Jlokaxure, 4To
1 1 1 1

h?  a%2 b2 ¥

172. B mpaBWIBHOI TpeyroipHOH THpamMuae pedpO OCHOBAHHS
paBHO a, 60okoBoe pedpo — 2a. Haiiaure pammyc cdepbl, OnucaHHOMI
OKOJIO TeTpaspa.

173. [IBe rpaHu TeTpa’apa — pPaBHOCTOPOHHHUE TPEYTOJBHUKU CO
CTOpoHOW |, &1Be Apyrue — paBHOOEApEHHbIE MPSIMOYTOJbHBIE Tpe-
yronsHuKH. Haliqure paanyc cdepsl, BIUCAHHOM B TETPadap.

174. Hanel pyuHBL BCceX cTOpoH Tpeyroibhuka ABC. Haiinute
IHY M, MeauaHel CCq 3TOro TpeyTroNbHUKA.

175. Jlansl nnuHBI BeeX pebep Terpadapa ABCD. Haliaure nimny
m, menuansl DG, TOTO TETpa’apa.

176. Jlokaxxure, 4TO B IIOOOM TpeyroibHuke ABC':
a)ym2 +m2+m?2 = %(a2 + b? +¢?);

6) GA% + GB? + GC? = §(a2 + b2 +c?).
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177. Jokaxwure, yro B modom Terpadape ABCD:

a)ym? +m5 +m3 +m3 =§(a2 + b%+ c?+a? + b+ ch);

GA? + GB2 + GC? + GD? = - (a? + b2 + c2 + af + b} + c}).

178. Jloxaxkute, 4To paccrosinue OT neHTpa 0 OKpY:KHOCTH, OIH-
CaHHOH OKkoJyio TpeyrompHUKa ABC, 1o ero neHTrpousa G ompenensercs
(hopmyoit

062:R2—§@ﬂ+b2+cﬁ.

179. Jlokaxwure, 4to paccTosHue oT IeHTpa O cdepbl, onmucaHHoN

okouo terpadnpa ABCD, no ero nentpousa G onpenensiercs: popmynoi

0G? = R? ——(a? +b? +c? +a} + b + c}).

180. /lokaxkute, uTo B 110060M Tpeyroiabaruke ABC

1 1 1 1
—t—4—==

hg hp he T
181. Jlokaxwure, uto B modoM Terpasape ABCD

182. Jlokaxkute, 4o Jyist toOoro Tpeyronbauka ABC cripaBeasmBo

COOTHOIIICHHE
1,1 ,1 1
—+—+—=-
Ta Tp Tc
TJIe Ty, Tp, T, — PAANYCHI BHEBIMCAHHBIX OKPYXHOCTEH.
183. Jlokaxute, uTo Juis Jrodoro terpasapa ABCD cripaBemmBo

COOTHOIIICHUEC

1,1 ,1,1_2
nn Ty
TIe 17, 12, T3, T4 — PAAUYCHI cep, Kaxaas U3 KOTOPBIX KacaeTcsi OAHOMN
U3 ero rpaHeil M NPOJOJDKEHUH TPeX OCTANIBHBIX (6Hesnucanuvle cepbl
mempasopa).

184. JlokaxwuTte, uro jnsi Jroboro tpeyromeauka ABC W mpous-
BOJIBHOM TOYKH P MMeeT MeCTO COOTHOLIEHUE

PA? + PB? + PC? = 3PG? + (GA* + GB? + G(C?)

(popmyna Jleiibnuya™ ons mpeyeonvhuka).

* Jleit6uun I.O. (1646-1716) — BBITArOIMIiCS HEMEUKUM MaTeMaTHK W (UI0-
co. OmuH U3 co3aaTesnieil MaTeMaTHIECKOI0 aHAIK3a.
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185. lokaxwuTe, 4to asus moboro Terpadapa ABC u mpou3BOIbHOM

TOUYKU P MMeeT MECTO COOTHOLICHHE
PA? + PB? + PC? + PD? = 4PG? + (GA? + GB? + GC? + GD?)
(popmyna Jletibnuya ons mempasopa).

186. [lokaxkure, 9TO Yroll @ MEXIy ABYMS IPOTHBOIOJIOKHBIMU
pebdpamu smroboro terpasapa ABCD onpenensietcs hopMmyIton
c?+c}-b%-p?

2aa,

187. Manb1 mumHbI Beex pedep Terpasapa ABCD. Haiinure mumHbBI
ero OumeauaH.

188. Jlokaxwure, 4TO CyMMa KBaJpaTOB JUIMH OMMEJMaH TeTpadpa
pasua - (a? + b2 + c2+af + b + cf).

189. Yepes cepenrHy Kaxxaoro pedpa Terpaszpa MpoBeIeHa IIIoc-
KOCTb, IIEPIEeHINKYIIIpHAsl IPOTHBOIOJIOKHOMY pedpy. JlokakuTe, 4To
BCE 3T ILIECTh IUIOCKOCTEH IepeceKkaloTcsi B ONHOM Touke (mouka
Mouwoica).

190. Yepes kaxmgoe pedpo TeTpasapa U ceperHy HPOTHBOIOIOK-
HOTO eMy pebpa IpoBeJeHa MIOCKOCTh. JJokakuTe, 4YTO BCe 3TH 1IECTh
IJTOCKOCTEN MEPECEKAKOTCS B OJTHOU TOUKE.

191. JJokaxute, 4TO TETPadAP SBISIETCS OPTOLUCHTPUIECKAM TOT/IA
¥ TOJIBKO TOT/Ia, KOT/Ia BBITIOJIHEHO OHO U3 CIIETYIOMNX YCIOBUIL:

a) CyMMBI KBaIpaTOB MMPOTHUBOIOJIOKHBIX pedep paBHBL;

0) ocHOBaHMEM OJHOH W3 BBICOT TETpa3Jpa SABISETCS OPTOLEHTP
IIPOTHUBOIIOJIOXHOU I'PaHy;

B) MPOU3BEJICHNS KOCHHYCOB IPOTHUBOIOJIOKHBIX JBYIPaHHBIX YT-
JIOB paBHBL.

192. JlokaxuTe, 4TO TUIOCKWE YTJIbl MPH KAXKIOH BEpIIMHE OPTO-
LEHTPUYECKOro TeTpasapa Jubo BCe OCTpble, MO0 Bce MpsAMBIE, MO0
BCE TYIBIE.

193. Jlokaxxute, 4TO €CJIM B OPTOLIEHTPHUYECKOM TETpasApe OAHA U3
rpaHeil sBIseTCs MPAaBHIIBHBIM TPEYTOJIBHUKOM, TO pedpa, Ipriiexanme
K MIPOTHUBOITOJIOKHOM € BEpIIIMHE, PAaBHBI MEXTY COOOI.

194. Jlokaxure, 94TO B OPTOLEHTPUIECKOM TeTpadpe Touka MoH-
’Ka COBIAAET C IIEHTPOUIOM.

195. okaxkute, 4To JI JF0O0T0 TpeyrojbHuKa ABC cripaBeiuBO
COOTHOIIICHHE

cosa =

AH? + BH? + CH? = 3R? + OH>.
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196. Jloxaxwute, 4yTO I JIFOOOTO OPTOICHTPHUYECKOTO TETpa’apa

ABCD cripaBe1iIBO COOTHOIIIEHNE
AH? + BH? + CH? + DH? = 4R?.

197. lokaxkuTte, 4To AJIs JIF000TO TpeyroiabHuKa ABC cripaBeInBO

COOTHOIIICHHE
OH? = 9R? — (a? + b% + ¢?).

198. Jlokaxwure, 4TO AJsl TFOOOTO OPTOICHTPHIECKOTO TETpadpa

ABCD cripaBelJTMBO COOTHOIIIEHNE
OH? = 4R? — 3d?,
rne d — JUIMHa ero OMMeJaHbl.

199. B npsimoyroibsHOM TeTpadape ABCD ¢ pssMbIM TpeXTpaHHbIM
yraoM 1nipu BepminHe D mposenensl Mmeauansl DAy, DB, DC; TpaHeii.
Hokaxute, uto Terparap A, B;C;D paBHOTrpaHHBIHA.

200. [Jokaxwure, 4To Jr000H paBHOrPaHHBIA TETPadIP MOXKHO BITH-
caTh B MPSAMOYTOJBHYIO TPEYrOJIBHYI0 MHpPaMHIy TaK, YTOOBI OHA
BEpIIMHA TETPas/pa COBMAJaJa C BEPIIMHONW MHPAMHUJIBI, @ OCTAJIbHBIC
BEPIIMHBI TETPAdIpa MPHHAICKATN CTOPOHAM OCHOBAHHMSI U PAMHJIBI.

201. JTokakute, 4TO TETPadJp SBISCTCS PABHOTPAHHBIM TOrJa U
TOJBKO TOT/IA, KOT/IA €T0 I'PaHN PABHOBEJHKH.

202. Onpenenute BUA TETpadapa, BCe YETHIPE MEAUAHBI KOTOPOTO
PaBHBI MEXITy COOOM.

203. Onpenenure BUA TETpad’apa, BCE YEThIPE BBICOTHI KOTOPOTO
paBHBI MEKILy COOOM.

OTBeTbl, yKa3aHuA, pelueHuns

A(u+1)

§2.2
uA+1)+1’

33. (BE,N)=£ (CEM)= 17” 34. (AN,E) =
3B/ y=a-% 3  EF=124m

A
(BM,E) = B m+n

A+1)(u+1)
Au ’
. %L 30.1:4.41. 4:3.42.5: 1. 43. 1: 13. 44. 23: 77.
(@)1 +8)(1+)
§2.3

48. g. Vxasanue: N3 cootHomenuit 0Gz = é(O—)M + 04 + O—B)),
0G, = 2(OM + 0B +0C), 0G; =5 (0M + OC + 04), tnie 0 — mpo-

M3BONIbHAS TOYKA, cleayer, uTto GG, = EBA’ G,G3 = EAB’ G3G; =
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= g@) 49. z. 58. Bocnonb3oBathes opmynoit 2.17 u pe3ynpraToM
npumepa 2.2.2.
§24
59. 1: 2, cuuras ot BeprmHb B. 60. Ykasauue: [IpumeHuTs TEOpPE-
My MeHenas cHauyana K TpeyronbHuky ABN u toukam M, E, C nps-

Mot MC, a 3atem tpeyroiabHuky ACM u toukam B, E, N npsamoii BN.

L Puc. 1

61. a: b, cauras ot Touku A. 64. Vkasanue: IlocnenoBarenasHO puMe-
HUTH TeopeMy Menenas k TpeyronbHuky PQR u npsimeim AF, BC, DE
(puc. 1): (PR,A)(RQ,F)(QP,M) = —1, (PR,B)(RQ,L)(QP,C) = -1,
(PR,K)(RQ,E)(QP,D) = —1. IlepeMHOXHTh 3TH PaBEHCTBA M YYECTb,

Puc. 2 Puc. 3
yro PA-PB =PD -PC, QC-QD = QF - QE, RE - RF = RB - RA. 65.
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Vkaszanue: Vcnons3oBath TeopeMy MeHenas B TPUTOHOMETPUUCCKOM
dopme. 67. Vkazanue: Jlokazath, uro AAMB; co ABMA,, ABMC; o
© ACMB;, ACMA; oo AAMCy (puc.
2)AB{BA{AMBMBC,CB{BMCMCA,AC;CMAMa) Ilycts a, b, c — co-

OTBETCTBEHHO uHBI cTopoH BC, AC, AB Ttpeyromeuuka ABC,

p= a+:+C U Kaxnas u3 npsameix AA;, BB;, CC; nemir nepumerp 2p

TpeyroipHuKa nononaM. Torma, Hanpumep, BC + CB; =p n CB; = p —
a. Ananornuyno Haxomstcsi BC; =p—a, CAy=p—b, ACi, =p —b,
AB, =p—c, BA; =p —c. 6) lIpameie AA,, BB, C(; coBmanaior ¢ of-
HOMMEHHBIMH IPSIMBIMH U3 3a7iayd a). PaccMoTpuM, Hampumep, OKpy K-
HOCTb, BHEBITMCaHHYIO B yron A tpeyronbauka ABC. Ilycts ona kaca-
etcst ipsimbix BC, AC, AB B Toukax A4, Ay, A (puc. 3). Ilo cBolicTBy
KacaTeJIbHON K OKPYXHOCTH
AA, = AA., BA, = BA., CA, = CA,. Orcrona cnenyet, uro AA, +
+AA. = (AC+ CAp) + (AB+ BA.) = AB+ AC + (CA, + BAy) =

=AB+ AC+BC =2p, AA, =AA.=p, AB+BA, =AB+BA,=
=p, AC + CA, = p. 71. Vkasanue: B obmem ciyqae (puc. 2.31) npu-
MEHUTE TIpsMyto Teopemy Jlesapra k TpeyronpHukam A;A,By, B1B,A,.

CN 1
73 E = E, (AC, P) = _lm, (DB, Q) = _kl 74, VDA131C1 = klmV

75. Vkazanue: Vicionp3oBaTh pe3ynbTarhl 3a1ad 73, 74. 76. Vkasanue:

Hcnonp3oBarh CTCpGOMCTpI/I‘IeCKI/Iﬁ aHaJior TCOPEMbI Menenas u uacko

b+ + +b
pemenus 3anauu 2.4.7, B). 77. Tc, ab—c, a? VYxazanue: 1lycte AAq,

BB, CC; — OuccekTpuchl yrioB Tpeyrojbivka ABC; a, b, ¢ — IIuHBI
cropon BC, AC, AB; Q — UeHTp BIUCAaHHOM OKpPYKHOCTH. Torma
LI 5 29 =2 4o Teopeme Ban-Obens AQ _b*C 98 Viasamue:
B,C a CB a QA; a
Iycrs (BC, A1) = A4, (CA,By) = 43, (AB,C;) = 15. C nmomMouipio Teo-
pemsl Ban-OG6ernst Boipasute otaHomenus (AA;, D), (BB;,D), (CCy, D)
yepe3 A4, 4,, A3 1 yature, uro o Teopeme UeBs 411,45 = n ;A =1
1/t2/t3
§ 3.1
79. Vkaszanue: Tlycte ABC — naHHBIA TpeyronbHUK, AA; = BBy

torsa AA; = —CA+>CB, BB, =3CA-CB u (—CA +ECB) -

——> —— 2
= G CA— CB) . 82. Vkaszanue:. Ilycte ABDC — Tpamenus ¢ OCHOBa-

"Husmu AC u BD. torma ACDB = —AC - BD. PaBeHCTBO clenyeT u3
ToxnectBa AB2 +CD? — AD? —BC? =2AC-DB  (3amaua 3.1).
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90. Vkasanue: Vcrions30BaTh paBEHCTBO PG = %(ﬁf +PB + ﬁ) U TEo-
pemy kocunycoB. 91. Vkaszanue: Ilycts G — tieHTpoun TeTpasnpa ABCD,
Torma GA+ GBE + GC +GD =0 (cM. popmyiy (2.18)). OTcrona ¢ HCoib-
30BaHHEM TEOPEMbI KOCHHYCOB TTOJTYYHM:
GA? + GB*+GC? + GD? =

=—2(GAGB+GAGC+GAGD+GBGC +GB GD + GC GD) =

= AB? — GA? — GB? + AC?> — GA* — GC* + AD? — GA*-GD?* +

+BC? — GB? — GC?* + BD? — GB? — GD? + CD? — GC? — GD?2.
92. a) Vkasanue: Vicrionb3oBaTh paBeHCTBO AB CD = AB (E —AC ) =
= AB AD — AB AC u TeopeMy KOCHHYCOB npu BbruncieHun AB AD u
AB AC. 6) lokasars, uro MN = %(ﬁ +AD — AC ), IPU BBIYHCIICHUU
JUIMHBI 3TOrO BEKTOpAa IPUMEHHTH TeopeMy KocummycoB. 93. /13.

2_42
94. \/Zzab =. 95. 112 g, (b+c)2 @ 97. arccos>. 98. Z. 99. arccos—.
a“+b 29 a 5 3 14
V10 o

100. 30°, 60°, 90°. 101. arccosﬁ arccos~—, 45°,

2 2 2 Z 2

+b%—c —a’?-p?
102. arccos ﬁ, ecmt Va? +b% = ¢, arccos ————;. ecm
+b“+c +b2+4c2
2
a

va? + b? < c. 103. arccos ———===—= /u1s rpaseii ¢ oomumM peo-
2

(a2+b?%)(a%+c2)

poM a, arccos JUIss TpaHed ¢ oOmmM pebpoM b,

b
(a2+b2)(b2%+c2)
c2

arccos ———————— Juis rpaneii ¢ odumm pedbpom c. 104. cosy =

—smasmﬂ 105. . 106. /6. 107. 7‘f 29{

110. 3 ++/6. 111. arccos\/_ 112 =

§ 3.2
113. ﬁ. 115. cos@sina. 119. arcsin(sina sin ). 123. 60°.

108. 23:77. 109. /7.

124. Vkasanue: Ilycth €1, €, U €3 — €IMHAYHBIE HAIIPABJIAIONINE BEKTO-
pel pebep PA, PB u PC. Torna BEKTOpHI €; + €5, €; + €; — Hampas-
— —
JsiroIMe BeKTopel Ouccekrpuc yrinoB APB, APC, a BeKTOp €, — €3 —
HATPaBJSFONINNA BEKTOP OUCCEKTPHCHI yIiia, CMEeXHOro ¢ yriiom BPC.
IIpu stom (€] +e3) + (e; —e3) = e, +e,. 126. Va? + b2 + c2. 127.
Vxazanue: PaccMOTpeTh BBICOTBI TPEYTOJIbHUKA, SBISIONIETOCS CEUEHU-
€M TPEXTPaHHOI'O YIJa IIOCKOCTBIO, MPOXOIIIEH NEePHeHIUKYISIPHO
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o0meMy peOpy HENpsMBIX IUIOCKMX YIioB. 128. Vkasanue. e] +
t(e;+es) =e;+(e/ +e;) = (e +€;) + &3 e ey, €; u ez — ex-
HUYHBIC HampaBlsone BeKTopsl pedep PA, PB u PC TpexrpaHHOro
yraa. 130, 131. Vkazanue: Vicnonb30BaTh MEPBYIO U BTOPYIO TEOPEMY
KOCHHYCOB JUIA TpeXrpanHoro yria. 132. Vkasanue: VI3 nepBoit Teope-
MBI  KOCHMHYCOB  JUIS  TPEXTPaHHOrO  yrja  Clemyer,  4To
sinasinf cosC =cosy —cosacosf, tae sinasinf > 0. U3 ycno-
Bui 3a1aun cosa < 0, cos 8 < 0, cosy < 0 a, 3Hauur, cosacosff > 0
u cos C < 0. 133. Vkazanue: Bocnonb3oBaThcs BTOPOH TEOpeMO KO-
CHHYCOB sl TpexrpanHoro yrma. 134. Vkasauue: Bocnomb3oBarbcs
MeToJioM OT mpoTtuBHOro. 135. Vxazanue: Cm. mpumep 3.2.8 a). 136.
cosa

45°, 137. 120°. 138. 60°. 139. 90°. 140. <p=arccos( B)' 141.

Cos—
2

__cos f+cosy . a
COSQ =——7a— o 142. 2arcsin (tg 2). 143.

§?= i(azb2 siny +a?c?sinB + b?c?sina + 2a®bc(cos B cosy —
—cosa) + 2ab?c(cos a cosy — cos ) + 2abc?(cos a cos f — cos y).
o tga .
%, T — a; B) arctg .

1 1
= 0) a =arctg ——=
tg a-tg1—1 cos A-tg

. 2T . 1+cosC

r) T — arccos (cos2 B + sin? B cos 7); 1) arcsin /1 5 €) T —
—CO0S —
n

2T

1-cos — 27 i
—arccos zﬁ—nn + cos— |. 145. Vxazanue: sinA =1 — cos? A,

ctg? >-tg?

cos a—cosf cosa

144. a) arccos

rae cosA = —— . 146.
sin Bsiny
4 singsinE sint
tgp = 2> 27 2 .
\J1-cos? a—cos2 B—cos? y+2 cos a cos 8 cos ¥

147. \E 148. /3 +1. 149. Z—ﬁ 150. @ 151. 3+/2 — 24/3.

152. 4+/2.
§3.3
154, 155. Vxaszanue: Bocmonb30BaThCs pe3yibTaToM 3amaud 3.3.

VYkasanue: Cm. mpemsigyuryto 3amauy. 157. Vkasauue: S; = sin 24,
1 . 1 .

Sz = ERZSIHZB, S3 = ERZSIH 2C, SABC = 51 + SZ +S3 159. Vkasa-

Hue: T) PaccMorpers maparurenenuiiesi, 0Opa30BaHHBIN TIOCKOCTSMU,

MPOXOSIIIMMU 4Yepe3 pedpa TeTpadjpa MapauiebHO MPOTUBOIOIONK-
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HbIM pebpam. ) Cm. dpopmyiy (3.30). 160. g 515,53. 161. Bocmosns-

30BaThCs pe3ysIbTaToOM MpuMepa 3.26 U TeopeMoil KOCHHYCOB JUISL Tpe-
yronsHuKa. 162. Pewenue: Ilycte ABCD — pganubiii Tetpasap. [lnoma-
v rpaneit BCD, ACD, ABD, ABC tetpa3npa 060o3HauuM Sp, Sz, S3, Sy
COOTBETCTBEHHO. B03bMeM MPOM3BOIBHYIO BHYTPEHHIO TOUKY M TeT-
paszpa W pa3o0beM TeTpadJp Ha YEeTHIpe TPEYroJbHBIE MUPAMUIBI C
o0mielt BepmHOW M, OCHOBaHMSIMH KOTOPBIX SIBIISIIOTCS TPAaHH JIAHHOTO
TeTpa’apa. BeIcoThl mupamu, MpoBeIeHHbIE W3 BepuHbl M, 0003Ha-
yuM h;. O6beM V Tetpasapa ABCD paBeH cymme 00BEMOB 3THUX MHUpa-
mua: 3V = S hy + Syhy + S3hs + Syhy. Tyers 1y, @ = 1,2,3,4 — enu-
HUYHBII BEKTOp BHEIIHEW HOpMaJ IrpaHu C miomanbso S;, M; — mpous-

BOJbHAs Touka dToi rpann. Torza MM, m, = |MM,| cos (MML, r_i) =

=h;. Ormcioma crexyer, wro 3V = MM, (S,77) + MM, (S,7;) +
+MMs; (S573) + MM (S,7). PaceMoTpum IT06YI0 BHYTPEHHIOW TOU-
Ky N TeTpasnpa, orimunyto ot M. Torna W = MN + N—M£ u

3V = (MN + NM;) (S;77) + (MN + NM;) (S,75) +

+(MN + NM3) (Ss13) + (MN + NMy) (S4g) =
= MN (5,7, + S5 + Ssits + Samg) +
+NM; (Si757) + NMy (S,755) + NM3 (S3753) + NMs (S,723).

OueBujiHO, qr0 NM, (S,77) + NM;, (S,73) + NM; (S373) +
+NM; (S,7;) = 3V. Tlostomy MN(S;75; + So7i5 + Safiz + Sata) =0
s moGoro Bexkropa MN. Ho 3T0 BO3MOXHO JMIIb TOTZ, KOTAA
STy + SoTiy + Safiz + Syfy = 0. 163. Vkasanue: Bocnons3oarbes
pe3yabTaTOM MpenblayIneil 3amaun. Tak kak —S,n, = S;n; + S,n, +

+S373, T0 S,27;° = (S175 + So75 + SaMiz)?. 164. Viasanue: Cornac-
1o 159 F) V= 25,83 sin(DA) V= 2518, sin(BC)

3a ! 3a,; ’
=45,5,5,5;5, sin(DA) sin(BC) wu, clenoBaTeiabHo,

45,8,5,535.
= %. 165. Pewenue: Tlycts H — OCHOBaHHUE BBICOTHI TETPAdApa

ABCD, omymennoii u3 Bepmmasl A. Pazoobem Tpeyrompauk DBC Ha
tpeyronsaukr HBC, HBD, HDC v BRMUCINM WX BBICOTHI, OMYIIIEHHBIE
Ha croponbl BC, BD, DC cootBerctBenHo. Torma s miomanu S, rpa-

uu DBC umeeMm: a, i—v ctg(BC) +b 3;—V ctg(DB) + c?;—v ctg(DC) = 28;.
1 1 1
Otkyna

Orciona 9aa,V? =
aa, _
sin(DA) sin(BC) -
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a,ctg(BC) + b ctg(DB) + c ctg(DC) = 251
AHaIornuHo HIIYTCA COOTHOIICHUA:

b,ctg(CA) + c ctg(DC) + a ctg(DA) = ﬁ

¢, ctg(AB) + a ctg(DA) + bctg(DB) = 253
a;ctg(BC) + by ctg(CA) + c; ctg(AB) = 254

BruTeM 1o yactsM U3 CyMMBI HIEPBOIO U quBeproro COOTHOIHeHI/IfI
CYMMY BTOPOT'O ¥ TPETBETO:
a,ctg(BC) — a ctg(DA) = % (SZ+ S2 — §2 —§2),
Bo3Bens 310 cooTHOLIEHME B KBaJApaTr, a 3aTeM BBIIOJIHUB 3aMEHbI
2 — _ 2 -
ctg“(BC) = S G0) 1, ctg“(DA)
a, _ 4S%s? a _ 4S%s?
sin2(BC)  9v2 'sin2(DA) 9V2
a,ctg(BC) — a ctg(DA) = 9V2 (25252 + 25752 + 2SESZ + 25282 +
+282S2 + 25252 — S} — S5 — S$-SD.
CripaBeJIMBOCTh JJOKA3bIBAEMBIX PABEHCTB CIIENYET U3 CHMMETPHUH BbI-
paXeHus, CTOSALIEr0 B MPaBOM YacTH HAWJEHHOTO COOTHOULICHHS.

P — 2ca 2R P — — B —
166. CH =%. VYkasanue: CH = aCA+ BCB, tne a + f = 1.

Ilo ycnosuto CH 4B = (aE4)+ ﬁﬁ?)ﬁ =0, CACB=0. 167.

1
— 1, ¢ y4yeToM paBEeHCTB
sinZ(DA) A p

(cM. 159 B)) momy4um:

- 2.2 4. 22170 21217 _
DH = YCDA+a’cPDB+a’b'DC 19y 2aV33 43 VZRVE) g7y g2 o
a“b“+b“c“+a“c 1 2

=-(@*+b?) —zc2 175 mi=:(a?+b>+c?) - (al+bi+
+cf). 176. Vkaszanue: Bocronb30BaThes pe3ysibraToM 3anaun 174, 177.
Vxazanue: Bocnonb3oBatbes pe3yibraToM 3amaun 175. 178. Vkasanue:

Bocnonb3oBaTtbes paBeHCTBOM 0G = g(ﬁ’ + 0B + ﬁ). 179. Vkasa-
Hue: Bocnonb30BaThCs pPaBeHCTBOM 0G = i(ﬁ’ +0B +0C + W))).
180. Vxazanue: Bocmonb3oBaTbes QopMmynamu S = %aha = %bhb =
= %chc =pr. 181. Bocnoms3oBatbcs Qopmynamu V= gSihi =
= %r(Sl +S,+S3+S,), i =1,2,3,4. 182. Vkazanue: CHayana joka-

xute, uto S =1,(p—a)=1r,(p—b) =1.(p —c). 183. Vkazanue:
Ilycts I; — mentp, 1; — pamuyc cepsl, Kacaromelcs rpaHy, TUIOMAaIh
kotopoit paBua S; (i = 1,2,3,4), U MPOAOKEHUI TPEX OCTATbHBIX Ipa-
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He. Torma V= gri(Sl + S, +S53+S5,—2S;), orkyna rl =
 5145,+53+5, )

-25; . 1 S;+S,+S3+4S
o =, C mpyroii CTOPOHBI, = % 186. Vkazanue:

Tonoxum DA = d, DB = b, DC = ¢; torna a; = |B— ¢, by = |-l

_ —)__) —>—>__’_—)2 —)__)2__)2_
= |a b|. Jlokaszate, d4TO 2a(c b) =c°+ (a b) b

- - 1
—(¢—a)? 187. MM; = 5‘/b2 +c2—a?+bi+ct—a? e M —
cepenuna peopa DA, M; — cepeauna pedpa BC. Vxaszanue: Tlonoxum
—_ S == - — N _ 1 N - IR
DA =d,DB = b, DC = ¢; torna MM, = E(—a + b + ¢). Orcrona
— 2 - > . = = - > .
MM, =%(b2 + (¢ — @)%+ 2bC — 2ba) =i(b2+ (@—a)?+b%+c? -

- 2 -

~(b-¢) —b?—a? = (@—b)?) = ;(b*+? —a® + b} + c}—a}).
JmHbl IByX Apyrux Oumenuan uinytcs aHajgorundaHo. 189. Pewenue.
[Mycts man terpadap ABCD, K — cepenuna pebpa AB, L — cepenuna
pebpa CD, G — uenTpona Terpasapa, O — IEHTP ONMUCAHHOH OKOJIO HETO
ctheprl. Torma OL L CD (uentp O — TOYKa NepecedeHUs TIIOCKOCTEH,
MPOXOIAIINX Yepe3 cepeAnHbl pedep MEePHEeHAMKYISIPHO K 3TUM ped-
pam); G — cepenuHa oumenuanbl KL (cMm. 3amady 58). ITycte Touka M
cuMMerprdHa Touke O oTHOcHTENbHO Toukd G. Torma MK||OL. Orcro-
Ja cieayer, uto npsmas MK nepnenmukynsipHa pedpy CD, u, cnenona-
TENBHO, TOYKa M MPUHAIIIEKUT TUIOCKOCTH, MPOXOJSIIEH Yepe3 TOUKY
K mepnennukynspHo pedpy CD. Ananorudsble pacCyXIeHUs JUIL OC-
TaJbHBIX TAP MPOTHBOMOJIOKHBIX pedep MO3BOJISIOT 3aKIOYUTh, HYTO
Touka M TpUHAIEKHUT KaKIONW U3 MIECTU IIJIOCKOCTEH, MPOXOISAIIUX
yepe3 cepeluHbl pedep TeTpadapa HeprHeHIUKYIISIPHO MPOTHUBOIIONOX-
HbIM pebpam. [lpumeuanue: Tpunss nenTp O onucaHHOW cdepbl 3a Ha-

—_ 1 — —_— —_— —_—

4ajio BEKTOPOB, MOXKHO JJOKa3aTh, uTo OM = 5 (OA+ 0B +0C + 0D).

190. Vkasanue: TIIOCKOCTH TIEpECEKArOTCs B LEHTPOWJE TETPadipa.
191. a) Pewenue: Ilycts B Terpasape ABCD cymmbl KBaapaTOB MPOTH-
BOTIOJIOKHBIX pebep paBubl, T.e. AB?+ CD? = AC? + BD? = AD? +
+BC?. B cuiny Toxnectsa 0) 3amaun 3.1 MMEIOT MECTO paBEHCTBA:

AB? + CD? — AD? — BC*> = 2AC DB, =~ AD* + B(C? — AC*~BD? =
= 24B - CD. [Toaromy AC-DBE=0,AB-CD = 0, u cornacHo 3amaye
3.11 Terpasap ABCD sBisieTCs OpPTOLEHTPUYECKUM. O) Vxazawue:
Ilycrs DH, — BBIcOTa TeTpasnpa ABCD. Torna I—D_HZZE = 0, oTkyna
A_C)(D—B)+B—H4)) =0uAC BD =RB—H4>. HO3TOMYRE)): 0 Torma
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U TOJBKO TOTAA, KOTJa AC BH, = 0. B) Vkazanue: Bocrionb3oBaThcs
TeOpeMaMHu TaHICHCOB M CHHYCOB i1 Terpasapa. 192. Vkaszauue: B
oprouenTpudeckoM Terpasape ABCD B cuiny 191 a): AB% + CD?

= AC? + BD? = AD? + BC?. Orxyma AB%?+ BC?—AC?=BC?*+
+BD?*—CD?, AB? + BD? — AD? = BC?*+BD? — CD? Hu
AB - BC cos 2£ABC = BC - BD cos £CBD, AB - BD cos£ABD =

= BC - BD cos £CBD. CnenoatensHo, nub6o yrmel £ZABC, £ABD,
2CBD npsimbie, 100 WX KOCUHYCBHI UMEIOT OJuH 3HaK. 193. Vkazanue:
Hcnons3oBath pesynbrar 3amaun 191 6). 195. Vkazanue: B dopmyie
3aga4un 178 ydecrs, aro OH = 30G. 196. Vkasanue: B ¢dopmyne 3ana-
an 179 yuects, uro OH = 20G, u npu stom d? = a® + a? = b? +
+b? = c? + ¢}, 197. Vrasanue: U3 (3.33), ucrionb3ys TeopeMy KOCH-
HycoB, mumeem: OH? = OH? = 0A? + OB? + 0C? + 204 OF +
+204 0C + 20B OC = 3R? — AB% + 0A* + OB2 — AC% + 04% +

+0C% — CB? + 0A? + OB% = 9R? — (a? + b? + ¢?). 198. Vkazanue:
V4ecTh, YTO B OPTOLEHTPUYECKOM TeTpasape d? = i(a2 +a?) =
= i(b2 + b2) = i(c2 + c?). 201. Vxazanue: JIocTpouTh TeTpasap 10
napaJulesienuIe/ia U J0Ka3arh, 9TO 3TOT MapasuleIeNuIIe]] pIMOyroib-
Hbii. [Ipy J10Ka3aTeIbCTBE yUECTh, YTO BBHICOTHI CMEXHBIX TPaHEN TeT-

pasjpa, onmyIeHHbIe Ha UX obmee pedpo, paBHbl. 202. PaBHOrpaHHBIN
terpasap. 203. PapHorpaHHbIH TeTpasIp.
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